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”;\ccm'dmg theorem 8 we can construct an optimal solution of the
problem (P). by constructing suceessively the columns of the optimal
matrix. l ‘

.I‘ﬂ.' us remark that in lhe case m,. — my. ¥i € 85, we have M,

Sy my and consequently in (33). (36) we gel :

- -
. s(S) (8
(38) =2 (e S O (XF) e v (S
| ISL AS'*.

Of course, to find an o;?limul solution ol the problem (I} in more pencral
ases 1§ an open question. N
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CENERATION POLYNOMIAL RANGES BY ITERATIVE
ONE-DIMENSIONAL ARRAYS

‘ By
! ADRIAN SOIL.

In this Note we present o way to construct an iterative one-dimen-
jonal array ol finite-state automata which generates the power fooof all
Lositive integers, for a given posilive integer k. Using this array. we con-
ruct another one which generates the range of a polynomial with given
pon-negative integers as coclicients Tor positive  integer values of  the
proument.

1. Preliminaries. Let N = {1, 2, 3,..on.n 1 ceband N =N U 0.
we will denote an automaton (sce [1]) by A4 = (1.S.0.f. g). For n = N7
fihe sct {im1j N will he called the set of perfeel powers a2,

1.1. Definition ([2]}. «n infinile Herative one-dimensional array
[141) is a set of finite-stute anlomada {1, e N with the  following
properfies

1) for cvery non € N, the aulomats are intereconnecled in such a
{r:\_\' hal the stale of the autonaton o, at time / depends only on the
dates of the antomata o, . Ay by al time b1

i) all the antomala ot the arvay are identical with  the exeeption
{1, and. at lime £ = 0, they are all in the same nitial state:

iii} the inputs and the oulpils of the arry are connecled o Ay and
he state of f, ab time £ depends only on the mpul and on the states of
4, and A4, al time £ — 1.

1.2, Let n = N :in section 2 we shall construel. with the finite-state
wtomata Ay, A7 ... an T141 which will have the oputput 1 at time .
if  is a perfect power n and 0. [or others 1.

1.3. Ar may casily be transformed, so that il rceognizes the perfect
powers 7. in the following way ; the output at time ¢ is 1 if the input at
fime ¢ — 1 was 1 and ¢ is a perfect power » and zero olherwise., Kxcepling
this transformation Lhe array works like the J1.11 that generates the per-
feet powers n.

1.4, We can intereonneet the antomala of the sreay so that we rea-
s 1.1 #) and i) -

— cach A, , & =0, has an inpul line with two terminals and an
utput line with two terminals ;
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— the left input terminal and the lelt oputut terminal of o
connected respectively to the right output. terninal
terminal of A, | ;

the right input terminal and the right output termial of A, ape
connected respectively to the left output terminal and to the left input
terminal of .1,.,, as.0.

The inputs and the outputs arc ordered couples of signals, The out.
put function of every 4, is defined such ihat it shows the state transitiong
at the respective time,

A, has the same properties for his right terminals while those
are the input terminal and the output terniinal of the array.

2. The generation of the perfect powers k. The construction of the

array rclies on the recurrence law between the power n of two suceesiye
positive integers

) k are
and to the right inpy;

of left

(2.1)

(I LI I N o LR
i=]

The array that generates the perfect powers n will be constructed using

the generation way of the powers n — 1, n — 2. 2 for every n = N,
n 2 3.
2.2. The construction of the arrav for = — 1 is trivial and

we need Ay only.
2.3. We shall construct now the arrav for »
recurrcnee relation s

T

In this case the

(o 4 1)8 = iz 2 20 £ 1.
In fig. 1 the automata of the array
the time on the t-axis
of 47 at time 1.
be called step,

It results from Fig. 1 how the array starts Lo work. Let
at time {,. the output of the arrav was 1.
Then a .pulse starts from 43 and is propagated fo the arrav’s automata
by the states .1 al the speed of one automaton by umt time. When the
pulse arrives to the marked automaton (that will be deseribed below) it

are represented on the 4%-axis,
and m the location (4, 12} is represented the state
The operations perforined by the areay per unit time will

’s suppose that
henee £, was a perfect sfjuare,

is reflected and, with the same velocity, it is transmitted to 4; through 1

the states D. In the step following the retlection of the pluse, the next
automaton in the array (in the sense of ascending » from 1.1) is marked
and the mark of the automaton that has reflected the pulse is erased.
The mark is realised by the states B and is transmitted by the sta-
tes C. I .M} is the marked automaton by which the pulse was reflected,
then this pulse wiltl arrive to £2 2(k - 1} times after it started from 45
In fig. 1 1t is shown how to mark the automata in the {irst steps so that,
if t a perfect square, than the marked automaton (by which will be reflec-

ted the pulse started from f3 at time 4,) will be .-13},.._,. In this case the

pulse started from A% will arrive back o Ay after 2(fts -1 —1)=2 I

—

!

|
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steps, when the state of S5 will be 122 in the next step, that ls t, + 2Vt.+1,
the state of .42 will he # and the arrayv will have 1 at his output.
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The automata of the array are given by :
My = (13,8, 05, i, 5) where I§ (0. 0), (0, p), (0, q). (0.1,
(0.dR, 82— SLP.Q.T. D 0F = {0 1), (0.p), (0,q), (0. 8). (1.4}

the svmbols i. p, q. {. d correspond to the states 1, P, @, T ]{) and .[};‘ aril
o2 are defined as it results from fig. 1 and 1.4 (for example f§ (1. (0, 1)) =
TR GAT(0.d) ~ T @ (D (0.0) = (L), g (P.(0.0) = (0.p):
Mi = (I .SE. 05 ff . ¢ where I = 0f apeds hot. ri.'n. b, ?., : .
St = {LH, T, Dot BCY and )f,,':' :m\('l g are defined according to fig.
: B i B vy b o= OO & N, )
e ;Tti.t}ll’li:e(i)?:an:.\ (‘}:'m’] cvery noe N, we lean construct an TAL which
qnerates the set of perfect powers n.
& ”mag:og?.b'l‘lilf: c{;"}g nf= ]‘I was presented at 2.2 and the case n = 2 at ‘..’.f.
Let’s suppose that we have construgtcdv the arrays which ]gcnel.'a e
the perfect powers m, 0 < m < n, m = .\‘.' We shall c:n.str}l‘(i't t.lc 8{;111?3{
which generates the perfect power » + 1. We shall use (2.1). 1 e (],;)nsf ruc
tion of the array is made taking into account the rules which fo 0\:51. '
At time £ = 1 a perfect power n - 1 is generated and Af 18
kel A step after the generalion of a perfect power n 4 1 of 4, . ot
‘orders”™ the suecessive generation ol Gy, perfect powers n of -ti Ci.,
perfect powers 7 — 1 of 4,..., CR71*" perfeet powers b ool 4., per-

n
: #+l
feet squares of ¢ and afterwards it emits a pulse which arrives again to
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A afler Oy steps in the next step we shall have T al the oulput of

the array sinee we have obtained the perfect power w1 for ¢ 4 1.

- For the generation of i+, the marked automaton will be 22,

. i marked, th( m, il ¢ is the time at which the pulse tlml,
counts lhc (,,,‘, steps arrives LU!I![)ILIL]_\ al 80 (we shall see in the
scquel what this ‘s]“nl“(,\) at the next thme £ 0 1 this pulse is reflected
and al time ¢ 4- 2, «A2tis marked and the mark of A3t is crased. We
shall gencrate ", C,'§+{‘+‘ times, using CpoM—! distinet groups of states,
similar to those used for the generation of *, b < n -+ 1. Fach group re-
leases, when it is ended, the trcncmhnn of the next group, and when the

last oroup is ended, the generation of 4 L ChtE times, 15 released. We
remark that the “(‘nm.ltmn ol %, {7t 1% is made using the generalion

MY

wav of {* and the marked automaton Al For the genen ation of cry
i = (n = 1) we tise an Zincident wave”. started from A when the
sealenlation” of €271 0% is finished, This wave "waits™ n osteps at each auto-
maton (i.e. the wave is arrived (nmp]otd\ al the automaton), is reflected
by the marked automaton 4723 (but it s not transmited to this) and it
becomes a wave that goes to A2 with the speed of one automaton by
unit time.

Therefore the wave Twails™ at cach automaton AgHl Ap+,..., AMY
exactly n steps, henee from the moment of his generation by ;'13“ untll
his return to A2+ there arc (n 4 1) ¢ steps,

In the next step the output of the array will be 1. It for the con-
struction of A%, 7 > 0, b = 2, we used S, states. then we need ¥, states
for the construction of 1#*', where

n

‘S‘rﬂ.-l - 2 (;ﬁ.] 'S‘,l_ -

b=1

If for the construction of A% . & = 2 we used 59 states, then for the con-
h

stricetion of 7% we need 8P, states. where

1 .0
rt*l o z (nl-l ‘S

3. The generation of the range of polynomials with coeficients from N,
for natural posmve valnes of the argument. The generation of mono-
mials el?, wherve ¢, u, & L, h |1\<_<I can be realised using the construe-
tion of the array im o dnd lq)ctmu this construction ¢ times (i the sense
of the proof of 2.t —— similarly to the ease CRpit'A7).

Let Pla) = aqar Eayan V4 o+ a0+ a,witha, & N = 0.0
o # 0, & € N, a given polvnondal, Using the methods given in 2.4 and
above, we mav construet n + 1 7141-s In... B, ... 12, which generate res-
|)uln’cl} Gy oty g ey o 0. We interconnect lln«. .nm\s S0 lhat the input
lerminal of £, 15 the mput terminal for the new array, The uuipul Lerminal
ol R; is connected to the nput terminal of H, 0, n — 1, and the
oulput terminal o' B, is the ontput lerminal ol the new array. When R,

ends the generation of «, ;. it releases the generation ol w070 Ly
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»ealenlatior
i therefore the arrays do ol work simuilancously fo the ealenla }

of the same value 22 ()
To the arry censtreted )
fo which are < connected the l(‘lilllll\l\ of the array i
i s Ceotmunieations he array,
. R, and which realises ihe “em i

\(,n(!dl("-. the values of ') for o =3

will e attackod an antomaton M.
X ompnaul by Ky, n,
llns array
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