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FINED POINTS OF IMPLICIT CONTRACTION MAPPINGS
BY

MIIAI TURINICI

1. In this note the notion of "implicit contraction mapping® of a complete metric
space into itself is introduced and some fixed point theorems for such a class of mappings
are presented.

Let I be the real axis, Jt, the positive half-axis, D = R_ the strict positive half-axis
(e By =0, + oo, D=1]0, + 0w [}S# & an arbitrary set and j # P c§ an arbi-
trary fixed subset.

Definition 1.1. - function f: DxDx It x R xR xR, — S will be said to have pro-
perly (P} if it satisfies :

A. Global ronditions

al) Lu>09wp qg20=>f(,u 0w p q=fuwop, @ =flt,u,v,w, q, p}
2.2} m >0 0gspgsudty, flu,v,uy,v, p, ) s P=>ucxgoy

2.3) w>0=f(w, w, 0, 0, w, w) SS\ P

B. Local conditions: Yr > 0 Ja(r) = 10, v [such that

b.1) oS rdar), usy, OSpSutvflu,v,unp0) e SNP.

b.2) Lpgelr—an),r+aeriusrnrtan,v,we 10, alr) [ =
=flt,u,v,w, p, ) & S\ P

b.3) Lpslr—alr), r+a@)[, v, v, g €10, alr)f = fit, w,0,1,p, q) = SNP.

Definition 1.2. Lel f: DX DX R xR, X R, xR ,—§ be a given function and lel (X, d)
be a complele metric space. A mupping T:X - X will be called an implicit contractiun
mapping (ebbreviated ©. c. m.) with respeet to f if

(1.1) fld(Ta, Ty), dx.y), dix, Tx), d{y. Ty). d(a, Ty), diy, Tz)) = P
Jor all o, y= X, Tp # Ty.

Our nain result ean be stated as follows.
Theorem 1.1. Suppose that T:X —» X satisfies

(1.2) Tis an i, c. m. with respect 1o f
(1.8) J has the property (P)

Then the following conclusions hold :

(1.4) T has a unique fived point z € X
{1.5) The =z, asn - 4 o0, Vr = X.
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Proof. First we prove the uniqueness of the lixed po'inL of 1. Let v, v &= X Le sueh
that w = Tu, v = Tv, # # ». From (1.1) and 2.3} we obtain

(1.6) P s f(d (u, v), d{u, v), 0, 0, d(u,v), d(u, v)) = SN

a contradiction. Therefore, w = o, i. c. the lixed peint of T is unigue. 'N’q;\' we Prﬂvc t.iw
existence, Take any @ = X and consider the sequence {'I_‘":a-; n o= 0} 1f‘ Thy Tl io.r
some 1, then the conclusion follows. Assume that Ty 7 e, ¥ oz 0. From (1.1} we have
Vo = 1:

(1.7} f(d(T", T 2), d(T™ Yo, TP), d(T" 1o, T70), d(T"a, TH 1 2), d(T" e, T Ly),0) P
and on the other hand:

(1.8) TP, TP € (T Ve, T 0) + d(T e, L.

From (1.7}, (1.8} and a.2) wc obtain Vn = 1:

(1.9) A", TP g (T L, T ),

i. e. the sequence {[d{T" g, T* 1o} ; # 2 0} deercases. Let 7 = limd( T, TP ) and assumo
H—=r

that » > 0. One can find »(r) & N such (hat
(1.10} > )= d(T" Ly, Ty = [+ alf)[
Taking into account (L.8), (1.9), {1.10) and b.1) we have
@ T, TP, AT gy T ), APV, T ), d(T e, TV ), AT
(1.11) THI L), 0) = SN\

which contradicts (1.7) for n = n{r). Therefore r = 0. » )
Suppose thaE {7 ; n = 0} is not a Couchy sequenee. Then there exist & > @ and

two sequences of natural wumbers {m{f); j = 1} and {u(j); j = 3}, mlf), < ?f(j), HJ(J‘) —»Ic.o

as j — oo, such that d(T™Y g, TR ) 2 while TP p, THDT ) < g, ¥ = 1. For the

i ’ - 3 - . I .

sake of simplicity we shall write m, n, instead of m(j), n(j}, respeetively.

Now, since d(TFx, TFlg)—»0 as k- o, we can lind j(g) € N such that

1 . -
(1.12) 0 < AT ba, TW) SA(TM2, T7H40) < _ale) < () < &, ¥j = jl€)-

On the othier hand, from the triangle incquality we have; Vi z 1

dTm oy, TP 0} — (TP, T#o) — d(1%a, T™a) < (T e, TV ) =

(1.13) < d(Tmy, T ) + AT e, T ) + AT, T ),
(1.14) AT, The) < d(Tme, T a) A+ dT e, T )
d(Tmg, Thg) — d(T®p, TP L) < d{Th e, TP+ ) <
(1.13) < d(Tre, TPa)+ AT, TV,
ATy, Tha) — AT, T a) € d(The, TPR) <
) < d(Trp, T" ) + d(dm o, Triig).

From {1.12)—(1.16} it casily follows ¥j = j(€)
A(To g, TPy, d(T g, T ), d(T" p, ¥} e |2 — a(e), € L a{e)f
el d(Tmy, T"2) € [€, ¢ + a (e}

Now, (1.1}, (1.17) and b.2) gives us for § = j{&)

-
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Do fd(rn e, TULEL AP0y, Te), d(TM e, TV ), d(T e, T 3),

(1.18)
M g, TR ) d{ER e, TR ) e SN

a contradiction. Thercore, {701 2 = 0} is a Cauehy sequence. Since (X, d) is complete,
The =z, for some z = X, We have two possibilitics :

i} There exists a scquence of nataral  vumbers W) 0=, M) = oo oas n— oo,
sweh that T8 o = Then, TR o0 P2 Lotting o lends to 4+ & and using the fact
that {TRCVH 0 2 1} s 2 subscquence of {795 12 0} we get = — 7%=

i) There exists ny € N, such that nz= ny=s 774 £ 2. suppose that = = 7z then

.

r=d{z, Tz)> 0. We can find u(r) & N, such thal, Ya = a(r)

1
(1.1} O d(T" e, T* L), (T 0, 2) < .y alry < afr) < r.

On the other hand, from the triangle inequality we have ¥a = 1
(1.20) F—d(T" e, 2y € T, T2) < v 4 d{Tp, z).
From (1.19), (1.20) we obtain, Va > n(r}
{1.21}) A"y, Tx) s Jr—a(r), v+ afr) [
Now, (1.1), (1.19), (1.21) and b.3) give us for » = n(r)
(1.22)  Po f(d(T" Ve, To), (0, 2), d{T%0, T 00,y d(1* 0, T2, diz, THL e SN\ P
a contradiction. Therefore, == Tz, which completes the proof. Q. 1. .
2. In this paragraphe we give some corollavies of the preceding main resull,
T.ct ., D, S, P be defined as before.
Definition 2.1. A function f:DxDxk xR_— 8 will be said to have properiy (P)

if it satisfies:
A, Global conditions :

a.t) Lu>0, v,wz0=ffuv,w= ),

a.2) v 0, f(i,v,u,0) = P=ou <o,

a.3) w > 0= f(w,w,0,0) € SN\P.

B. Local conditions: ¥r > 0, Jalr) = 10, v [ such that

b.1} wrvE[rrtar), uKo=fn,vu0) s S\ P,

be)te Ir—afr), r+amLuesnr+an], v,we]0,ar)=f 0, w) = 8™ P,
b.3) tsjr—alrh rdan, v s]0, o) [=ft,u,v,1) SN P

Definition 2.2. Let f: DxDx R, xR, —» 8 be a given funetion. A mapping T:X - X
will be called an i.e.m. with respeet lo f if

(2.1) ST, Ty), die, y), dix, Tw), dy, Ty) = P, Yo,y @ X, Te # Ty.
Theorem 2.1. Suppose that T:X — X satisfies

(2.2) T is an i e.m. with respect to f,
{2.3) J has the property (1).
Then, the following conclusions hold :

(2.4) T has a unique fived peint 2 = X,
(2.5) The >z, asn = o, Yo = X.

Proof. Clearly, the preceding theorem is applicable. Q. I5. D.
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Definition 2.3. A function f: DX} I} — 5 will be said to have properly (V) if it salisfics
AL Global conditions :

a.1) w,v>0, flu,v) = P=> u < v,

a.2) w > 0= flw,w) € SN\

B. Local conditions : ¥r > 0, Ja{r) = 10, r [such that

b.1) w,v e [rrtan)l, ¥ <=, v) e SN L,

b.2) telr—alr), rFar, uerr+a@)=fu) e S\DL,
b.3) tejr—alr), r+a(r}[, v e 10, ) [ = fl, r) € S\ P,

Definition 2.4, Let f: Dx D — 8 be a given function. N mapping T:X - X will be
called un i.c.m. with respect to f if

(2.6) [l Te, Ty), dlx, y)) = P, Ve, y = X, Te # Ty.
Theorem 2.2. Suppose that T: X - X satisfies
(2.7) T is an i.c.m. with respeel {o f
(2.8) [ has the property (P
Then the following conclusions hold :
(2.9) T has a unique fived peint z = X,
(2.10) Ty -z, a5 n—w, Yeu X,
Prouvf. Sce the preceding result. Q.E D

Remark:. The main result is a partinl extension of a result due to Hardy and Ro-
gers [1]. The theorem 2.1 extends some results of Reich |3, 4], Rus {5, 6] and of the
author {7, 8], and the theorem 2.2 represents an cxiension of u result due lo Boyd and
Wong [2).
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STRUCTURES ET CONNEXIONS CLASSIQUES SUR UNE VARIETE
DIFFERENTIABLE

PAR

V. CRUCEAXU

L'étude de la structure ct des connexions projectives sur une variété différentiable,
commencée par I1. Wexl [153] et B, Cartan [3] a préoceupé et préoccupe encore un
grand nombre de geométres, Kn poursuivant les travaux, consaeres i ce sujet, on peut eroire
que Lo simplieité et Ia duadité des notions et des résultats, qui ont fait de I géomdétric
projective 'ume des disciplines glometriques les plus Delles, ont dispare dans 1o géométrie
projective des variétes.

Le but de ee travail est de donner une définition simple pour la stracture ct les con-
nexions projectives et de mettre en évidence un principe de dualité dans la géomdirie pro-
jeetive différenticlle  des  variétés. A cette oceasion nous alllons considérer aussi d’autres
structures et conuexions elassiques sur une variété différentiable, qui peuvent étre regardées
comine subordonnées respeelivement & la structure et aux connexions projectives.

Les résultats principaux de ec travail ont ¢té communiqué au IV-2me Congrés des
mathématiciens d'expression katine, Bucarest, 1724 sept. 1669,

1. Struetures classiques assocides 4 un espace vectoriel. Soit ¥ un espace vectoriel
i n-dimensions sur le corp R des réels. :

Définition 1.1. On appelle espace projectif canoniquement associé & P espace vectoricl ¥,
Uespace projectif engendré |1] par I espace vecloriel Rx V.

Il sera note par P = P(Rx V). Si m: RxV - P st la projection canonique, alors
on peut distinguer sur 22 : le point 3, = ={1. 0) nommé le centre, Uhyperplan &0 = = ({0}xF)
nomme ' hyperplan @ Vinfind ct la famille des repéres projectifs,

{1} Zg= (1, 0}, == =0, Zy), (i, §, k= 1,2,....,n),

ot {Z,Z,....,7Z,} est une base sur I, nommée la famille des repéres projectifs préférenticls

Par des considérations duales on peul associer i Iespace vectoricd F*, dual de I
Pespace projectif 7% = A(f% I'*) nomme Cespace projectif dual ¢ P(R+ V). Le repére pro-
Jectif de &%, délini par les relations

(2) e = =1, 0), ol = =50, C'),

ou {C', C¥,.., C"} est Ia base sur 1%, duale & In base VAL 2 osur 1, sappelle e
corepire profectif priférenticl dual aw repére (1), On peut constuter que P+ peut &étre iden-
tifié avee 'enscmble des hyperplins de % Dans cetle identification, que nous allons faire
dorénavant, le centre de % coineide avee Uhyperplan a Pinfini de 7 ot Phyperplan & 1in-
fini de 2* eoincide avee le ecentre de 7. D'une maniére plus générale. dans cette identification,
le point ¢ de corépere | ¢*}, dual au repere {z ] coincide avee T'hiyperplan {z,, =k

T Tpgg e Fp) de {Eh

Définition 1.2. tn appellc espuce affine, centro-projective (conffine) e cenlro-affine, cano-
niquement assoeld @ Uespuce vectoriel V, espace qui s obtient de P = PRX Y en fivant res-
pectivement P hyperplan 6 Uinfini &, e centre z, on e eouple (€%, ) et en considérant le sous-
groupe du groupe projectif qui conseree la figure correspendunte.

Au licu de dire que nous avons associé¢ 4 17 un espuce projectif, affine, cte. nons dj-
rons que nous avons delini Sur Fowne structure, projective, affine ete. On obtient des struc-



