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$ 0. Introduction, The concept of state function, as a complex va-
Jued map 4 on K appears in the study of the discrete spectrum in quan-
tum mechanies. The meaning of | ¥} is that of density of probability,
{ which involves the condition

{0.1) RMJ]-' dedydz =1,

E*
so that & = L*{(R* C).
The set of all lincar combinations ¢, ¥, 4 €2 Y2 of arbitrary state
l functions &, , ¥y, with ¢p, ¢ © C (the complex ficld) is a lincar space
' § and obviously

(0.‘2) S c Iil'l.

To establish il $ is a proper subspace of L2, we shall turn to the
space of linear operators £ (S,8) from § to S ; we admit, as customary
in quantum mechaniecs, that
(0.3) g i, — iy, —i— € L(5,5)

dx Jy ok

{here 2 €2 (S, S) means that if $ €8, then a2y =S, etc.). Consequently, it is
just fit to ehoose for S the space of rapidly decreasing C* functions ¢: R3 - C,
endowed with the inner produet and the norm from the Hilbert space L:.
A much more difficult problemn is to get o convenient mathematical
approach to the study of the continuous speetrum. To illustrate this, it
will suffice to mention O, M. Niko d ym’s works [1}; in this case, the
wave function does not belong to F AR

Our considerations are an attempt o give a natural mathematical
basis 1o the treatment of the continuous spectrum which presents a simi-
larity as manifest as possible to the mathematical frame of the study of
the continuous spectrum. We shall take into account the striking fact
that the wave function of the free particle
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In the following paragraphs we will nse the notations £, (8.8}, £ (L.

plays a representative part in the study of the continuous spectrum ; by
means of o one defines the Fourier transform operator and this has a very
weight in quantum mechanics. ’
We shall consider an extended set of functions with analogous pro-
pertics, more precisely a linear space @ with a certain structure similar
to that of the space L. As previously mentioned, we shall have also
i, —it, —i L cp @, W),

(0.5
) ér oy 255

§ 1. Preliminaries. Let.S be the space of rapidly.degreasing complex-
valued C=-functions, i.e. the space of those infinitely continuously diffe-
rentiable functions f: B» - € which satisfy the inequalitics

(1.1) e, for all 2z, 8= Ng.

sup | a* D? f(x)| € fp <
IER“
Here we use the svmbol N7 to denote the set of non-negative inlegers and,
L T
Fad] iy TR
EIE I i SRR L o
- STt eret L gt o

"In)e‘vg‘ 3=(£’1‘ * ig")e“\yl,l":

@

for p=(2), &'s e, Ty) SR, 2=(2, , 22 ...

The seminorms

Jlas = sup L% DP (1)

sER"

(1'3) X, 5 = N7

induce on & the usual separated locally convex topology.

S can also be considered as a subspace of the space of all Lebesgue
(measurable) square integrable funetions on Rr: for the sake of corectness
and in order to use in S the inner product and the norm from the Hilbert
space L (R~ C), namely

(. ) S./'n:m)_«.‘l &) 5.

1

(1.3) Ll = (e,

we have to identify an clement f 5 with the equivalence class of al
functions equal to f almost everywhere (that is, excepting eventually on
a zero measure set in the sense of Lebesgue) ; note that two functions from
& belong to the same class il and only it they coincide (everywhere).

Thus the space 8 endowed with the norm (1.3) is prehilbertian; it
is not complete, as it is well-known that the €= - functions with compact
support (contained in )} are dense in Lz (R, C) {2). Though the prehil-
bertian topology is weaker than the locally convex one, we prefer the norm
(1.5) to the seminorms (1.3), as it is handy in our considerations.

(1.4)

L.%), for the space of

Al continuous linear operators from 8 lo S, respecli-

velv from Li(R» C} 1o

L2 (R, C); this notation should be mterpreted to

imply that the continuous lincar operators are

Il(H‘I‘IlC(l as ustial |)\

(1.43) L= sup | Lfil
i

ol
In the following, all inteorals are extended over the enlire n-dimen-
Jonal Euelidean space Re.
§2. The Spaces ©, and @. Let 4 be the set of all complex-value
cantinuweus functions ¥ {z, p), -defined on the carlesian product R#x Rv.
which ave wniformly tempered with respect to p and a, as follows

for a fixed compaet K C Rn. there exist @ = R, My = 0. such
that for sufficiently large p  {more accurately. for p = I —

el — 8§y, where 8y is an adequate compacl necighhourhood of 0),
one has | & (e.p)]| =« Mglp Vo= K
for a fixed compact K C R, there exist b = R, My =0 and
(2.2) an adequakte compact neighbourhood & of 0. such  that
S(a.p)| < Mgl forall v e RS p e R
there exisl. also e, d = B, M > 0 such that for sufficientiyv
(2.3} large 0 and [ p|{x - R —C,.p =R (ol Oy (. com-
pacts), one has | b p)l < Mo 2ip o

Remarl: 2.1, The assuniption (2.3) eannob he inferred from {2.1) and
(2.2); (2.3) means that & is tolally tempered on v X K (constants M,
are in tempered dependence upon K, which ix essential in the proof of
Theorem 2.3. Note also that {2.1) and (2.2) are independent fromy {2.3).

Remark 2.2, AW bownded continuous funetions o B¢ 5 B2 — €' be-
long to M. as they verify (2.0). (2.2) and (2.3)

For o & A let us define the intedral operators we and 7y,

(2.4) <%J~U)RMLMﬂMWJ”S-
(2.5) <bpof > () =B r@de e

Remark 2.3, 4z (as well as b)) is correctly defined on . since
c b f > <\ s p) L) dp <

3

\, Sl py [ fp)dp < b %

8K K

according to (1.1) and {2.1).

< Mg \ pidSipyldp
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Y., 9, are obviously lincar mappings on §
Definition 2.1. Le ' '
A, Let & be the sel of those | ;
. : 2 seb of those (continwous compler-
wr s b e o ¢ ; ' votnplez-alued
Junctions b = M (satisfying (2.1), (2.2}, (2.3)) and pletiatued

(2.6) br € £(S,8), by& L(S. ).

Definition 2.2. Let &, be the subset of those ¢ = © for whieh we ha
T e

)

also

(2.7) ve € L, (85,8), 4, & £.(5,8)

;E;;;'.er{i‘ ]ilﬁofgccl(ﬁwf 1;1:1 éz;ilgn(l)c are non-trivial complex linear spaces.

(2.8) o{e.p)=¢e"", pe R, o R, pr=pa,+ ... 4 p, 2,

bel t . i is ¢ i

tfak:%f’ (fgsllmf[l tt}l il;igij“fotﬁfe”liﬁ?iﬂi‘i T Toupstively 71 o
Further, we 1'(3::]3)11 tlﬁit blw:: 11?;1:1;321,1;1 tf(()uinl;lr;d?;erlfl'ﬁilcillg::zfc&l;

plied to S), the adjoint operator of ¢. is @, ; by the Fourier inversion theo-

rem fOI‘ COﬂtiIluOlIS 11 o tllﬂctl ] v T n
» Opel‘d,tOl 01 oz 18 (2 \-) {Pp .

(< ?-r!fl >, < ?-Tsfz >) — (_fl: = 571@151‘9 >)‘——
(fre = @)zt o fe =) = (2R (f,. f2);

this proves that o is a conti 't it
(o Phods. : nuous operator (with norm (2x)"2),

The linearity of @ and @, is an i i
T arit; . 1s an immiediate consequen i
tions g..l), (2.?;). {2.3) and of the definitions (2.1). (‘f’].:')). eeeiteieendl
e (eup;”mﬁ:" “:1;4.1_)}01'00\'01‘, it 15 to be remarked that @ contains also
: ;| e D {¢ —|—)'o< ),t.zmctl] D3 a}c‘c t]hc partial differential operators of order
2 i xishe- a» for the p-tuple o = (#1.,..., 2,) = N?, with respect t
;re n((.)ir;;1 = .1,1,),{ rc}spcctlvgl.y P=A(pLe. Pa) .-\ltl:.‘()ugh 01); {e'*?), ]I))“ (e‘”’(;
: b ounded, they venfy (2.1), (2.2), (2.3} and it is not difficult to show
that (2.6) is true (sce also §35). I o

Theorem 2.2. The spaces '
o 2. spaces O, and © are algebraically 1 ‘phi
wrtan})fuljqu‘cres of ,Q((({,e.L )R rec.s'pectiz:clq LAS 3) Y tsomorphic o

oof. We procecd to shaw that O, is : ’ 3 i

PR e X . Is algebraically embedded in

{2.9) T M, = L, (L5 LY,

=

hence

a

Ed Al =
Tol) = 4.,

Y

;.\Cléciil{zltlrl(l:l S}'"S'.b-()l Y- stands for the extension of ¢, from & to L*;

- f . " . - 2 . . . Lt ,
~,io;1 011.13 t:]:);é is dcn'.:.L ]’.“ L2, it is clear that there is a unique such exten-
: e eserve ibs lintarityv. continuity : g ¢ : \
S \ y and norm (sce e.g. (8], chap. 2,
ot Itt 4 f‘l:’} to,see that 7' is a linear mapping. Now, to prove the in-
jeetivity of 7, it suffices Lo show that 7 (%) = 0 implies ¢ =0
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=

Supposc :EJ.r = 0; then = 0, that iy \ U, p)f(pydp =0, for

f=S.p R \We fix an arbitrary a, € R ; ¢ (o, p}is locally integrable
on R (as it is continuous) so that it defines a distribution on the space
(= of C - complex [unction with compact support, by

j'-—r&t{) (o, P)f(p)dp. [ = Crec .
since this distribution is identically zero on Cr (in fact ¥ (¥e. p) defines
the null tempered distribution on S), it follows (scc e.g. [3]. chap. 4. p-
174) that ¢ (@, p) =0, a.c. for p € R». Finally, noting that a, was arbi-
trarily chosen and that ¢ is continuous, we must obviously have L= 0.
A similar argument is valid for the embedding operator

T, 0, = LAL* L), Ty (9)

where :3,, denotes the extension of ¢, from S to IR
In consequence it is found that M, is algebraically
poth Ts {®,) and T (D).
Tt is easy to sce now that the mappings L
blish isomorphisms from @ onto subspaces of 2 (5.5).
Theorem 2.3. L'or cach b & O, the adjoint operator of 9: is

aljoint operator of by 18 9x .
S

Proof. Tt f. g =& then
T _ A 3 da
(fy <bp.a>)=\f(p) l Gl p)g(e)depdp
S.f'(?’)[\

Now, ¢ (2, p) is uniformly and totally tempered, so that the assumptions
(2.1), (2.2} and (2.3) lead to the following sequence of incqualities :

!
[

de - R {S|’-!’f(1))g(a)'dp}d't-'-

a
i
“p

(2.10)
isomorphic with
T T

by, b=Eo by esta-
&, and the

(<"!Jf’f>rg)=

]\S e, p)fipydp 1] g (i) div,

& G ) a () d.t:ll- dp.

dr

S\S 19 (x, p) f(P) g () | dp

S{S&i»f(p)g(m)mp}

+ 5 it e+l W E 1} o 4
R=(, R"-C, [+ SClnlkﬂ—L'!-
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) E dp e <

1o \ Lo | g (@) de gif(;;)“fp -
”"_‘QC: (:.:

!

- U g 2 feg ()] de Q [p|® [ f(p)|dp + 1, +

I/ .
Ri—, rh-c,

e Nperena |z

(@} dee.
" ph— Sm

But fig = S« In

\

g dp |

therefore the last form shaws th:lt.\{g | & f(.»p)

dv < too. Hence. we are guaranteed that the above iterated

integral exists ; then | & (v, p) f(p)g (v)] is integrable over B* x B+ and

so must he ¥ (a2, ’ {2). Theref * Fubiniy’ i
o (2. p) f{p) g (). Therefore by Fubini’s theovem the iterated

TSR . .
S l S P p) () dp [ () du and \ £p) {\ Yo, p)E () d } dp

(exist and) are equal (see [4]. ch ’ : 5 i
St i | chap. Vopo 314 or [3], chap. VIIL, p. 145).

{(<d [ >a) =(f <d,.g

>).
We conclude that & — &
onchice that o) Uy
L bl N 1
I'he equality 4, =1%, o oved imi i
q ¥ 9=, can be proved inasimilarway or straightforwardly

G = (0 = (1) =4
® (-uiti:;;-eg‘;leitfguﬁer I))rf’d'j(i;' Definiion 3.1. e Fourier product o

‘ & poor ) is defined as a mapping from & x @&t Y
denoted by [ ., or | . | . such that pping [ to L£(8.5)

dp

(B1) < 9o dalpf > (p) - \J( p){s@a(w, q)f(fndq}"“"’
(3:2) <yl S > (2) S (. m{_\@, (y. ﬂ)f(y)u’sf}

for 2, 9. = i,
2 > e - L LF &) .

dc[‘inchl(;"w{”" 3. lr. \\_(, are allowed to state that the Fourier producl {9, , ¥.]
d for g, 0, = O (B} by means of (3.1) or (3.2), is a lincar (conti‘

nuous) operalor from & (o 8. S (Wi i ]
f s N, sinee [TINAT 0 o= .
{hut 1wee (with (2.4) and (2.5) in mind) we assert

6
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{3.3) (g -t Dip Par s
(3.4} lwi s Welr = Yir Yap
Theorem 3.1. The Fourier product satisfies the followeing related
properiies .
{3'5) I":)l . "."J"!p “E)JJI ('-:".n } ('b ! ~'J:J’,'l.- ¥ Y '\,:': = (h.-
I - ' T by 1 T : )
(5.6} P21 e Dale == Do (Bar) [ = (21" Zepis AR TRV U
L - - n .
the sign Lo means the restrietion of an operalor to ABR
(5.7) fwow) = 0.
(5.8) ENERE RN R
(3.49) [ey %1 CavesYa] = 00 |91 s Dyl o [ ey vs)

o all b 01 e By € B, ey = C (L ] means either [ ], or [ ).
Proof. According to (3.3) wehave |7, . el hp Yar t since Yer 15 the

adjoint operator on S of 9y, (Theorem 2.3). ks exlension {o L= (wihich pre-

(CRY

F.3
serves continuity) is the unique adjoint of 9., therefore

T (90 (T ($2)) = Din (D).

L
[Pys 72lp

(3.6) resulls by syvinmetry.

Further, (3.1) together with Theorem 2.3 imply

(<19 bhef > )= (<90 S >.)

=} < de,f> |22 0 and (3.7) holds.

[For the same reason
("i’m '!J-“) ("E’z-f)* ("!Jln)*
that is (3.8) is true. (3.9} is an immediate consequence of the Definition 3.1,

Remark 3.2, Since ®, is embedded in £, (L2, L#), Theorem 3.1 shows
that the Fourier product may be considered something like an inner pro-
duet on a space of linear continuous operators :

[, By = AB, A, B = L. 1)
) Theorem 3.2. The space ¥, can be normed so that i becomes  isomor-
phic and isometric to T, (0,) or to T (b)) = £, (L= L*).

Proof. We have alrcady proved in Theorven 2.2 that ¥, and T, (P,)

are algebraically isomorphic. Consider the presumptive norms

i
— A

= 'J:r._f>, < 5-' :f >)

{dy, D,y = i "-"-’J"E’lx [¢-. ?1lp-

(3.10) 19l == I [9: 0o Wpris.s°
(3.11) il =l LI o on e
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Cleatrly, from (3.10) 1t [ollows he . o
v, { | ) lows that 5], = 0, VU € &b, ; morcover

[RIRIE 4o 0
7 llp Y ¥ Y ('.Jrz) N

. a3
sion of 4, to D,

Ty () (T (o) i

T, (! I Y 3 —
(Do), frean S Lo L2, preserves the norm. Then

5 TOVT (! Iz .

! w (T, () e as, | T, (o)

. 0 Isal 'I . N

and so ||y, L (9) ||t tarns oud that, as presumed || |1, is a norm on @

Th(! I'l l C(]ll'l'“\' ]] 3 . |
H < W “I <) 1hilt M B T . .l.| 1 Ol 1
N A b 5 o lh( (]”h(.‘l(i“l” ()l)(.]“t(” ]'P 15 1s01 l(‘.ll'l(!{ll.

Let us also note that

{(3.12) Y, (hr)' b |

73 'T . =
~ @I = 171
it l.tl 15 .t.n be nh‘?cl‘\'(‘(l that the above cquality |91, = || 3“ implic
: ] 15 an (-qul\';i[cnt normm on G, This COl’llplCl(‘s' the - "[. L .
theorent. S proof ol the

§4. The generalization of the Fourier transform. Definition 4.1

The yarede ol v ./; a

! 1: r:lr)(l]zgﬁ:%:dg.raum! JJ,.;(Q_T (m)d( W) generated by a function b Rt x R» =
y B0 rding to (2.4). (2.9). respectively (2.3), (2.10) wre said | be
generalized Fourier transform operators If one of HH" ‘f Howi assortions iy
. ] 7  following assertions is

(4.1) there ewists a > 0. such that {4, 9], = ¥, ¥, =a i ;

%) . N | .
(+.2) there exists a > 0. such that b, 4)r = b 4y = av [ ;
(+.3) there exists a > 0, such that b, 9}, = |, 3] = av I

(I = £(5.95) denotes the dentity operator).

e f)ic{na‘:{crfﬁ..l.l As ‘ulrcud.\' mentioned, the mappings 9 and ¢, , where
5 (€4, p) 15 given by (2.8), are the usual Fourier transform oper:djzc,)rs and
hicl <o > = <penf > = < () g0t f > = (271,
which is equivalent to the statement ‘ i ,
. . state Qr vy = (= I, ie. (4.2 5 for
By symmectry of 2, (L1) is also valid for cp) - GOk

Theorem 4.1. On & - 5 .
tively 10 n @, the conditions (4.1), (4.2) are equivalent respec-

(1) Ja > 0, such that &, (9,) ~ (bey 4e = av I = (L, L?) ;
(4.2 Ja > 0. such that Yo (b.) = (b)Y, = a» I & L(L2, L?)

Proof. First, as i i
. . ] , as there 1s a unique possibili { !
serving continuity. we have e RORES Sek el SR

5 (4
C <hBa > e e Lie < 4,6, f> =afVi S
Further this is cquivalent to
30 f ) Lo, f f
<Yl f>=wfiVfESe <l b .f>=af¥felS=
<@ b f>=affeSe <@y df> =af vfe L
veplacing the arbitrary f = L hy f, we obtain | |

1ACOR ]

beeause the exten- I
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av [N = LA

< (;__.)‘ & S .o

argunient cnables us 1o infer {+.2).
(4.2)) holds for o = D, if and only if i haoled s

aeneralized  Fouricr operators if and anly I

o, B =, are also gencralized Fowrter operators, and
respeclivelyy

An exactly analogous
Theorem 4.2, (L1} (or

are

-

| for T.Ad="5,,B=1{

-7

their adjoints o7 =
in this casc we have

(1) J=am <dd’ [z =a" < BB.f>NfE L
(+.2)" f—av < BB > = <AV E L.
{+.3) (Af, dg) = ([0 (Bf. Bg) = ar (V[ ¢ = L2
(.4 A i e

Proof. The proof follows immediately from (3.3). (3.6). Definition k1.
Theorem +.1 and usual caleulus.

Theorem 4.3. Consider [ g =N and their convolution (f# g) ()

=\flele —ydy Lf Yo B, verifies (4.3) and there exist By, 9. € D

which also verify (4.3). suclh that

{+.6) Y+ p) = (e p) 9 (g p) Yo g0 ® R,

then

(4'7) = l\IJ".f"-'-; = < "f"’r'.f > = "!’Ul:g > < '\I"U-'./‘ > < ":J‘ED-'."-’ >
(4.8 ¢ Dars f> 5 < Yu,g>= W< Do fe > Wfig =S

(Similar properties can be formulated changing & with  p).
Proof. Applying Fubini’s theorem to change the order of
tion, for f.g< S and 4 = h, we have

integra-

(v —2) d:} doe =

-

SR TP S AWICT
SJ‘(:){S Y (w, pra (e —3) d.z:} dz = S f (~){
|

= S f (Z)‘] S ¥ (= ») "xb‘-‘(.‘fsp)g (¥) f[.‘)'ll dz= < by A <‘:"'-‘-p e

Vo t+umew riy} :

By commutativity
* - A ~
<'l‘)p"f*g>=<""?17?g:i:f> = <"plh9g><¢2p:f> VngS

To prove (1.8) we shall use of (+.7) and (+.1)" -

- = el ~ ESX s s
< gy < ‘-I"-’-T:f> # <, § >>=<lIJ21,'-!ng,f> <Yip ir : 87 =at fg;

further, by (+.2)
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o = S 8 >) = < ()Y e 2R oo, ar s o=

=

=
S

‘; 2 Tt : i

if’) ca fu o ez, [0 = el (1L8) holds,
. N lil"(‘ﬂ;') (i]}crators on . Once ol the questions of inlerest 1s thay
o know when DI 005 (Remark 2.4) mmay be ¢ . . ‘

I mark 2.0 mav be considered as lincar operitors

on . perilors
Fens . e = CO _ . o ) .
e Definition 5.0, For v = N & B define DEon 2t by

(3.1) < Dio f = (—1¥" < b, DIf >, Le g,

. 'l‘heorclrn 'il 'I'l;:' partial differential operator defived by (3.1) meaps

b :Im‘r; £(.‘S..S). Let oy = B ave continwons  partial  devicatives © they

DYy o= feo DS — (DFy), =T, (), . r

Proof. The first asserlion is self-evidenl  sin ’ u, D

) : § sinee Drd - e

D: e £(8.8) and 9, € £(S5,8) = il
Next. i 4 is continuously parvtially different i

. il Y sly partiall; ‘erentiable espee :

then for fixed p, € fB# e with respect to o,

< DI f > (po) = (=1 < 9, Dif > (p) = <2, [ > (p).

for all f= ¢y . But, for flixe !
all o, s dor Tixed py. < D9, 0 > (pa) = &, (D is
o s “ . . . I ! B o ’ L
tempered distribution on §: since a distribution \\']ith c-(;m(p:lxcg s)tzppm-t
can l)(, uniquely extended to a tempered distribution. it follows that
= l)_r'-{.: > {po) voincides with < (D7), .. > (p,) on §.

I'his completes the proof, as p, is arbitrary.

;3N T = ~ i . -

Renark 5.4, For continnously partially diffeventiable & < &, we are
not allowed to state that D4 € @ ; indeed in this case Do ’ Yy D2
. : . | 1 r 1 . v + 4 e )
(1'005 111.)L b(,l('m‘g to £, (‘S...S); Yo =L (S8} but D78 5 8 is not Icollf
tinuous on S I the prehilbertian (1.5) topology (D? is continuous on §
only m the locally convex (1.3) topology). ‘ 7

Lel us investigate now the adjointuess with respec ‘ouri
roduet j ss with respeet to the IFourier
Definition 5.2. .1 lincar operator 1) : j joi

5.2 . perator D0 — @ s called  the-adjoint

D & 2(D, ®) with respect to the Fourier product |, ] if ! v
(5.2) ZTRVE|
g Dli‘f:;nj?'k J)J If 1’_])* Is 'tlm adjoint of D, then D™ — D ; (5.2) implies
Wiy Yo" =D, $.]% Y, , v and using (8.8) we ain [D* 9, . &.] =
S, DO, VO, b SR CRTE L U
Theorepl 3.2. oA Linear operator D : © » ® has an adjoint with res-

pect to the Fourier product |, J,. respectively [, 1., if and only if

. where

[21, D "f’»‘lsv'wbl sy & O,

(5.8) (D9) = (27) " 9y 25, (D7), . Vb € o,
respectively
(3.8)’ (D9} = (27) " Q91 (D3)r, Vy € D,

where o iy given by (2.8).

Proof. Supposc that D* is the adjoi i
. oof. sc the ‘ adjoint of I3 with respect to [, ], -
Then by virtue of (5.2) and (8.3), (Ddy), %, — dy, (D° ',':._,);p, 50 thzgt ]pr,l‘
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v, =% €M, ), = 5 onc has (DY), w0 = 0, (D7 9)) Ifurther (D), o) 9, =
= 4, (D ), 5, and therefore
{3.9) (D), —= (2=)™ up (B ) e .

Analogously, (D*9), = (27)7 3, (D2)p 2, and =0 (DY), =
= (27) 0. o0 (D9), un: take U= 5 and thus (D" 9), = (27) " 7, (D2 25 -
Then (3.53) can be writlen (M), = (2z)md  (2m) o (D2) 75 7= (D) =
= (27) 7" 7 (D7) - i

Conversely, suppose that (3.3) holds for ) < L(, ¢). Deline D*
as Jollows
(5.6) (), = (2=} 4, (D) 90y Vo = D

Then
I.":’l D "?2])1 T ";’11’ (D -l’-’):' = (2=) " "::'n- i (1)?)p L:p

and by (5.3)
DY, e

| = (D91, *l’.'p = {2%) 7" 9y, 75 (D9)s w2 -

Henee DF is really the adjoint of 1.

Theorem 5.3. 1f the operator D= £ (®, ®) admits an adjoint D* with
vespect to the Fourier product, then this adfoint Is wnlque.
Pronf. Suppose that (5.2) (in the case of | [,} is verilied both by

D; and D5 . These two conditions combine lo give
Do (D )l = g (1 Sl o all §, .9 € .

Seleel &, = (2.8) and Uhus by applyving 5, we have

?;J :,3;1 (I)I "")-');w - 1’;1 ?p (UE ":J.'); H V".b_’ = (D'
Because of (R1) and Remark 5.2 it (ollos that (1) Da)p={Djy.)p s whence,
Iy the injeelivily of the embedding operator in Theorem 2.2, it vesults
Dby = DY, Wi, & W, qed.

A similar argument applies o the case ol the adjoint with respect
(S I

Theorem 5.4. In operator 1 @ 0 (b, d) is selfudjoint with respect
to the Fowrier product | . |, (respectively [, 1<) if and only if (5.3) (respeeti-
sely (5.3)) holds and

(5.7) Do = D

where o s given by (2.8).

Proof. 1l D is selfudjoint then conditions (3.3) and (5.7) arc clearly
satistied. Conversely, it (5.3) holds then D has a unique adjoint defined
by means of (3.6). (according to Theorem 5.2 and Theorem 3.3). Further,
it (3.7} also holds, then we have [o, D3l = [D3, 9]as le. 9, (Do) =
= (D¢)y 9 -

Consequently 2, (D9); 2, = (D), 25 2, and thus (Do), = (27) " 7,
(D)} 2, now, let us substitute this for (D3), in (3.3} and write

2 — AMatematicd univ.
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(D‘p)p = (2m) 7" "!Jp :P; (2m) Zn (“?); Py = ()7 ".bp (“'.-");: T

Comparing this with (3.6} we may conclude that (H9),=(0* 1), .
which implies D = D"

Theorem 5.5. Let a. Rn— C be «a Co-tompercd  function such thal
af €8, VeS8 The operators AY (v, p) = « (&) D (. p) and By (x, p) =
= a(p)b (v, p) belong to £ (P .B) and their adjoinls are respectively
A S, p) = ale)y Y (e p). B Y p)y=a{p)d{r.pl.

RBemark 5.3, We can choose « () = % or o {a) = constant; il
a{ry = R, ¥r, then I and B are selfadjoints.

Proof. Smeea is tempered, (2.1), (2.2) and {2.3) ave verified for ag, Vo e
=@ ; moreover. since af= 8, Ve §, (2.6) is also satisflicd forad. ¥he o,
Tt follows that ap<s @, Vye O, Obviously L and B are linear operators,
Next, it 1s cagily scen that

Y=y,

<{dv)pf>= <p.af > =0} <99, 9,.a¢f > =

=(2r)7" < g9 (A)y. S >, V€8, Yy = @,

and so (3.3} stands for . Then, Ly Theorem 5.2, .1 has the adjoint defi-
ned by (3.6): (4" 9), = (2r) ™, (Ad2), 2p: but one can check that <
< (do), f> (@) =a(@) < 2. [ > (e), ¥/ €8, & s R so that (A4%)), =

= (25)7" D, (@9} o, = (@b), . The Iast equality means

= (x) ¢ (x, p).

A7 (e, p) =
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SOLVING THE NITWORK FLOW MODEL .\SSQCI:\TE])
TO A COOPERATIVE »#-PERSON GAME

BY

IRINEL DRAGAN

It

In two preeeding papers, [1], {2], some coneepis of solution for a
operative n-person gamc hewve been 1.11.1'1'0(111_0011. The basic 1(.1(!11 wa.s 1haft_,
each player can belong to several (_’()zlllltl(illls, in consequence the out_(:_om‘t,.s
of the game are deseribed by a matrix. Concepts like bimputation, bmf‘ne,_
shapley bivalue, similar to those commonly considered in the t]}{‘(:)l‘} (?i
pperson cooperative mames, have been defined and their properties have
peen Turther studied, The aim of the present paper is thal, of mral‘vmg a net-
vork flow modcl associated Lo a cooperalive n-person game. _l.hc optimal
wlution of the model, which can bhe considered as o solution of the gamc,
i found I 1wo cases, though the model itself have been already defined
in [1]. More precisely. we mvestigated the cases ot linear and qund_l‘z'mtlc
ohjcclive Tunciions ¢ explicit optimal solutions in both cases are given.

1. Two-dimensional ccncepts of solution for cooperative n-person
(N, v} be a cooperative n-person game with the sel of
plavers NN w, and fhe charneleristic h_mcliun ¢ (%) delined on the
Wt S(N). T(N)— @, = =20 —1. We assume @ (@) =0 and
2(5) = 0 for all & € 2 (V).

I 1] we ealled bimputaiion aon X m nmatrin X such that

nnies,  Lel G

1) Y e zel{)), (= 1,.,0)
Hies,

{2) Y g € v (S (k= 1,.., i),
PE¥,

(3) pp =0, (&S, by 20 (=S (i=1l.,n; k=1, m).
These condifions have been thought of as natural conditions imposed to
bthe variables. takine account on the fact that 2, has to be the gain of pla-
ver { in the coalition Sy .

If we replace in (2) the inequalities by the corresponding cquations.
We define a subset of the set of bimputations. This subset was called in [1]
the bicore of the same. 1t was also proved that the bicore is i sonic sensc
the wotf of undominated bimputations. In [2] the Shapley bivalue have
en defined by a group of axtoms; the superadditivity of the characie-



