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Beeause  of  m-periodicity  of  the inleerand. the last  expression

isequal to (—1p ' K = — K. Menec e, , — ¢y — A and — il
satisfies gy, (14 =) = 2z, () 4 p= (5). Now det Wiy, . 1A, det
W (4 372) = VK. sinee  det W (. .) - 1. Thie to Lemma 2,

Wronskian of any pair satisfving (2) is of the sanwe sign as 1R or as dhe
expression {3),

Now the probleny imposed in the beginninge of the Section can be
solved. Since fin (3) s restricted only by f = CL fla) — [ {a) =0
(Lemma 1), then
tn the oseillatory case we can always choose fsueh that (3) is of preseribed sign
and construet acearding to Lemnie 1 the corvesponding oscilladory differen-
tial equation  (qj). g —=Jf" [ 2 e palpee it preseribed
sign of Wronskian of Its puir of solutions satisf{ying the relation (2). whereax
in the nonoescillatory case the Wronsl:ians ave always negative.
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0N BOUNDEDNESS RESULT OF A VOLTERRA EQUATION

BY
STIG-OLOF LONDEN

1. Introduction. In this paper we state and prove a boundedness

on the Volterra cquation

resnli
{1.1] v (¢ - Rn. (1— Dalr{=ds = [ 1= I [0, 20).
;’: . .
here a. g, f are given real valued funetions and e {f) is the solntion s hose
wne DS I -

esistence on Kt we postulate.
'3 r

Define () = \'ﬂ(“:) d=. 1 = R+ Our rvesult is then the  Tollowing

1)
Theorem. [.o!

(1.2) a ()= 0. a (f) noninereasind. 1= R
(1.3) 0 = af{d) <=

(1.1) g (—==x.x)

and wxxme that ' ’
{1.3) [ is focally absolutely contimans on B
with

i i [U(], ).
(1.6) P L i - —
Voreouer, suppose that there caists a positive. nondecreasing Junetio

b(f). t = R+, satisfying

(1.7) abt e Li(1, ) [ S v e (1%,
ilel <
and such that if ¢ (1) —= R(ub") (=)= & = O, then
!
(1.8) T (w) = de(o). o= R
Finally let « € C |0, ) satisfy (V1) and suppose
(1.9) Lim int & (&) = — >.

P s
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Then

(1.10) sup Q; {g, 1) < e, (1.11)  sup G (x (1)) < oo.
tent tert
In (1.8} —{1.11) we usc the notations
da {w) = a (0} + gcos (o} da (7), G (a) = gg (1) du,
‘ v ] ) \
¢
(g 1) = Rg (@ (=) [a (0) g (2 (=)) -+ Rg (2 (z~s)) da(s}] d~.
) L1} .l)
The first part of (1.7} shows that ¢ (£) is well-defined. {

It will become obvious from the pr
‘ ; 1s from t proof Dbelow that the hou
in (1.10}, (1.11) can be explicity computed and only depend ng;

1
G {v), on x (0) and \f’ (t) g (2 (5)) d=, and on the quantities
o

5 def , A
(1.12) K, = g If (2| AV (1) dv, Kim= R| F =) EA () b (=) de

: 1

by ¢ ] 0 hﬂ{ ]1 i]'l ] e I | ne ¢an w ill]ll]l F]
( )])\‘.(3] v als t . an o . . . 0 5 L3 3 1ffi ‘es

t+1

(1.13) sup g gl (=) dr <.
tent .

If G{2) in addit;
coursgl")yil(:;d;uldlhon to (1.9) satisfies ]121'_?;!1)6’(3!) =0, then (1.11) of

(1.14)

sup | () | < o0,
\s a gnide to the cot l';?nl (1.6) —(
Asayg 'onditions (1.6) —(1.8) consider the 9| N
ple. Assume a (1) = {77, for all sufficiently la)rgc £ and sonfgl}'?;‘cﬁl%)e:itlg-'
fying 0 < p < 1. The choice b (¢) = « [1 f], with a suitable chosen pos
sitive constant o, will then make the first part of (1.7) and (1.8) hold. The
condition (1.6) and the second part of (1.7) do in this case reduce 1o

A b -
Sf"{TJ T odr <o, gf’(-.]'f”(l":<oo.
1 .l
It for example P = 12 we are therclore allowed to pick any nonhomogé
. 3 ‘e - . r —
Ill‘co't_l?‘tum !s.l'l‘lh!'_\ll.l,(_{ [f7 (=) < =7%4°% where 3 > 0 can be taken arbi
ldl;\_\ ]smzlll. This indieates that the size conditions (1.6), (1.7) are quit
weak. In particular they do not preclude an unbounded nonhomogeneo

term ; the existence of !limf(!) is not assumed. On the other hand, not
-+ o ’

r

(1.15)

HE A BOUNDEDNESS RRSULT FOIR A VOLTERRA EQUATION a1

that o necessary prevequisite for (1.8) to hold s da {0} = 0. » 3 0, which
of course excludes a Javee class of kernels satisfying (1.2). (1.3).

The prool below not tied to R but can casily be carried over to a
Hilbert space setting.

Boundedness rosults on the eg. (1.1) under conditions comparable

o those above have carlier been obtained by, among olhers, Levin
21, Londen [3], and more reeently by G ipenberg [1] who

veneralized the results of [2]. The above Theorem partially extends all
ihese results, 1t should also be remarked that the proof of [2] (which is
also used in [17]) does not seem to admit a straightforward extension from
21 to a Hilbert space setting. Note finally the recent results by Staf-
fans [4] who considers a more general cquation than (1.1} but imposes
comewhat stronger conditions on the nonhomogencous term than what is
done here.

2. Proof. Differentiate (1.1), multiply the resulting cquation by
o(1) = g (x{t)) and integrate. This gives

t

(2.1) G e () — G O) + R (e 0=/ (e ax.

0
The primary problem is now to estimate the right side of (2.1). This we
do in what follows,
For = = 0 we have the identity

(2.2) g(=)}=[ (-)l‘lgrr (z—s)gls)ds— 14 (-.)l"\n (=— s)|als) — 2 (=) Jas
o 0
and so. by clementary estimates and {1.2),

l2(=)| < {4 (r)'l"““l'a(: — ) g* (5) ffsri ;

{2.4) . :
- [1-1(7)]"'2‘ S a(z—s)|g(s) —¢ (A (I.s'l .
0
Recall that the following identily is valid, sec [3, p. 1103,
2@Q.(g, =) = R a{z—s)gi(s)ds— ga (s) g? (s) ds —
{2.4) . o o
S{\ [g(s)--gls—v)]*da (z-)} ds.
o 0

An application of {2.3) gives the first inequalily in (2.5). The sccond uses
'the fact that b is positive and nondecreasing and the first part of (1.12).
The third follows by the second part of (1.12), the definition of ¢ and an
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obvious estimute. The last inequality in {2.3) is 0 consequence of (1.2
and (2.4), l -

! 3 —
RJN (=)g(=)d=< \ | f (=) 1 A2 () [ aflz—s) g2 (s) ds|d= -+
1 ) 1 B 0 :
+{r e tlivﬂ a(z — ) [a(s) rw:nwwr”d:s
< K, :gtpﬂ[ g a(z —s) g2 (s)ds . +
(2.3) , 0 .
Sj”h}-I”P{ﬂbqu)\g%gf;%[g(ﬂ —g(ﬂ}whyﬂd:s
< A, sup Kn fr— s)g?(8) d.‘s‘l._‘ 4-
: Lot d‘
’Kaﬁ\‘“* $) e () —g(=)]rdsdz] 0 <

< 2R, sup Qg )] 2R Q. (2 0]

st
By (1.2). (1.8} one has
(2.6) 0 <® (g.8) =Q, (.1} L =0,
After using (2.3) and the second inequality of (2.6) in (2.1) we arrive at

' o 1

G (D) —G L (0) = LQue 1)+ ~Qg 0 <

2 2

1

= 2R, sup [@,(g. o)V 4 2K, @ (g D]+ \lf' (7) ¢ (=) d=.

gt at

—
15
=1

e

o
Emploving (1.9) and e first inequaliiy of (2.6) in (2.7) one now  gcts
(1.10), (1.11} '
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ADMISSIBILITY AND PERTURBATION THEORY OF SOME
LINEAR VOLTERRA INTEGRAL AND INTEGRODIFFERENTIAL
SYSTEMS
BY

wo LECA

I. Introduction. The coneepl of admissibibily introdueed by O Per-
sun for ordinary differentind equations was extended for more general
funelional equations by . Lo Massera and J. 0. Scehallfer [12)

The admissibility of the intezral operators in vartous  [unctional
spuees was studied systematically by €. Corduncanu 2. a3l
R.W. Miller [13]. B, Petrovanu [16}) andd G Bantas [1]
On the basis of these resulls some theorems ol existence, unigueness and
Lehaviowr lor the solutions of infegral or mtegro-differential cquations
were obtained in the previous papers. In [7.04] S, Lo Grossman and
R.ICMiller have studicd such kinds o problems for systems of the
form
Bt s) a(s)ds = (ga) (L),

(Nl = A0 + A ) +

T A —, ~

(0} Yoy
or of the fornt
t‘
(N) &) = da () +\B (t — &) w(s) ds  (ey () + F@t —r). t2r =0,
¢

ity = x2(th 0= 1=,

where 1 and B are known square matrices of order n. fo & foand F7oare
given vector-valued funclions with » components. 7 is a given postlive
number, and a () is the unknown vector function.

The proofs of the theorems in the previous papers are based upon
4 variation of conslants formula and on some main theorems of lunctio
nal analysis.

Analogously, other resulls were obtained (sce, for instance [15]).



