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LIAPOUNOFEF STABILITY OF FUZZY SETS
BY

CALIN TGNAT

In 1965 L.A. Zadeh [7] has introduced the notion of fuzzy sct.
JA Goguen in [3] has generalized this notion by the idea of L-luzzy
tand Co Lo Chang in 2] has investigated the fuzzy topologies.

The purpose of this paper is 1o establish the velation between the
I,-fuzzy topologies and the approximation structure and to extend for the
cine of generalized L-fuzzy systems the Liapounoff stability in the sense
of Bas haw |[1] generalized Ly us in [+] and [61.

I. L-fuzzy sets and L-fuzzy topologies. Let X be a set in the classical
weuse and Lo partial ordeved set with first element 0 and last element 1.

Definition L. 3. 7] ! mpping o XN — Lois sabd to be a  L-fuszy
sel M \

I'or L fo. 1, we oblain the characleristic funetions of the subsets
i e classical sense. for L= 10, 1] = B, oncobtains the notionofZad eh
[zzy sebs (770 10 £ is o complete distributive lattice we have the genera-
etion of the characteristic Tunetion given by Goguen 131

In the following we denote by og and oy the void and the total sets
defined by @ () ==0 Yo =X, oy () =1 va =\,

Definition 2. 2| A family T - {o} of Lfuzzy sets in X such that
Gl rrery o # wg i crists an cloment @ & Xo(a) =1 will be defined as
L-fussi topologic if

1 g, Ox € C;

i) Vo, o, =T, 30 EC, 0 (¢) = min {o, (&), w.{r)} Vo< X

ii) ¥ < T, Jony € T, oz} = sup fw(t)} Ve e X,
wES

This definition has been given by Chang for L = [0. 1] = R.

9 The relation between fuzzy topologies and approximation structures
In [3] we have introduced the approximation structure on a sct X
directed by oI as a subset

o ¢ X x R (4, X),
where % (.1, X) 1s the family of all binary relations « « 4 X .\ satisfying

) vaeeldX 1z € R (4, X) {2, 2) € cf.

o= Alotcmaticd uiv



322 CALIN 1GNAT 2

Let us remark that by associating the familv @ (.1, Y} one can con-
ceive that the set X is endowed with a structure of @ (f)-fuzzy  sets.
Indeed a binary relation « € 2 (4, X)can be considered as a @ (A)-fuzzy
set on X for which the characteristic function with values in 0 (1) is defined
by
(2) d(2, ) ={a =4 ]a @) <al

This 1s a special case of definition 1 where L = P (1) is a Boole algebra

Particularly we can consider the approximation structure associated
with a D (A)-fuzzy topology T on X defined by

3) {x, )Ech, < d(2.) €T, ofa, 2)= .

One can immediately prove :
Proposition 1. Lel of = X X R (A, X) be an approximation structure
on X with the following propertics |

(4) Viga) € G(x, a) =3
(5) Va:{e, 4 xYX)edd;
(6) V(z, x)= o, (y'ﬁ)ed:(3(:="i')ed"f=“ﬂg)V(ﬁUB=®);
(7) V{vi, o) b, i &1 (a Ll!“i) €d, Vj=Ll
ie

Then the family C = {a= R (4, X): Ja: (r,a) e A} U { D} isa P (d)-
Juzzy topology on X.

Conversely given a P (d)-fuzzy topology on X the approximation
structure defined by (3) satisfies conditions (4)—(7).

The such established relation between the @ (4)-fuzzy topologies
and the approximation structures allowes to formulate a Liapounoff sct
stability result with respect to a (@ (.1)-fuzzy preordered relation and a
P() fuzzy topology, by using a suitable modification of a general stability
theorem given in [6].

Let o be a 72 (A4)-fuzzy preorder relation on X i.e. a subset of the car-
tezian product ¢ « X X X X .4 with the following properties :

(81) Ya € 4, Va

(8i)) Va Va, y 2 such that (2, 5,0} S 6, (y,2,a) € c— (2,2 0a) = o

(CL’, &, a) € g

We denote in the following by
g{u)y={(a,z) =4 XX (4,3a) €|

the P (4d)fuzzy ,trajectory” of the ,dynamical system” o through u.
Let @ be a 2 (4)-fuzzy set on X and M the collection of all z € X
such that o () = 4 and

a(m)zt_:‘] {o(x) v &=}

Let also { X, G, 4, K, p} be an approximative generalized metric (a.g.m.)
on X (see [6]) i.e. a mapping
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5 X x .V = Gand a iy K = & {1, G).
‘ g ; — « Tibal . X, G, A,
\s it results from proposition 1 of [6] it always exists an a.g.m. (X,
L.y N0 that
(r.x2) € b, = 3z < XV (.y) = o 9 le.y)la] & |al.

(9
yjoreover from (6) it results that the a.gam. is filtral Le.
? Vo, = N
Lel @ be a P (1) fuzzy scton X. We shall say that

o) (o Ay = {a ) € 4 X X130 0@ =d, ¢l yla) = x

[ Yya © Ay 11 K2

- o J-order approximation of . | - »

e Definition 3. Ve shall say that the P (‘AI)-ftL::ry a‘rt lm It:s' it({blg,-;:}f’;

respect ot the generalized preorder o and the a.gom. { X, G, A4, 8, ¢

(o ;,j.—stabl(- if

(11} Ve X, 3 e K oldd{o, ¥)] e oA (o, =)

initi i Le L e « partial ordered set with first

yefinition 4. 6] Let 1@, <. hoj O first

e!:-mr"ftphlo w0 ?15/ fhel # @und U a P (ed)-fuzzy set so that s (U

U, and there is » & X, o (o, v} = U, o

= ;{:':;! Jﬁﬁ});)iﬁgiﬂ U = # is said a Liapounoff function for o if

=g=L{a, y) <L %)

3 L) ¥ (a, &) = U, (0. g a) =
- (L 11) Vi s G e K, V(e )= oA (w0, x) 0 U= ¥ L{a, %)
(1, 111) vy e X ILs K V(e 7)€ Ulch (v, 2)=h < L (a, =),

aw’s definition.

“This is the stated generalization of Bush .

Let @ be a colleetion of subsets of ¥ (€ < P (Y)).
@)=V c@:Md el Neg McN=>Ne%;

ordered by .
- Y o<y eyt

is called the scale of €.
With these, by the same

4 in {6] one can prove. . . -
%’r%)positiou 2. The P {A)-fuzsy set o on X is (s, p)-I.s;t_able iff there

exists « Liapownaff function for © with values on the scale & (. ). -
' arizations of the approximation struc-

Remark. By suitable particul Pl -
ture o4 :J:is((t)cimcd with the fuzzy sct structure and a fuzzy topology on X

i PXAY Jitv theorem in the Zadeh’s sense (L = [0, 1] <
one can obtain a fuzzy stability theoremin _ ‘ _
c Rti lll':n(') élxi fuzzy trajectories of a dynamical gencralized system defined

by the preorder relation .

arpument as for the proof of proposition
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LINEAR DIFFERENTIAL FEQUATIONS WITH PERIODIC
CORFFICTENTS IN THE CRITICAL CASE
BY
1NTIUMAN

1. Tn [3]. [+]and [3] we dealt with
C =gy g = CR) =gt

v of all solutions of (

= R = {—®,x),

g (1) on

q), and gave an exphi-
[he present paper is devoted to cquations
) but. not all periodic solutions. With
of Hill's cqualions 3" = [» +
¢ in close relation to the
[2]).

n, and 0 =

(ay ¥
we derived a erttervion for periodicit
cit form of all such cquations (q).”
{q) having some (i.c. in the critical case
respeet fo Liapunoft and Tanpt theory
L p Oy p+ =) = p (). those equakions ar
problem of coexistence” of periodie solutions (e, c.g. f1) or
2. T'or a positive integer n, 0 # A, =R for 1, ...
< a, < = define p, R—- R by

g7

¥

?

L, < iy < .
N

. sign ] sin {8 — a), pala): =0

i=1

H \-l-'.!

) (z

Sosin? (L —a)
This p, € €2 pa{t = =) = (—=1)"pa (1), and p, () # 0 for
a result of {30 Th.

5.1} that explicitiy gives all equations (
but net necessarily a

11, periodic solutions.
Lemma L. . differential equ

ation (1)
half-peviodie (y(t+ =) = — Y (1)) solutions with per
a = |U. 7:), l"'_ !

pa (D)
t # a; Reeall

q) having some,

has a nentrivial periodic or
jod = and with n zeros
= f, oo, nz LUf

if =.f” _{_ -ffg + e ‘.f' G Pl'n”)u _':’ P;;/])u.-
, flay=f (e} = 0 for i=1,... 1

is a periodic (n even) or half-periodic
that vanishes just al a, having

where [ C2 f(t+ ) =f(1)

The function t — p, (1). exp fi)
(n add) ~olution of the differential equation (1)
gy {0) = (=D d 1= 1, ., 0

For n =1 we get

Corvollary 1. -1 differentiul equation (q) has « nontrivial half-periodic

solulion y with period = and just one sero a on L, =) iff

g =" 4l f L eod {t —a) —1,

where [ = (3, f (1 -+ =) = ft) S(a) = ["{a) = 0.
The function exp f(t).sin {4 —u) is a half-periodic solution of (q)

that vanishes al a.



