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(DY), = (27)77 9, (27) ™ 2, (Do) 2 = (2R) 779, (Do), 5,

Comparing this with (5.6) we may conclude thal (I¥p),=(D* ), . vh=0,
which implies D = D"

Theorem 5.5. Let . Br— C be a -tempered  functivn such  that
af € 8, V=S8, The operators ALY (v, p) = a ()b (v, p) and By {x, p)
= a(pyyr, p) belong to L (0. D) and their adjoints arc respectively
At (e, ) = a ()b (@, p)e B, p) —a(p)yy (e, p).

Remark 5.3. We can choose i) =47 or a(r)
a(r) = R. ¥r, then o and B arc sclladjoints,

Proof. Smee ais tempered, (2.1), (2.2) and (2.3) arc verilied for ap, Vo=
=0 moreover, since af € 8, Ve &, (2.6} is also satished forab. vie o,
Tt follows thal eye b, Vi= b Obviousty . awd B are linear operators,
Next, it is casily scen that

< (-""':’)J's.f > = < ’1'"1’ . ({f = (27)= < '~.I"n '9;: Dp s f =

= (Zr)™" < .‘:)Ji ?;n (Ao} . [ = W) =5, Y= A,

and so {5.3) stands for /1. Then, by Theorem 5.2, 4 has the adjoint  defi-
ned by (5.6): (A7), = (27) 7 ¢, (), 2,1 bul one can cheek that <

< (A9l f>{v) =al@) < 9,/ > (v), ¥ €85, 0 = B so that (L"), =
= (2r) " by, (a2p) 2, = (@), . The last equaliy means 0O (0 p) =
= a{r)d{r, p).
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SOLVING THE NETWORK FLOW MODEL .\SSQCI:\TE])
TO A COOPERATIVE »-PERSON GAME

BY

IRINEL DRAGAN

In two preceding papers, |1} [2]. some cm'lgcpts of solution for a
woperative n-person game have heen introduced. The basic 1(-103 was 1hzit_,
each player can helong to several cn:}htl(:ns, in consequence the out(*_om-(.s
of the game are deseribed by a matrix., Concepts hike blm_putahm‘l, bwfﬂc,_
Shapley bivalue, similar to those commuonly considered in the theory (?t
-person cooperative pames, have been defined and their p't'opcytxcs have
peens Turther studied. The ainy of the present paper is that ol m’)l‘vmg a net-
sork Tlow model assoctnted to a cooperalive n-person game. The auptimal
olution of the wodel, which can be considered as a solution of the game,
i found in iwo cases, though the model itself have been already defimed
in 1], More precisely, we investigated the cases of linear and quadratic
shivetive limciiens ¢ expheit optimal sofutions in both cases are given.
1. Two-dimensional ecncepts of solution for cooperalive n-person
mes. Let 6= (N, v) be a cooperafive n-person g:lmc'\\'l‘rh“ the sel of
players N. N = n, and fhe vharacteristie function © (8) defined on the
w 9(N).  I(N)— @, ==z —1. We assume o (@) =0 and
2(8) = 0 fur all § € 2 (V)
In |1] we ealled bimpulation oo X om

niatrin 4 such that

(1) Y ool (=1, 0)
KES,

12) Y o € v (S (k= 1,.., ),
=

'—(3) g = 0, (1 &8, vy = 0. (= 5;), (1 = Loyn; kb= 1,.,m)

These conditions have been thought of as natural conditions imposed to
the variubles. taking account on the fact that ay, has to be the gain of pla-
yer ¢ in the coalition S .

It we replace in (2) the inequalities by the corresponding equations.
we deline a subset of the set of bimputations. This subset was called in [1]
the bicore of the same. It was also proved that the bicore is in sonie scnsc
the sct of undominated bimputations. In {2} the Shapley bivalue have
en defined by a group of axioms ; the superadditivity of the characic-
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;i,b%"(l: rllﬂ‘{“[ﬂh was also asswmed and ainexplicit formula Tor tie Shapley and the optineed vabie i

sivalue. which is n bimputation belonging to the bicore, have heen given o

Let us define now .H}nlil(;! himputation beloneing io the bicore, whicl (111 ({Y)= N e u (S
can also represent a solution of the game. This himpulation is the L)i)[‘ir‘n.li o

solutio Ft : 3 ' . .
lution of the mathematical programming problen (£7) 0 minimize a game in which cuch

The linear case scems Lo be trivial heeanse
condition has only one wmber is unrealistic,

ut
(4) C)= % Y e 3. Solving the gquadratic case. A\ peasonable hypothesis is that any
. S0 0GR st funetion ¢ (Y) depends only on the wains oy - (0= Sk of the mem-
subject to hers of coplition Sy, hes e G Ny fle==1.. w: i 8. We shall
’ | ] Lo i i :
RN nvestigale the dnear CLse
(') Cz;, T (‘S‘k)q (]l: — 1...., f”). )
.) tesy - 1) B I3 . 1
! 1] et e B p b b gt RHaE e BLLLE S
Y il TR ik S k x £ [
re= 0 (P €8, 2 20, (6= 85,), (i — Tawo nck = laoom).
Of vourse, sorae new hypotheses Lave to he fiposed (o the coellicients in

i the cosl of an unitar gain of
wme  jo#  and consequently
s to cqual zero, Thercfore

where ¢ = ¢ (X) are given real functions for £ Tooen m, €8, 0f g ' ' I
RN L (12} tuking necornt on the fack that ¢y

course. the imcqualitics (1) ave superfluous w
. H : are suncrfluous when (2) are reph i ;
1 ; e (2) need by o Oy it L
@) ' Lhy equa player &1 S, . This, B ey = v {(Sy) Tor

1.iOll . I hC I 1'c !L‘Il'l (l ) h(' I i ais '} .[] l) !t l L l ¢
B - ¥ 3 ‘ll.’\() (l(‘i!?ﬂ:(l 1 } ) ! & H . +
5 } )}) 15 e . L | mwere TS - 3 = ; 1 .. . :

| I ! was gl . 0 f(_ r I':"ll II "-’I- -'L 75 )l '1‘.'(. oS G

\'E:nl'onl.\' i slnmll ?.\'muplc. Here we shall solve the problem in the cases i -
of lincar and quadratic objective fuacti UMl ; S . _ .
L e jec ohy, asskindog in the second e o il Sy — 00 Y e S g
a certain form of the cost functions ¢ (). o d ease | {13) Pag o e o T b
Further, if i = T (5)) and consegiently gy, =0 for all =800 ho#E L

2. Solving the linear case. leb us remark that the restiictions (3) ‘
denote 10 Dy mg g so

are separable. In the linear case, 1.e. the ¢y’s are real nonanegative numbers

the cost ;) has to he amuXxnnte, feb us

for all £ =1 m. =8, . the lineav ST . :
- BESE SAT 20 > eay ()})JC(‘[L\C 1””(:1-“ n (' _‘\' ‘. 1 R .
sc[’?ll'“l)lc. lhcrelores,tilc problem () can be solved 1)\f sn!vi(ncr) nl: :ﬂsbo HH' i = p ¥ g5 U0 B
problems, namely () © muminnze N From {12) multiplied by (§,) and (i2h (14) we gel
(6) Ci (X4) = E Cop ik (18] e n (8) = my T (F=1,..m: i e.5,).
PEN,. 1
subiect to ' | T oep = (XF), (b= 1. om0 . i = 8,). the problem (P} is also se-
e parable in n subvroblems (17;) niinimize
v B va =0 (S 2w > 0, (0 5. (16) (X = 8 e (X)) T
k £e
- i

subjoel to
(]7) Z Fip it (Sf.)a ‘l‘ik> (. (? = S;_-).

PEN,
(1) in which @ {(S5) = 0 has tie unique solution &y, = 0, Vi €
Il solve only the problems (Fp) in which ¢ (%) > 0.
tion can be written as

Obviously, il the index & is determnined by the formula

(8) Ci = min ¢,
igs,

an optimal solution of () is A problem l

e &, ; therefore we sna

Accoriling (13). the objective fune

(M B =0, (i €80 L # L), af =v(Sh).
1 B
Nomg -

o (N,) (&,

Now, for solving a nroblen (P,) we shall pul

Thus we proved the following result : (18) € (X =

I . If the [H7] ';t /N”( If(}.’n’ ( (.\ ) 1 15 I 1 1 near a
OF (’(u:h- ka and(' Ul 18 - 5 3 f %SI o .
f- y v n i R rl(’t{’) H]t’”{({ !) ff (IS)_‘ HJ(’}? ihc p}l)blc”l (P) 18 lhg OP

(10) Xy = { 545%) 'f R (i 1. B '
g A i, We=1..m ]

(19) S = Hfix © (S0 (i = S
and in the fransformed problem we shail multiply the objeetive function
by 120 (5,). Thus, we gel the problem naxinnze
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(20) fe () —.l, & o i

= €5,

subjeet fo

(21) Yoo =1, yn 2= 0.
i Sf:

(i = 8.

m

For solving such o probleny we omit Tor 0 moment the index & and we

. s I A
assunme S = {1,..., p}, so that we shall censider the problem @ maximize
7

(22) Sy = — 5 hom o,

= 4o 1
subject to

»

(23) 121 =1 g =00 (h=1...p)

7 {,ct us ::{cmurk i'}lltll it e = 0, an outimal solution s g, =1, 1, =0

p = 1,....» 1 h == r). Thevefere, we have to solve only ablem in which

seees P . we have te solve onlv o problem i whic

my, 5= 0 for all A — 1., p. ‘ [ o

~ Now, the Kubin-Tucker conditions for the problem above will be
written, by wsing the rules given in {3]. p. I2. Ve denote

1 7
Ty = — 5 Mo i s

(24) L ' |
b
sly) =z 00 {h =1, P (y) =1 — 2 = 0.
o

(25) w0, (b= .p)

(26) Jaiy = 0. B,z 00 (b= Tl pl

(27) — My -y — e =00 (b= 1, )

and we shall solve this system,

Al s . CToD r R ne @ i I
‘ '1 irst, we multiply every equation in (27) by g, and we shall add the
results ; we have Z

(28) K== Z Hiy I/I:
k=1

ac?ording to (25), (26). Thus, in any solation of the svstem, 2, < 0. The-
refore, y, # 0 lor all b = 1..... p, otherwise y, — 0 would h;lpl\' T = ot
i.c. %, < 0. In consequence. the quadeatic cquations (26) give M i 0 for
all & — 1,...,p. Then, from (27) we have ) '

. 7
(29) Y= ® >0, (h-
n,

L...p),

]
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and the last condition (23) gives
1 oo
30 Tg = — 3> M = —_
(30) ’ M ;_21 i,
The svstem (23). (26). (27} has the unigue solution
1 1

31 go= . lg= == W= h=1,.,p)
(31) RYEITH ’ Ry ! ( )

The functions f{y), #u(#)s & (1) (h
eave funetions. thus aceording theorem
result ¢

Theorem 2. If wy, > 0 for all b = 1. p, the problem

Q " l
|

1
(32) min{ Y om, y};' Y oy =1 g 2 0. (h =1 p)
el il

,

T, pp). are differentiable and con-
215 in [3] we proved the following

has the optimel solution
1 LI

M=Y

Mo, | Aoy

{33) My - (h =1....p)},

and the optimeal value s 112 M.

It g, 0 for some b s =11 pb. the sel of optimal solutions
is lhe convex hull of the sci of vectors
(34) yoo= 1 =0, (h=1..... poho# o)

and the optimal value equals zevo.
Now. if we return to the initind variables and  usc

we get the resull
Theorem 8. [f ¢ (8,) > 0 and s
(17,) has the optimal solution

i (Sﬁ.) 1

the theorem 2,

1, &0 for all i E Sy the problem

35 an . = 8)., M= —_.
(35) Y M (i = 54 fi ;%-L. My
and the optimal value is
(336) Cp(X¥) = e (%)

' ' M;

It (S, =0 and my =0 for i =, = 8. H, #5,, the set of
optimal solutions is the convex hull of the set ol vectors

(57) =08, tu=0, (h =85, .k i), (i = ),
and the optimal value equals zero.

it = (5,) = 0 the optimal solulion iy
timal value equals zero.

0. ¥i = 8,, and the op-
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pmhl(;r\r(l:c?;()l)lngf“t'.hfurcxrl| 3[ we ean construet an optimal solution of the
' . by construeting successively t . R .
i g sivelvy the columns of the optimal
Iet us remark that i v .
. ik that in the case my — my . Vi = 8, .

Sl fmy e e T e P we have M, =
! ¢ and consequently in (33). (36) we get

aQ o (S '
(38) iy == (s' +) L eS8 Ca(\) - my v (S,
Tk | IS‘A

(‘l course, to find an optimal solution of the problem (£) in more general
cases 18 an open question, e
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GENERATION POLYNOMIAL RANGES BY ITERATIVE
ONE-DIMENSIONAL ARRAYS

3y

ADRIAN SOIL

In this Nole we presenl @ way fo construel an iterative one-dimen-
jonal array of finite-state antomata which wenerates the power kool all
positive integers. for a given posilive integer A Using this array, we con-
Jruct another one which generates the vange of a polynomial with given
ion-negative integers as cocficients for positive mteger values ol the
gqoument.
1. Preliminaries. Lot N = 11,2, 83,.onon - 1 codand N* =N U {fo}.
we will denote an automaton (see [1[) by of — (/1. S0, f.g). Vorn & N©
he set {47 j = N} will be called the sel of perfect powers o,

1.1. Definition ([2]). An infinite iterative one-dimensional array
141 ds @ scboof [fintde-siale automnata £, neN with the following
properties

i) for every noon € N,
wav thal the stlate of the automaton .
dates of the antomata .. 1. Ay al time =13

i) all the antomata of the areay arc identical with  the exception
of .1, and, at time £ — 0. they are all in the sane initial state:

the aulomata are inlerconnected in snch a
4, al time ¢ depends only on the

iif) the inputs and the outputs ol the array are conne ted to iy and
the state of o1, al time  depends only on the mpat and on the states of
do and A, at time £ — 1.
1.2. Let # = N : in scction 2 we shall construet, with the finite-state

automata A%, A% ... an A7 which will have the oputput 1 at time &

it { is a perfect power 7 and 0, for others 1.

1.3. .42 may easily be transformed, so that it recognizes the perfect
powers 7. in the following way ; the output at time ¢ is 1 if the input at
me § — 1 was 1 and ¢ is a perfect power » and zero otherwise, lixcepting
fhis transformation the array works like the f1:41 that generates the per-

feet powers .

i 1.4, We ean interconneet the antomata ol the array so

lise 1.1 ¢) and i)
— cach oAy, &

sutput line with two terminals :

that we rea-
~ 0, has an input line with two terminals and an



