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Tcealling Lemma 1.3 from [10] once more we obtain
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and the prool is finished.
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ON A GENERALIZATION OF CAUCHY -BUNIAKOWSKI-SCIHIWALYZ,
INEQUALITY

BY
TEODOR PRIECUIMANL

: Lct.X be a real-valued inner product space, U
the following simple inequality )
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Richard [3] has established
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for any a, b, g = X. It is
0 ) by X. s clear that for pr = a
Carechy- Buninkowsici-Sehwar: inequality. ’ o
. lgglg-‘:[tiiiﬁ;{:l}:ic?md w;.t:l t!(l}ef)boundcdncss problem for “qundratic form in inner pria
its®, aliz nequality . So, we obtain a simgl i §
quality, and at tle same time, w oy 3 il e D s hard's Ty
(D eosan » we preeise the conditions in which we have j Iy
Also, we prove that the main resuils of M. Moore [2] a:'(;ldilr(?:t— (!'](;::s(::q.::”:c ;-’q(l)lt:ll(:llﬂi-
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In this way, we also amel )
ay, we also smeliorate Moore's boundedness constant,
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eorem 1. For any v &€ X, ppy = XNA{O} we have the incquality
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Proof. According to the norm definition in an inner product space, it is casy to prove

that
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By Cauchy-Buniakowski-Schwarz incquality we have
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which 1; éju.sr} the inequalitly {1). The sccond part of the theorem is obvious
Special cases. 1. Il ¢ ja or y b we obtain the inequality (R). I-Iéncc, in (R) it

cian be equality in the right - hand sid i : ide if
S e g nd side or in the left - hand side if and only if there are
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2. Tor a — b, we obtain the inequalily
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From this it follows:
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. lower bound of the inner product. A similar problem was
Actually, o relation of the same kind follows from (R).

The last inequality gives
considered by M. Moore [2]
Indeed, the inequality (R) can be equivalently rewritten as
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for any «, bE X, x € X/{o}. ,
Thus, we obtain an easy exiension of M. AMoore s result,
o byr=sXad0<g g (e such that
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Theorem 2.
g llaflal s <a, 4> e fellal
g lalllbls < 4> Selalibl
then
(5} vig ) hallll i< <u b> =< yolg) fall b,

where vy,(g) ~ 2e? — 1 and vole) = 2% + 1,

Remark 1, One can casily verify that the inequality (R} implies the inequality

Nelinbl4 1 <ab>1 .
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In this form it is true also in the complexe case. Henee, if <o, a>t>(1— £)
fefilal and | <a, b>1> Q1 — &)zl e, it follows

(6) l<a,b> 1> (1 —4e+2)hellbl
In same conditions M. Moore estublishes the relation
(D) <a b> >vE)Nayibl

whiere y(g) = max {I—=¢ \/2_5. 1 — 48,0 L

We observe that the boundedness constant of (6) is an improvement of Moore's constant
for e <1 —\/2,’2. The incquality {R) can also be considered as a consequence of the fact
that (see [4], §10.5) for every self-adjoint operater T':X -» X, which has only two eigen-va-
Jues X, < Ry, it holds the inequality

&d) nlzlts <Ta, x> < lla 2, for any x @ X.

Indeed, it is sufficient to consider the operator Ta= < a, ¢ b+ <x, b>a

This operator is self-adjoint and has the only cigen-values 2, g < &y b+ falllld
In this way we can obtain another generalization of Hichard's incquality.
Theorem 3. For any a, b, x € X end o, By =R we-have the inequalily
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(13) (1=1<a, b>p)epe ar, if faf= 6| =1 we obtain
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Remark 2. The inequality (R)

i can be ai : i
problem obtained also as solution of the optimization

inf or sup .
P<za><a.b>, with constraint |2 | < 1

To solve this

. ; roble ; -
tion with saddle. P ¢m we can use a theorem of Kuhn-Tue

ponts of Lagrangian (sec [1], Chapter 11I) UL L ORI
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