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1. Introduction and main results. Let 17 be a reflexive Banach space

8
with dual 17, The norms in 1717 will be denoted by ||| ¥ and the
¢ duality between Voand 17 by (L)
et o V= | — 2. —=| be a convex. lower semicontinuons, proper

function.

We suppose familiavity with the definitions and basic results o theory
of ronvex Lunctions defined on infinite dimensional spaces. However,  lor
easy references we remember sonme facts about subdilferentials.
such thal

We denole by i () the set of alb = = 17

Sy) e~y 1k Yy s 1

and we eall 1t Lhe subdifferential of o at 2.
. For every » € V, imia)is a closed convex subset (possibly emipty)
of V7.

Now. let 6 V= 1"be a linear bounded operator and A" its adjoint
operator. Consider the composed mapping W F= ) —o0, 4] given by

(1) G (&) = g (o), VoV
Funection 4 is convex, lower semicontinnous, proper if

R4 n Dom o # &,

7 () =

(1.2)
The main result of this paper may be stated as follows .
Theorem 1. fssume V can be decomposed into the divecl sum of its
subspeces
l i I 1 @ l R

such that
(1.3)

{1.+)
has bounded inverse. Then we have the formula

(L5)

R{tynint ¥V, [Dom 30 ¥V,]# O

AV VS VY

ol (@) = Aol (Aa),
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Here 17 denotes the polar set of 1oand int V) [Dom 5 n V] means
the interior of Dom 2 n 1y in the topolooy of 17, '

Theorctn 1 is a generalization to infinite dimensional spaces of a well-
known result ;_;i\'cn in the Mnitte dimensional case in Rockafellar [6).
some similar vesults appear o [ but the hvpolhieses are much nore
restrictive. Ohue theorem can be remarked by the unpusual weak assumptions
made and hy the laree class of applications, espeeially to control problems.,

In Section 2 we prove Theorem 1 and Section 3 contains applications
lo abstract control problems and an example,

2. Proof of Theorem . lirst we notice that 4, as defined by (1.1)
verifies the relation @
(2.1} ey g ey (), Ve el

Consider the operator S F— 17 wiven by
(2.2) Sar= A¥oa (1), Y e 17,

S is monotone (from (2.1)}). We must show that S5 is maximal mono-
tone, i.c.. the cquation

(2.3) (f +5) s f

has at least one solution for every fin V. Here J : F = V7 is the duoality
mapping.
Consider the approximating equalions :

(2.4) Jo, o+ i, (A2)9 [, 7> 0,

where 7, is defined by

o, () = il

+olygr® sV

For every 7. = 0 equation (2.4) has a solution in 17 because operator
A°6d, (1) s monotone and demicontinuous and therefore maximal mono-
tone ([2], p. 38}
Suppose first

(1.3) 0 R{A)n int 17 [Dom yn V).

We multiply by o, in {2.4) and apply the definition of the subdifferential :
(2.5) (] (F2 Zry 1:0} = {j, .?'-,_).

We use the inequalitics :

(2.6) 2, (0) < % (0).

(2.7) 2 (day) 2 — ol [l (| + 8,

- (A, )
o= 0,

where = & 17, m, B = B arc such that {«. x) 4 3 is the affinc mapping
which majorizes from below function  and i is the norm of operator A.
From (2.5), (2.6) and (2.7) we deduce that [ 2; }, is bounded in V. Now we
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e fem (Am) where &y () € [ .:md
respeetively

write ez (1)

£, (.Il.j.' Jl.“ ot T : A 4
ive, (b)) = Voo Here VL I, ave the potar spaces of V. V.

anil. of course, we have
"= 7@ V.
Iiquations (2.4) can be rewrillen as:
(2.5) dr, 4= Lo () ATy (L) |
From (1.3)" one can find ¢ > 0. € sueh that .

o= Y, h .

(2.9] “(:h) £ C s & :
From the definition of subdifferential, (2.7). (2.8). (2.4) and the boun-
dedness of a5 | we obtain

(¢, (r,), o) = (o, (Lu,). ) -+ 2(ph) — ()Y € (fows) — 1”1

o (ph) —m{de) S M. g€ e hs Vi ih 1.

From the rellexiviiy assumption we can ideatify 1y with the dual,
of 17, by the duality (...). So {&. 2, (L) Lois bounded n I and this
implics its boundedness in 17 Equations (2.8) and (1.4) give { &9y (<L)
3 = 0, bounded in 17,

Next we pass to the limit
{2.10) r, — & weakly in 1)

(2.11) ¢y (day) = y weakly in V.
FFrom Equations (2.4) one gets
| o, — ., I+ (8o (day) — o9, {(ediry), A, — . dw,) =03
therefore
fim sup (&9, (A} — 6, (L), las — da) <0,
it =0
A well-known vesult then implies y = ¢ () Le. v verifies (2.3), (121,

p. +2). ) .
To conclude the proof, we note that from hypotheses (1.3) once obtains

e 17 such that

Nal]

A% = int ¥, [Dom (2} n V]

Consider (unctions o, V= | —o0, +oo); oy ()= (s + AE)
anil
by: Vo | —o0. Fw0]; Gy () = g (A} = (e = ).

They verify relation (1.3)', so
Gy () = A"do, (Aa) .

But ¢ (@)= éP (v + ) and d9,(x) =6z (v -+ d5)yvae = 1 and
this proves Theorem 1.
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3. Applications to abstract control problems. Lct X be  anoller

reflexive Banach space with norm and dual X', We consider a1 convey
lower semicontinnous, proper mapphe LoV X X = J—x, x| and 4
linecar bounded operator  f - XN < 1 For every [y v = 17 x Xo L (g n).
the subdifferentinl of L al poind |y o ]ois o closed, convex subsel of 17 x Y7,
which we denole

by oy = o doQye wh i (E{yae) .

where [ f means ovdered paie and oo L(yo vy = XN ¢, Ly w) =17,
Suppose that (1) 7 Dom L # @, where & (L) denoles the grapl,
of operalor 1 Then the function I': X - | - 7|

(3.1} ey L{tu )

i~ convex. lower senieontintous and proper.
Theovein 2. Suppose there (s y € X sueh that

{3.2) G0y [int Bom L. y). y] # O.

Then we have

{13.3) el () = e, (b, w) | e Ko (Cli, n).
Proof. Suppose Tirsi

(3.2) Gordyn Jint Dom L{., 0), 0] # @.

Consider the operator o 0 17XV = 17 x X
A (e, vy [Ar, 2]

ot 15 a lincar bounded operator and .

A (. ) = [0 w4z, Y[ 2] e Vox X

Remark that, taking 17, 1" and 17, —= X, hyvpotheses of Theorem 1
are fulfilled for &f. so we obtain the desired conclusion.
In the case y # 0, consider the function

[0. @] € V' x .\

Ly X XN o) —we, doc] Ly{e, @)=L (v Ady. a =+ y),

which verifies (3.2} and use the argument from the finad of the proof of
Theorem 1.

Theorem 2 can be used in finding necessary and sufficient conditions
fur optimality, in subdifferential form, in control problems of the following
abstract type:

(3.4) it {L{y, 1) |y. 0] =V x X1,
subjeet to the contraints
(:3.3) Ay o= D

where £ - X — Vs linear, continuous and A - Dom (A} =« V— 1" is lincar,

closed, with continuous inverse,
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Probleny (3.1)
ned of the type

(1) ind S L (oo m) s Juiu] ©« K XX},
(3.3)° Ny = Bu L f.

- (3.5) ineludes, by vedefining £.. more general constrai-

where [is a fixed clement and K, X, arve closed. convex subsets of 1, X.
Usually L is an integral conves cost functional and A a dilferential
aperator, . ) ) o
We shall say that & given pair [o, #] = V7 X X is extremal for pro-
Plem (3.4 — (3.5) i there exists p € 17 such that

(3.3) Aariz= Bu,
(3.6) Npoe — ¢ L(x, u)
(3.7) Bip oo eL (v, u).

Corollary. .Issime the existence of functions and operators satisfying
the above hypotheses. Then. in order that the pair |, ul be optimal in the
problen (3.4) —(3.3) it is necessary and sufficient that a1 ts (j.rtrrmu!.

Now. let © be a domain in B2, the » dimensional Euelidean space and
o X R x B— R a lunction such that g(r, ...} 1s convex, lower semi-
contious, proper for every o in L

Consider the problem

3.5 inl'{ \g{.r. yla), wie)y des gy = L0 (Q) u = L‘"(Q)} ,
i}
subject to the constraints

(3.9] Ay = Bu a.e.
BRI o =0,

where operator 32 LE (€)= L7 (L) s lincar continuous, I denotes the
boundary of Q and 1 < P2 = <«
Moreover we suppose that there is w, & I such that

(3.11) a(r. y, up)| € 2(x)fylt -+ B(x) ae. O

Here x = L= (Q) and 3 < L7 {Q). o
To find nceessary and sufficient conditions for optimality for the
problem (3.8) — (8.10) we shall apply Corollary 1.
We take V= X = LF(Q), A =2 with Dom (A)= W=>F () n
NG (Q), and the functional
L L (Q) x LY (L) - |

Ly u)- \g(.r'. g (), w () dr.

i

Here 17+ (Q), TFhY (€3] are the usual Sobolev spaces.

o0, + 0]

%« Marematica wniv.
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and in consequence hypothesis (3.2) is cvidently fulfilled.
To obtain the optimality principle we have only to transeript (3.5) —
—(8.7), taking into account that ([2]. p. 61)

Operator A is well-known to have bounded inverse and from (3.11)
one casily infer that

Corollary 2. Suppose (8.11) hold. Then in order that pair [y, u] be
optimal for problem (3.8) — (8.10) it is neccssary and sufficicnt that there i
p e L (Q) such that (1/P + 1/P' = 1)

romul XXIIL 8.1 a, [, 2,1977

Dom L (.. u,) = L*(Q).

SUR LES SYSTEMES DE PFAFE DE CARACTERE s, DONT LE

oL (y, )= {[h, v] & L” (Q) x L7 (Q) | L h (2} v{z) ] = ] SYSTEME DERIVE A MOINS DE s—s, EQUATIONS

< ig (e, y (@) u (@) ac.Q}. .
1. MOISINI

e T

Dans cetie Note, nous nous oceupons de la forme du systéme deérivé

(3.11) sy = B, d'un systeme d’équations de Pfaff de caractere s,. Le principal résultat est
(3.12) [—ap (v), B'p(x)] = ég(x, y(a), w(r)) ae. 2, ic théoreme & la fin de Fouvrage.
. 3 §1. Partout dans cc qui suit. nous allons utiliser la conventions de
(3.13) y/I' =0, sommation d’Einstein.
(8.14) pll' = 0. ol
(1.1) w =0 (i=1,.., 8

un svstéme de Pfaff dont le premier caractére est s, et supposons que s>
> s 4+ 1. Son systéme dérivé a tout au plus s — s, équations indépendan-
les. ¢est-a-dire les différenticlles d w' sont liées par moins de s — s, rela-
tions lincaires (mod o). Done, entre n'importe quelles s, + 1 formes parmi
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de ta lorme

Soil & le genre minimum de Pexpression :

(1.3) i, do* {mod o).

Nous pouvons alors supposer que l'on a

1069. {1.4) [dw']*+t = 0 (mod o'}
Reccived 1.VI. 1977 Faculty of Mathematics et que pour aucun systtme de valeurs de u, on n’a pas
University of Iast . )
Romuania {1.5) [u, dow*]* = 0 (mod ).

le syvstéme (1.1) sous la forme (1]

la mort. prématurée est advenuc a Jassy le 7 Décembre 1969.

les dwt, il ne peut pas v avoir de relations linéaires qui soient nulles (mod
w'). Pour fixer les idées, nous allons supposer que P'on n’a aucune congruence

{1.2) w, deo* = 0 (mod o), (x=1,.., 814+ 1).

§2. Supposons d’abord h = 1. Grice aux hypotheses faites jusqu’a
présent, on peut mettre le systéme obtenu en différentiant extérieurement

*} Cet article a ¢te rédigé par Alexandru Neagu d’apres un manuscrit de I. Moisini, dont



