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Starting with the fact that a periodieal solution of a differential
cquation (as, in general for a function of a real variable) is a solution inva-
siant under translations, the purpose of this paper is to study differential
cquations, which admit solutions invariant under transformations, more
general than translations, as, for instance, {ransformations of the form

(a) F=o( »=C[(—n, o)

It is obvious thal the casc ol cquations admitting periodieal solutions
will be a particular case of the above one.

A more gencral case of invariantness was iny estigated in [1], but
under other points of view.

A first generalization of the periodical functions will be the solutions
invarinnt under the affine transformations

(b} Fo=ax--hooa £ 1.

But, it is casy lo prove thal a continuous function R — R invariant un-
der the transformation (b) is a constant. Indeed. the identity

Jw) = flar =0}, [€C[(—o0. ko).
leads, after n itcrations, 1o
flara + b(a! 4 a2 = ...+ 1)) = f(a),
and then to
]inmf(an o bf’_‘}) — f(x).
Since f is continuous, it follows

f(@) —-f( !

1—u

)for la! <1,

and such a function is also a constant if '« > 1, & # O.
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Therefore, to include the possibility of affine transformations, we
will state a more general problem, that of differential equations a solution
of which satisfies — under {a) — the relation

(¢) Sy =mf (s (), m  const.

A. Let 5 be a funetion defined on B with values on R
the following conditions :

Aa) g is continuous and has continuous first. derivative.

Ab) o s strong monotonic on R,

Ac) 5 (0) # 0,

B. Let f be a veetor function R x R = R, so that .

Ba) fis continuous on R x R,

Bb) f has bounded first derivatives with regard to the variables i

Be) [ satisfies the condition that equation

. salisfying

¥y = flx, y)

has a solution defined on a certain domain of £ — depending on (2, y,) —
passing through (@, i), for all (a0, y,) & R x Rs;
BBd) f satisfies the relalion :

I (2), my) &' () = mf (2, ).

C. The funetions f, o and the constant m satisfv one of the con-
ditions :

s

1 i &
o0 =T e | L e <
a0} fy Jéy
o
~ g 8 - ]
Co. mo# 1, I—T— =7 (0)! & {s. ) exp S o (1. y}(h'] =< 1.
m 1 bey i |

We can prove now the following

Theorem 1. If conditions Aa — Ac. Ba — Bd, C, are satisfied, the
equation

(1) o=ty
has a solution y — y (¥), satisfying the relation
(2) o (2 (1) = my (x).
Progf. Yquation (1) is obviously equivalent to
(3) yi@)=yo -+ {rieyupa
o
Yo being a vector — for the moment arbitravy. Replacing @ by o (@), we

get -
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Firl

iz {r) = e+ \f(f, (1)) 4t
0
By a change of vanable
. P= ()

supposing that the problem has o solution satisfving (2). taking into ac-
) . = 1 1 L] [ g~
count the monotonicity of 7. we have

Wy nry ey = Ya R_f(-‘; (s). my{s)) o' (s)ds.

or. using Bd

) iy () L Yo = R.f(ﬂ-y (%)) ol 2

(3) and {(+) give

(5) yo(l ‘)- { st o as =0
e .
and also
) = (4} ]
(57 Yo = \ ( - [ (s, yls)) -+ W!}u ds.
0

Conversely (8) and (3°), lead to (3) and (4). Then, substituting in the
integral in (4) £ = 3 (s). we gel:

slr
(@) = go s \ Sl my (s ) dt
R
and from this )
() my (37 (@) = o + Rf(t, my (37 (1)) d.

i}
Taking now into account that the solution of (3) is unique, it follows
y(a) = my (7 (2)).
ur

¥ (9 (v) = my (),
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i i R i articular case of the above considerations
It remains to prove that it exists Yo so that (3) and (3°) be satisfied, Remark. An important particular case ot the
To this end, remark first that {rom (3) we deduce that the solution is given by

¥ {r, i) of (3), satisfies also 2 (@) = ax + b

If @ # 1, Ltheorems L and 2 are satisfied, if:

(s ifa) of <y
i = 1 —-\ = (_”n(f, Yoy dt,  I-identity, a f(ar + b, my) = mf (x, y).
0 -
Le. } For instance, the function ’
" 4
: R G
cy (<l fla,y)=y (.L - ]
(6} T (7. ¥al = oxp h Py (£o 4 (L 4o)) df’ ’ ‘ a —1
" 0 ! ‘ f satisfies the relation
Wilh this expression of the matrix ¢y/¢ y,, we will prove now that the Slax b, my)ya=mf(a, y), m= e
mapping .
# and the equation ’
- - 1 : =ytlae T+ ’ )
Yo = Tya = S Lm—.(o) Yo =S s, 4 (s, .f/u))‘d-‘»‘ by =4 ( a—1
’ . has a solution i
admits a fixed point. if the relation C, is satisfied. Indeed we have y (@) = —-b .
=
R RS o I B D)) _ ‘T
S A _3 mo1(0) é_;}('y’ y)@; (Yo — tpo) ds, satisfying .
or also : | ylaz +0) =— y(2) = my (2).
s Loy P 1
”m LA ) 1 (‘/ o C'_f )
Ty, — Ty, = 5 ITJ'T(U) - Ey (s, ¥} C-‘I’() "d_y (¢, 3)‘)) dt ’ } (40 — o) ds. REFERENCE
U
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s o

1 [a cor
S {m——[ J (8. y) exp 3 e (¢, y) dt] } ds < 2 < 1,

ey

the above mapping admits a fixed point, i.e. a value Yo which satisfies (3).
Theorem 2. Under hypotheses Aa — Ac, Ba — Bd and C., equation
(1) has a solution y = y (a) satisfying (2).
Proof. The proof 1s similar to the preceding one, the only difference
consisting in the fact that the operator 7' is replaced by S, defined by:
B . i .
Yo =Sy, = T ) 8y (s ya)) ds.
0



