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arcater than the one carried by 87 then such a structure does not exist.

The inequality is :

L o EfNe
2F - 1l <0 —,
i ,..

In particular. the most convenient case is § — [4f2] 1 which is (by reasons
of dimension) § — (& - 1}/2.

The last expression can he reduced 1o

2 L

“di o1 uwm 7 ALMOST QUATERNAL STRUCTURES
—|=1 < SN

By using the argument made in LG, and again considering reasons of di-
mension, we can suppose & = 3. So, il s verified 2/3 < (F—1)/k.

Then. we only must prove :

A OPROINT

A
i T 't druehares are srnietures for
25 v z b i. Introduction. Ihe alniost qmm}rml h'tlll(.llll(,h ut(‘(; L_.l sl
i < ] —‘) whieh the structural group is (?L(m. H)‘ .Sp(l-) \.\'hc!lcl v at{"_f-'- H}:nt 1'nic
; i . wenerate atrices with entries quate -
2 1 ) 3 lLincal @roup of the m X m n(mdqruu,l ate malriees with |

ons and Sp (1) = SO (3} is the (multiplicative) group (in ltn.]ll (1ll)l~,;t(1]::]:i]::
I the structural group is only GL (.”" H). we obtain “(I .‘]-n]-]al( Hi’l'L‘I(‘;'lll'cS
nion structures. The ahuost quaternion and nltln(?hl“ ) (1'1“2 oo Tehera
were intensively studied t11(1: lurlt }'c;1|;'1.~;, ';CS{]'lccimc ,\Hll: \ll-u(-u‘u.-ul gr.c)up
o exist Kachlerian metries for themy j1, 8, b ], e, SHE STRUESAE8 55 01
tila(;}l;‘tthcl. reduced to Sp(m) or to Spiin). Sp (1) and it .ls ‘;21(;:.1 |(L):rl 1(;1::3-
plementary condition. In this paper we intend l_(-} l.m'i'rllfll‘ll ) .:En'i‘l"ll theory
most qunlcrnal siructures from the pmnl*_ol view o . :-L--;T)i]it.\-( e e
of G-structures. The first pmbl(-m.tnuchcd 15 that (;l ‘"llcl"t]: s 1o o
for the almost quaternal connectiotis, We ()l)i:lll'l. t i u.th ‘lllLI o s reeall
grabilily given by the structure t‘cnso}'s of this .S‘U e 1110 1; :
that the first structure tensor is the Chern-Bernard lll\cflltll  are affi-
1t is known that the integrable almost quaternion hllut_,tl.l] cs . tcr;lion
nely fat. i.e. the manifold which carries an 1nl‘c;:l'ml?l_c i.L,lm'(‘h]tl(-wl;lrmil'old
structure has an allas delining its structure of differentiable 1me
r affi wordinate transformations. -
e mlnill((: tc\();)):a(lll c.\'mnplc.of integrable almost quaternal structure is that
aterni rojeclive spaces. ) . .
o 1]](;3.(1;)12:'?1]1;;22251)3,3{1 algebral.. Let H# be the m—dlmcn._t.,mnul ”&l:fn::::":;-
dule over the quaternions H. 1is clements are columlﬁi (i)lt "” ‘([ll:}m be 1‘(::
If we Lhink H#7 as a vector space over the reals R:: : I‘"ﬁn H ‘Let oy =
presented as a 4m-dimensional real veetor ;,llucc Bh _ ;IHFU] oW s).” ity
= {q4..., g} € H* where ¢ = u* + " + 2 —t'.- Ly M= by | L (!-1:‘
the standard units of H. 1f tU = (. um), ¥ = e :“-"l‘? ) then JQ —
vy @), 1Y = (Y., y7), where ¢ denotes the tra}m.po?lnlton., ot TI
=t 4tV X LR and the (:01'1‘(35})91“({1,“:‘-3 r: "(" e sdered as a
(s 20, T,y T, ey 2, Y Y7) = (¢ U, ¥, b, Y Loln.‘;'ir(] ' m-(ttri\'
column. The linear group GL (m, H) acts on H" irom thc, f . ]L\ " apmce
multiplication while H acts on H from the right by th‘i ‘ﬁ“‘l \ﬁ‘,,,o(,i'\.lc: N
multiplication, The resulting action of GL (m, B) unc SR Ch

In fact, keeping in mind |mf+] = (m —¢) [+, the various values of ¢, and
several simplifications ; the fast expression is cquivalent. to :
Gim — ¢+ h <=2 —1; where b — 0, 3

3, 9.9, when ¢ is respeetively
e = 0,1, 23 The last expression is true for a > 3.

We conclude with the tollowing

Theorem 4.12. a) The sphere S does nol admit almost tangent strue-
tures of any order, ecxeepl w = 3,7 or 19,

h) S admits an alimost tangent structure of order two (J3 =

¢} admits an abinost tangent structure of order siw (J* = 0),

S could only admit structures of the tvpe J¥ = 0. J* = (),
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new linear group ol transformalions. Sinee any quaternion ean be writtey
as the product of a wnt quaternion with o real number and the multipli.
cation in H7 with real numbers s commmtative, we can restriet the righg
action to the unil quaternions. Thus the new vroup acting on Hw g
GL (. H). Sp (1) where Sp (1) s the group of unit quaternions.

Using the veal representation of Heo we get the real represenialion
of GL (G, HY and GL{m. H). Sp (1), Let M — 0 L iR - jC -~ kD be an
clement of L (. H). where L, BO OO Doare real m X o matrices, Then,
wrifing the real representation ol {he veclor

MQ — (- B GO IO i Y

we obtain the following ke X b real matvix correspondine to M

s - — (=)
N/ 4 =D C
(1} M
C D A B
D — B o

Remark that we denoted by the swme letler quaternion matvix and its
real representation,
Thus the group GL{(m. H) has a real representation as a subgroup
of GL (i, R), consisting ol matrices of type (1)
Now, let 2 —a« {0 je 4 kd = H. Then -
@Qrn = (U iV 4 XN Y e+ ib - oo kd)

gives the following representation ol H. considered as a linear translorma-
tion group on H» :

bl al i el
el ~df al bl
dl aof -0l al -

‘ al bl ef dl
!

where [ 1s the X me idenlity matrix,
The recal representation of the group GL (m, H). Sp (1) consists {rom
tm X b matrices of the form :

! B VAR ) (Y bl el dl |

B il D C bl ol dl el
(3 f o
B e b 4 p 6l “=dl ol b |

D n A ar el bl al |

ALMOST QUATERNAL STRUCTURES a80

“al -l —cf —ai’| |4 =B —C =D
b af dl el n A =D C
of  —df ol hl C D o -B
dl ef —hl al D - B d

to the ahove remark we can restrict oursclves
ro the right veetor multiplication by unit, quaternions. Since ilio' ]ri:_['f.; Itl.lil-
ix maltiplieation commutes wilh the right vector space multiplica lﬁn
L He. it follows that the matrices which are veal images in GL (4, R)
o the clements of GL (e H) and Sp (1} do commute.

Taking n — i, j. k. the corresponding matrices arc:

Rewark. According

0 I o0 0 0 —I 0 00 0—

i 0 00 ‘ o 0 0—I o 0 0 0
Bl 00 0| Fa=), 0 o0 ol o=l 0 0

0 01 0 0 10 0 I 0 0 0
Ginee B¢t ke = i = =i =k = k= ks il =it
follows :
(1) e k= = =], P Fo= —F = —Fy,

Fob, B F, = =1 R F, = —I By = —F,.

Then he (real represcutations of the) matrices of GL (m H) c.-ummu%c
with the malrices Iy, Fo, Iy o Conversely, it follows l_)y a s.tl‘zllgl}t[‘Ol:Wul‘(l
caleulation that all matrices ol G (b, R) commuting with 7, 1., Iy
are ol the form (1) Thus we have:

tMe GL{wn Ry M =1, M MF, = F, M, MF;=FM},

(wl=1 I P =

GLim. )

Let @ = He.
M. then :

Pi = MQni = M (Qunin)n;  Pj=MQy =M Q7)) 25
Ple = MQuk = M (Q1ER) .

Thus. the multiplication of P by the units ¢, j, & implies the multiplica-
tion of @ by the following units of H:

M = GL(m. H), »=H with

e dny =g K=k

o5 o = ib -t je - kd with a* + b* 4-e® - d¥ =1, then, writing the
explicit expressions for &, j', &', we get the following change for the nI:Izl-
trices I, , 1, , F, , corresponding to the action of an clement of GL (i, H).
S]) (1)

19 — Matematica univ,
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3
[".:- 2 S.I‘q I'T,' lf = ]. '_’, 3_
a1
where ;
Fri %1y g
AS' = Moy Ha .\'_,!:! =
RETI A
a* -+ bt —¢r —dz 2iad - be) 2{hd — ac)
=1 2 —ad) at =0 et — ot 2 {ah o ed)
2 {ac - bd) 2 ed — ab) 42— B e ¥l g2

iIs a matrix from S0 (3) (isomorphic to Sp (1))

The Lic algebra gl (m, H) of GL (m. H) consists from all b X dm
real matrices of the type (1), or: gl (m, H) = {M = ol (4m, R); MF, =
=F,\M; h=1,223.

Using the expression (3) of the elements of GL (m, H). $p (1), it re-
sults that any matrix from the Lic algebra g of GL (m, H). Sp (1) can
be written as a sum of a matrix from gf (m, H) and a matrix of the type
{2). For our purposes it is more convenient the following definition of g :

g={M < gl(4mR); MF, —F\ M = clF'y—dF,; MF,—F, M
== dFl 5 bI’T;]; .{].11"3 "'"1"3 ""l =3 bl“2 ——..c_lv‘l},

where b, ¢, d are real numbers. The equivalence of this definition with the
above one is proved by a straightforward computation.

We are interested in finding the prolongations of the Lie algebras
of the groups GL (m, H) and GL (in, H). Sp(1). The result of this see-
tion is that these Lie algehras are of finite Lype.

First, let us reeall the definition of the first prolongation of a Lie
algebra [2]. Let V, W be two rcal finite dimensional veetor spaces and
let L (V; W) be the veetor space of the linear mappings (rom V to W. We
shall denote by 8, (V ; W) the vector space of the symmetrie p-lincar map-
pings from V to W. For any v = V and A4 = §,(V; W} we denote by
A, €8, ,(V; W) the symmetrie (p — 1)-linear mapping from V to W
defined by :

‘4“ (Ul sitey v.ﬂ—l) =A (U, Uy yoers '{-'rl-:) 5 Ut osee 1 = V.

o Us

-

Let g be a vector subspace of L (V : W).

Definition. The first prolongation gV of g is the vector subspace of |

8. (V; W) defined by :
gV ={4 8§8,(V; W), A, g for any u= V},

The prolongations of higher order are defined inductively.

ALMOST QUATERNAL STRUCT URES o0

I'V =W — R” and g is a Lic subalgebra of the linear Lic algebra
o (. B} we obtain the prolongations of a Lic algebra,
o Proposition 1. The first prolongation of the Lie algebra gl (m, H)
is trivial.

Proof. (gl (m. H)W = [ = 8, (R~ cRem); A, = gl(m, H), u & Rém}
F S 1, 2,3, u = VL

w.r = Rtm, Then, using the relations (4): .

i =

b = So(Ram Ry L E
Let o = (gl (m, HYM
A v) =, @)= —Fod, (F.v) = _F. A (4, Fav) = —F, 4 (Fw,u) =
By W) = PP A (Fru) = — 8, T A (Fiu, Fov) =
FoFy sy (Fev) = Fodp, (v) = Foot (0 F, W) = Iy A, (Fyu) -
A, (1) = A (. ). Thus A4 = 0 and, hence (gl {m, H)® = 0.

Proposition 2. The first prolongation of the Lic algebra g of GIL (i, H).
Sp (1) is isomorphic to (R#). The sceond prolongation is trivial.
Prouf. Let A = g and w.v = R Then A (u, v) = A (v, u)
A, €8 i'c. there exist a, 3, v & ( R*™)* such that:
- v () M — B )y A By —F A, = —v ()l +

-"n 'Fl = 11‘1 ‘IEI
a(uy dy s A — Pyl =9 (W F, —x(u)Fs.

and

i Then :
{,0) = —# A ({Eu,0) - B Fau + v {0) Fyu,
(v, 0) = —F. A(Fyu,0) + %(v) Fyu o+ oy (v) Fyu,
Aoy = —Fy A (Fyu v} + () Fyu+ 8wy Fau,

and, henee :

) = —Fy A {(Foe ) + BE) P+ ¢ {v) Fyu =

— P =l F e oy () Fov+ v (Fyu)ioyv) 4+ B o) Feu+
oy iyu = —F 1 (P, Fat) + (I' o + vy (1 u) Bov +

— Iy { =it (e, Faw) + B (Fyo) ' +

B (0) Iy -+ oy (o) Fy e
v (o) Fyu) + (I e 5y (Fyw)Fov + B Faore + v (v) Fyu =

L (Fov ) + 3 (Fu)u — {2 0) Fou+ 2P, wyo+ vy w)lv +

a2

@) Fou -y @y lyu = — Az +2 (W) Fyo 4+ v (w) v +

v
-
[

+

0o+ +

-+

i
el
4 OA(EL ey — A FE () sy (FrFe v + B @+ @)F
Let us replace =, 8, v by aF'y, BFa, vl respectively, where (21,) (1)
= (I, u), cte. Then :
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2 (e e) =2 (F ) o
4 v (Fyu) o

— oz () =Sy - P ek
A S W ANTEE SR A8 I AP S A O I AT
Interchanging » wilh » and using the symmceiry of 4, 0l foliows

(e 2@ —a(Fyu)d o -2 o) Fyu —3()e - Bs)u

FAF o =S (Faoyliou - o {(F )Py — (P ) Foe
APy Fee - (Faey Fow — 0.

.r tion;}t']ns relation ik follows by a usual contraction (that menns to caleu-
ate the trace of the naapping © — the left hand side of the b

23 (x (1) — 3 () =0,

fi‘huls x = 8. Then, by a similar computation it is oblained 3 = -
mn: i g ¥ or . - e ) A H B £
nal result is the followine expression for a gencrie clement of gt

(3) A, ey=a(Fyu)Fio - a(l e}y Fra oo (Fou )l av
a (e lou + o (Fyu) e 4 2 (Fye)

where « is an arbilrarvy hnear lor T ' 5
e an arbilrary hnear torm en By Thas the fonmuda (5) esta-
ishes an isomorphism between (R9#)* and g
We shall now prove that g = 0 = g
Then (ul}“-]-lm—\— pIm\( that g =0, Let ] = g™ and oo, e € Riw,
g L, w) = A (v, o, w) Ay, w) and A, e g Thus:

Ao (i, v) = A (u,v,ow)

1=l relation)
(i

The

2y — a2 (o)

1
x{F Yy e e (B w4
- U‘ = 1‘ o Iy f‘ b e .
o (I ) B o b x (Fary ) Faw - 2 (Fyu, w) Fyo -+ o (IG5, w) o —
a (o w)e — =z (v, w)u.
~ Similarly, writing the expression A, (1, w) = A (n, v, w), onc ob
tains by wsual contractions : = (i, v) = 2 (v, 1) ; (2n + 1) A
. L i : } e ] =
o (Fu i Fov) o+ w(Fs 1, av) 4 2 (£ 0, Fg ) = 0, '
eplacing in this velation w, v by F; u I, v, res ively i
Rep : s v by I z, respectivelv, and substracting
it follows : s ! ) —
2 (1, v) = = {(I' 0, Iy o)
Similarly .
wf{u,0) = 2 (Fou, I'yv) = 2 (Fyu, o).
Then @ (2n =~ 4) afw, v) = O,
proves that g = 0.
- Using the prolongations onc can define the Spencer cohomology
! (g‘)’. uff a lmcnr Lic algebra [2]. The obstructions to integrability of a
given 7 st1 lrlgt.urc having the Lie algelbva of the structural group g take
values in H'2 (g) ;rt =@, 1, 2,.. Since for gl (m, H} we have (sl (m, H)yV =
0 it follows H!2(gl(m, H)) =0 for { = 1. Thus the obstructions to

Henee, for any .f =g®, 4 =0 and this
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intearability al® alnios quatiernion straelures arc only in M= and A2
aned Whey are represeniced Ty ihe Torsion and the enrvature off an admaost
qualernion conneetinn,

for the almost quaternal struelure. the ohstruchions (o

sinilarly,
(g). 111+ {g). 1= (x) sinee fIE2(g)y=0%k =2

integrability are onty in J1*
[or the Lie algebra g of the group GL{m, H). Sp (1)

3. Almost guaternal connections. Lot M be o ln-dimensional real
manifalds An almost quaternion structitre on M is wiven by a reduction
o the strucetural group of the prineipal frame bundle of M to (L (m, H).
Phe rames of this redneed Lundie ean he wsed inorder to map lhe matri-
ees Iy Fa Py whieh can he considered as Lensors of type (1.1} on Rim,
i theee tensor Field, globaliy defined on M. For canvenienee we shall change
the sion of the wmdriy £ aned we shall denote alsny by 20 1y, I, the ten-
sor Tields corresponding 1o Ihe matrices #50F.. .. Then

(6G) o=tz =1 -1
— .=

—F, F, Fa.
PP, P

An almost qualernal sivnelre on 3 i siven by a reduction of the
Jrnelurad group of the principal frane bundle ol 3 Lo GL (n, H). Sp(1).
n this ease, the above tensor fields F, . P, .1, ean be defined only loeally.
Namelyv. el UL U7 be Lwo domains of trivializing charts for the reduced
bundle. To the matrvices My Py By corresponding  to the right multipli-
eations by @, j. — & = H. will corvespond the tensor ficlds £, K., Iy on
(" oand 2R, on U7 A the trivializing seetions on U, [J' of the re-
duced bundle ave related by a GLo(m. Hy. Sp (1) - valued mapping. 1t
fulloves that en the interseelion [T n (7, the tensor lields J AN (Y
P Yy e related by the formula :

I P R R IT R A AT Iy

San 470

Y = -

FF,

S S,

(7) b
P, sn Fy

where s, 1 a, b — 1.2.3 are functions defined on U n U’ such that the
matrix & = (85)3 @, b= 1.2, 3 has its values in SO (3) = Sp (1) Thus,
the viving ol an alnost guaternal strueture on M hmplies the existenee
of 1 veelor subbundle 1ol the vector bundle of tensors of type (1,1} on
M, delined by o veetor atlas such thal for the vector charts ol this vector
athus there are canonical bases, ie. local hases consisting ol three tensor
fields £, , 1. . 1, satisfying the conditions (6). Conversely, the oiving of
sieh o vector subbundle tmplies thie existence ol an almost  quaternal
structure on M. Any two canonical bases o " are related by formulace
of type (7).

Definition. . In almost quaternal conneetion o the almost quaternal
manifold M is « lincar connection on M owchich preserves by paralel transport
the vector bundle V. defining the almost quderid stracture on Me

PR PR Iy .
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Remark. Tt can be proved in the usual way that giving an almost
quaternal connection on M is equivalenl to giving an infinitesimal connec-
tion on the redueed principal frame bundlie corresponding to the almost
quaternal structure defined by 1.

Let ¥V be a linear connection on M. Then ¥ is almost quaternal if
and only if the covariant derivatives of the local canonical bases of 1V are
expressed as follows :

4
(8) VFE, =Y 7, ®F,: a=1423
b~1

where v,, are 1-forms defined on the domain of ', F., F,.

Since I'y, F,, F; satisfy the relations (6) it lollows that the rela-
tions : n,, = — 7,, are satisfied by the 1-forms n,, . We shall use the follo-
wing notations i, = — % = N1 fm = — e = Gui g = =,
Then the condition (8) can be written as

() VE, =70, @F; 7. ®@1Iy; VF:= — 1, QF, +n®1F,
VI«“:_:' =K ®IJI — 7, ® I"'_,.

Let %1, %, 13 be the 1-forms defined by the connection ¥ with res-
pect to the canonical base £y, F,, F;. Then, using the relations (7). we
obtain the following change formulac :

a
(Q) fm’ = E Sap Ty };r : a— 1, 2. 3.
=1

The forms 2, are defined by :
Yo = 8. 48y, -k 8,5 dsys + 854ds,,

where (a, b, ¢) is a circular permutation of the numbers (1.2, 3}, i.e,
(a, b, ¢) can be (1,2.3), (2,3. 1), (3. 1.2).
Eewmark. From the formulac (9] it follows that the matrix :

5= [ el

can be considered as the conneetion matrix of a linear connection defi-
ned by V on the vector bundle 1.

This connection is called the conncetion on V associated with V.

Let us look for the general family of the almost quaternal connections
on M, i.e. the family of the lincar connections on M satisfying (8), with
= (1a,) the eonnection matrices of a linear connection on V. Let V be
an arbitrury fixed connection on M and let us write :

(10) V = {‘7 L P,

where P is a tensor field of tvpe (1, 2) which must be determined. From '

condition (8'), it follows ;

(11) PyF,—F, Py — —ViF, + 5 (X)F,—(X)F.;a=1,2,8,

3 > 205
ALMOST QUATERNAL STRUCTURES

i - the tensor field of type (1,1) defi-
e Y ois a veelor field on M, Py is the tensor ) de
Wh(l'llb\_\}’h }li : LLIt’O(] \'I lc‘}l'() (-)md (a, b, v} isu circular permutation of (]t? 2, 'I)il
el “metho b § ‘mination o
n :.\pp;\-in;,-' the method used by Obata {0} t:]nll?cr(-lﬁt‘j:':[[;]llill]: L
the almost quaternion connections [6] we get the gencrs )
Alnost quaternal conncetions

1

. * 1 . P Al 1 ]_ . i Al g - I ®I—a\}Q_t,

(1.-)) V.\' - V.\' T 2 {—{‘(v.\’]'n) 1‘{! o ) UM (‘\)Iu} 'l-(
=l 3

where @ is an arbitrary tensor field of tvpe (1. 2)

3
G I"a @ I"a :
w =3

and the operation (F, ® PRy is given by

l(l".-u E&\ lf‘.:; ('2\ l (Y) = (I;‘n 'E' I“ﬂ)}' Q\ &= -Fa Q.\' IJu } 0

. % . lo-
Remark. While F, defined loeally. the tensor field A is defined glo

hally on M. Similarly. the expression

. o .
AL (Vs k) F g w0 }
w1 N

< olobally defined on M. N )
I the initial lnear conpection V is almost quaternal with

Remark. . o o9 be-
tl ):mcctinn associated in V' oof conncetion matrix 7, formula (12)
e - g
COMmes
g 1
1 @ ) . A [ I I ___/\_)Q‘ i
(1'—)’) V.\' V.\' f :E-:ZI (rm_ fm) (.\.)l” l-( ®

i iallv defi its associa-
aternal connection 18 essentially defined by its a

W o e 1 and the tensor field (1 @ 1 —A)Q.

ted eonneetion on 1

4. The Chern-Bernard invariant of the almost quaternal structures

Let & be the Nijenhuis tensor field of F,. Le.:

N, (X, Y) = [Fe X, T Y| —F, [F. X, Y] —
P IX, P, Y LY Y.

ackets from the expression of the t

(14)

orsion tensor
Substituting the bra
ficld of a linear conncction

(15) T(X,Y) = Vel —Vr X [\, Y]

one obtains
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. Let

id of an almost quaterual conneelion

(20)
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i
(]6) J\T (1’ l’) — ’1' ( \' }-) r!n I‘ \, 1 . .
a ' - N —_ L :I'a I AL A s Ry 3
FETXLE,Y) - (V, FOY ( . V)b T F X8 S related o the torsion tensor e
I a “by g ) i ( F"-tl'u)} - (Vp‘aj-].‘{,).\ —_— ]<‘“ (V‘ }'.‘") Y L ‘u(vl']"n) X us denole :
If vV is an almost quaternal conneeti P '
matris, 1 then quaternal connccetion with the associaled connection 2, AN - ’-‘ = trace (V> F, 8 (N, Y.
&1 =
]” Y . Yy ___ - - o . . | . ]
(17) N Yy =T (X, V)= (F, N L, V)1, T, N Y) - i { (V = (XY
[ AN L . B r o] . . . o P : -\v — = praee T ‘ﬂ X. -:I:'
Ia 1 (¢‘. i u 1 ) -+ (T".]' — ) (_\ ) l'b} _ (f‘[ "u . fm) (},) ["b‘\_ - ? ( ) op
( From (18) we gel
a (X)) = (2 7% = 1,1, 7 87 b (29— o A 2 ).

[ ’rjf
- ("’JhI"tl + ‘:r‘) -Y)I“r)‘ "5' (""l'bl“a '.l' f") (r) 1"1' "\-‘ :
where (a, b, ¢} 1s a circular per i i |
\ (@ b, ) 1s ar permutation of (1, 2, 3). Caleulating ‘ens
ield % defined by S =N, - N, + N\, ., \S'(" (')i)t')litl('ll(UIMmlL B
3

S(X,Y) = 8T(X.V)+ $ {—T(F, X.F, V) +

a=1
Y
ol

i h ey

) (N)F, Y

3 Y AR ARF Y A = v - 0 o
(18) b F TN Y) S R (VEY) = Y (20, 5 Py —
“ri-') ‘Fr) (‘v) 1‘:1 -\' - ('-)Tm '!_ TJ.»F.'; - Trl:
where Z means that the summation is extended over the civeular per-

1,02
mutations (a. b e} ol (1.2, 3).
On the other hand. from the expression {13) of A we oet

3
2FETXEY) =T Y) L (1@ —A) Ty,

Combining (19) and (20} we have

HS (X V) + .2, (a(X) Y — 2,(Y) lr‘,,‘\')]l -

TR AW U (VY ry — (20, — ol +

TX ¥4+ Y {29 =3
6 T
l 3 )
(! ® I8== -""]r ’:,I‘.\' 'Il' ?; El ’l‘}‘a,\'l"r:) +

‘l i
._3 ..E:J| ’I'l-'.i l':l) U

=

:
L= @ .\]_\-(

13
jehtforward caleulation, using {7) that:

it ean be verilied by a stra

Y, (2o, ol =2, ® I, oand E Tex
et

ex]
B
):1 F,TFRX V) =T Yy (I @1 —\) Ty,
K3 B
I al LI 14 AR ! .
Y TENEY) = LU ® L — A\ (Teah) (11 -

=

- r ]
<olh) (T Fg) ==y T (X, F, V== F; T (F, X. Y)h

Then :
1

S(X.Y)=6T(X,Y) = 2y

(X¥)=6T (X, ¥) —3 (I @ T — Ay (6T + 2 % Trpxly) -

1 3
19 | o— L% Al m h]
(19) P eI -'\-).\'((“’ o= 2 -Et Ty,r l'a) = E (2 % —
e abel
nol' = ) (V) FoX.

- Ty ‘F.- e T ‘Fb) (‘\') ]“:I (2"1: o
in, bk d
The tensor field & is not - defi i
' . ) globally defined on M. Using some trac-
tions of § we shall construct a new tensor ficld globa]lvbdcfinedcot;illj}
- ?

Then the right hand side of the

thus, ihie left hand side 5 de-

1ds defined globally on M.

lobally on M and,

are lensor lie
connection :

formula (21) is defined o
fined glohally on M. Considering the

1
(2'% - .:}-'ll"\.' = 2 I"h) ('\') l“ﬂ -

2] Vy=Vx-3
' ! G (b
{ )

E ’I‘F.l X If‘u

1
Sdel -\ ('."_\. i
=]

ernal, its torsion lensor lield is &, where:

. 1 B
IR B E ;—_{S(-\'_ )+ Y (2 ()Y Y I, .\')} .
) =Nt
‘The tensor field § considered in (23) is o representative of the Chern-
. Bernard invariant of the almost quaternal structure. Morcover, the

which is almost quat

(23)
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Chern-Bernard invari :
| nI 30f‘lndld invariant of this structure vanishes if and only it § vani
shes. : i 8§ vanis 5 X . 2 L Anl-
nectionn lact, Jf'blvanll.shes there exists a torsion free almost quaternal ¢
Chcrn-ﬁ 1cn?§‘ 1 1 (_,hern-Bclmurd mvariant vanishes, Conversely, if ?In-
ernard invariant vanishes, there exists a torsion free almost -
P e . . % < 105 ua-
tornalsconncdmn and. from {21), it follows that S vanishes 2Ll
‘ upL)'osc t}ml‘ for the considered almost quaternal strueture the |
sor field .§ vanishes. Then : ) en-

3
(24) S ".,g {0 (X)F, ¥ — (Y F, X1,

Ol’l thc OthCL }1 i V I) a Stralo onry
L ds !t can bC Cl"lfled H
I. o : 3 tl‘dlbhtf "W er Calcl]latlon

25) BN, YY) =S Y) + FS(F,XY) + F,5(X,IY)
—S(F, X.F, Y)

If & is given by (24), then

(26) BN(AX, Y o, (X)) F,Y

L a(Y)FX — o (F,X)FY

2(Y) £,(.\)
(V) F.X

() IV
0 (P XVF,Y — o (F.V)F,X.

J.hu‘i ”lC \'1“]“\‘ 1‘ k) )[ n- ar H < 1
. 1 1 { Ihc (he] ];CI n (l msari L 1C lllll(";
ty 1 II]L 0[ l

t I i " t . 1 . t 1 " t] - t‘ 85 §ro ; t

cll‘a elll(.l structuare (IOC-;\ 110 1”11) \ ¢ \(l'].’;l'llllll‘_' Ol t]]c Nl Cllhlll‘s |qu{)]

{]C](l-‘\ 0[ tlIC \'CC[(” [ICI(!S 1 T 4 1.2 v;

l‘}[l |0I hlc L cp!‘ll)!hl v ])l()hl(‘nl l()[ H]( 1lln]()'ﬁi ([lld t(!ln‘li Stl tiC tlll(!q l(‘ln'
arare ¢ altm ! { llll(,lll ;

{ 1¢C cury 1t ()l '} I (B H ' ('ll ('(b][[[(:l‘i ons wi l ‘-.'l'['[l
m a 101~f]1(-0!l ne I)-]p(‘] l 1011 “ G - IICd
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AN ADAPTATION OF THE MOVING FRAME METHOD TO TIE

STUDY OF GEOMETRICAL OBJECT FIELDS
BY

ALEXANDRU NEAGU

In & recent paper [3], we have deseribed the algorithm of the moving
frame for any distribution (involutive or not). Here we adapt this algorithm
{o the study of geometrical object fields.

§1. Let X and Y be the differentiable G-space, where G is a compact
Lie group which acts proper and frec on X [1]. Let f1 X ~ Y be an equiva-
riant map. A MRDM - configuration 1s u set (X.f. Y, G). 1t every orbit of
¥ is of type GJH and there exists an equivarianl retraction 2 of ¥ to an
orhit G . 31 {see [17). then (X, .Y, G)is ealled reducible.

Theorem 1. If (X, f. Y. G) is a reducible MRM - configuration.
then the strueture group G of the prineipal fibre bundle =+ X = X/G(XIG
the orbit space of X) s reducible to the subgroup H.

Proof. Let 7.0 Y = G - i he an equivariant ret raction to the orbit
G .y of yo €Y. Then 27 (g =S is a clobal shice of Y.[1]. We put X, =
= (1o f) " (ya) und by an usual argument we prove that X, is a principal
fibre subbundle of X with the structure group 1.

Corollary L. I'n the condition of Theorem 1. the restriction. of f to the
veduced bundle X, c X defines a map J of X|G to the slice Sec.

Proof. Let v & X4 and 2° = = (x). We put J (27) = f(x) and since
fis constant on the orbits of the H-space X . it follows that J is well defined.

The map J s called invariant of the reducible MRM - conliguration
(X. .Y, G). It G acts transitivelly on Y then the MRM - configuration
(X.f. Y, G) is called singular.

Theorem 2. If (X, f, Y. G} is «a singular MRM -configuration, then
the invariant J is constant.

Proof. Since G acts transitivelly on Y, then the retraction A is the

identity of ¥ and henee J is the restriction ol f o to X,

The process described in Theorem 1 and Corollary 1. by which to a
MR - configuration corresponds a subbundle X, and an invariant J is
ealicd R-algorithm. 1f ¥ is a trivial G-space, then we say that (X, f, Y, G}
is irreducible.

§2. Letm: X - X'= X/G be a principal {ibre bundle with the struc-
ture group G and dim X* = m. Let o Y — X% be an associate fibre bundle
with the fibre ¥ and K, (Y)(p < m) the space of contact p’ regular
elements on ¥, which are transversal to o. K, (Y) is the associate fibre bun-



