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REMARKS ON UNIFORM TAG SEQUENCES
BY

ADRIAN SOIL

1. In his paper [1] A. Cobham sludies some properties of uniforn
ag sequences in connection with operations on such sequences and distri-
mtion of svmbols.

By considering a new operation on the set of uniform tag sequences
Iver a finite alphabel. we reduee the study of distribution of blocks 1o the
tudy of distribution of symbols in these sequences.

2. In this scetion we define a new operation for a class of lag sequen-
es. the internal sequences of tag systems in the limited sense.

2.1, Let T = (B, b, w) be a tag system in the limited sense {Ts1),
io. B is a finite set, bo= B is the initial svmbol of T, w - B - B isa func-
ion satisfving the constraints = by begins w (ba), |w (b} = 1. vh = B3,
i by, and | w (by) | = 2. Let y = intseq (T) be the internal sequence of
7. ie. y = limw” (b). In the sequel the block b by, ... by = B*, with
ft— e
b= B, 7=1Fk will be denoted by bib. ... by

2.2, For every fixed k& = N, k> 2 we define the one-to-onc function
i Bt Cp, by sctting by ... by = By (Dibe .. By). Hence €, will be the
initc set of symbols b, (B*). The function £, has a natural extension fo
locks and sequences over B, which we also denote by ki, defined by

blbg e b‘-b;-_l o bﬁ' " = hk (!)J): aie b‘-) hk (b: ier bkbi‘!-l) ven hk (bll_-q ven bl.'-q)
Dby oo bibisy o 1= B (Db o B My (b D) e

2.3. Proposition. [f y — intseq (T), then hy (y} is the internal sequence

sfa TAS'L ,Z:k‘ _ _
Proof. We define T, by Ty = (Cis by, wy) with b, = by (Pre (y) hw,

Lo G by by (byba ... b)) = By (10(by) Pry o (w0 (b2) . w0 (By))) (where Pr; (p) de-
otcs the prefix of length i of p). The mapping w; is well defined since
0 (by) Pryy (w (be) 2o (b)) = K Let = lime awf; (By). To prove that

o

I b () = 4, we need some lemmas.
2 4. Lemma. |w, (b, ... 0.0 | = 1w (b)) .

The lemma is immediate: for p € B* with |p| =k, | I (p) | =
pi — & + 1, then



G

wp (b (b 0))

I'r,

== (e (B) Pre o (se () e (b))
e )y s (B =l = e (D)
2.5. Lemma. wi (D) == hy (zor (D) Pr, (g w0 (Bu)). sehere

is the sequence y after deleting his indtial block w (b,), n e NF,

The Jemma will he proved by induetion on w. For »
s lrue sinee w1

w ()

e (b,

O the coulity

e - 10" = 10 Lets suppose the relation true Tor o "1'

and prove it for nw - g 4 1,

iy (af (B)) = 2o U (07 (be) Proy (i
= b T () Pro (g — w5 (b)),

since wop and w0 Tmoves™ every svimbol dy (Dl b )
I.oon the next “Moor”™ of e, respeelively e, and "Hls™ 1 to w (b)) | =
wohe (0D 1o b )L moreover the Teoneatenalion™ by exactly & —1
syimbols of the arguments of two succeesive by is kept. The lenuna is proved,
Analogously it results
2.6, Lemma. o} (b, (0D o 01
Vi & N
Now, the prool ol 2.8 s muediate. For o oevery w2 0 we have

()

i (b))

respeetively

= i, (zer (By) Pryoy (et (B2) oowem (i),

P (0w ) = by (e (ha) Pricy (g —wr (b)) = Prony ) (e (). |
Bud, using 204 and 2.5, 1t follows that jaf (b)) ! wr (h,) . lherclore
Yo = M ()

2.7, For an inlernal sequence over Cp we define the function oy« €F =
= Cyoy given by B (0.0hy b)) By (Db 0 byl o= Dy (Diedy Lo Dby ) and
nondelined for "nonconcatencd™ elements of €.k, has a natural extension

to blocks and sequences. The function can always be applied to the sequence |

U, & 2 2, sinee the adjacent elements are concatened by twos. Because

the elements of y, proceed from application of A, to g, it follows that he () =

= hpoa () = i1, Vherclore By keps the mternal sequences.

3. In this scetion we introduce a funetion, analogous to by, for lag |

sequences.

8.1, Let €= (B, by, w. b, f) be o lag systemn in the gencral sense
(I'SG), ie. (B, by, w) is a TSL, .1 a linite set of symbols and A : B — 4
a function. Let a=seq (€) be the external scquence of ‘¢ (tag sequence),
e = h (intscq (B, by, w)). It w (b)| = m. Wb, b € B, & will be called
uniform tag sequence of modulus w (U'TSm).

3.2, For every tixed b € N, & > 2, we define the one-to-one mapping
g = Dy by wads g = gy (e e @)

3.3. Proposition. The set of tag sequences is closed under the mapping gu

Proof. Given the TSG T, we define the function I, ¢, — D, by
Pe(ybs oo b)) 1= g (D) 1 (D) oo e (B)). Then, by 2.3, T, = (Cr, by, i HinDs)

satislies g, (1) = 2y, where wp = seq (Ty).
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3.4, Corollary. The set U (m) of UYSm’s is closed under the mapping i
Proof. This follows from 3.3 and 2.4, But 3.1 can be proved diveetely

{oo, using the properties of UTS. Applying to @ seq (CT) = otts " (;11_1

ity ..., the finite modification a'f(i) = a(k —1 - i), Yi =z 0 we get t 1‘(:

LTSI 27—ty 1 x fisy e Applying to ! the [inikary sequential translor-

mation if. S, 81, 8, ?.,' ) with [/ S o= AL C = Dy, s, = aoty .j-‘ktlll—l.

5okl ) b= ARTYDY B s (ay iy e G g () 1= (g, e Ay, @ and A .]z\ . ><‘r

A= Dy by k(e gy e iy a) 1= gy (g @y a!k_l‘a) \:'c ‘ remat N n

p(1) = 7 (8 (s, 2 (0) (1) o’ (8 — 1)), @' (1)), Vi & N, is an UTSm

and @ = g, (x). . B
3.9, Icf;'.:*anzphr. Let © = ({01}, 0, w) be a TSL, with w (0) =01,

w (1) = 10, which gencrates the Thue sequence

i'_-Ol]()10()11(}()1011010....
‘ e C, = . . 0), hy (101), y (110) ],
It we denote Cp = {hy (001), 7 (010), Iy (011), £y (100), fy 1
e e ESL. Ty (Cye Iy (O11), 105), with 2y (hy (001)) = hy (0101)

. - —r —}, : . f,{(100)}
016) Ay (101), @y (fe (010))=10; {hg (011)) g (011 By (110) 0y (f1y )=
hj (103 U)?s (gu()l)) )= h; (100) liy {001), 105 (A3 (110)) = &, (101) £, (010}, generates

the sequence
' 2y = Jy (011 By (110) By (101) Iy (010) B (100) J5 (001) ... .

= ..

% The result (rom 3.4, suggests that in an uniform tag scquence the
blocks and the symbols have the same dls__trlhutmn. _

4.1. Definition. Let's consider M = A" « bloek with 1M | =k, & an
UrSm over A and = (M, 2, n) the nwmber of OCCUTTENEES ‘of M am.ong' th‘e
first n symbols of @ The lower and upper k-asymptotic density of M in x are
respectively the timits

= JI’ ] k—1
dy (AL, ) == lim inf { T, n+ ),
e 7

. = (M, 2w k—1)
lim sup .
nepo n

de (M, 1)

I d (M, a) = dy (M, @), their common value, dencted by dy (M, @)
o called the k-asymptotic denstéy of M in ' ' .
’ cal;’f?. liiénmrﬂ'c.i"ur Jo — 1 we get the asymptotic density d (a, z) defined
bv A. Cobham in [1}.
* 7743, Lemma. dy (M, ¥) = d (g (M), )
The lemma is immediate beeause

=(M, r, n 4k —1) =

_ (gk (;‘I), TN n)
n n

is true for all natural n, n = 1. B B
1.4, RBemark. Analogously we get dy (M, x) = d (g (M), @) ‘un(l
d (M, x) = d(ge (M), ) {this, if and only if onc ol the two limits exists).

27— alatematicd univ,
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1.5. Remark. The k logarithmic density of A in o can be mtroduced

c.g. the lower k-logarithmic density of M in @ s ’
‘ S 1 ]

8 (M, ) = lm Inf =

na= log noGgr, i

where I, = {i e N o <ign a(yr (i4+ 1) aft 4k —1)=M].

One can prove for the k-logarithnic densily results analogous to 4.3
and 4.4. these involving together with the theorem 7 of [1]. the existence
of the k-logarithmic density 8, (M, ) for every UTSm xover.fand M = 4~
with | M | = k.

6. Remark. A. Cobham’s thecorem 6 of [1] and 4.4 involve that
it d, (M, r) exists, then it is rational. '

Other theorems from the mentioned paper can he easily adapted to
blocks of length &, by examining the Block’s “right context” of fength &k —1
For example the following : ‘ ” ‘

4.7. Proposition. Let @ be an. UTSm over A generated by T and M =A™

M| = k. Then di (M, x) = 0 if and only if there exisls an integer v > I
such that for no integer £,j = Odves M oceur in the bloek {dese, (v, . i -l v)i
2 ((Em¥ 4 v+ V) m?y Lo ((on® + v + 0ymd bk —2), where w is the uni-
que integer such that m* ' < v < m* and descy, (¥, 7, ©) = v (imf) 2 (im’
+ 1) .2 (imf 4 omP —1). '
i Proof. di{M, ) = 0 iff d (g (M), @) = 0, (sce 4.4} that is by [1]
Theorem 9 ilf therc exists an integer @ > 1, such that for no integer i,
j=z0 does g, (M) occur in descy (g, J, im* - v), where w is the unique
integer 'such that m®-! < v < m® that is g (M) docs occur in H, (desc,
(4sr J» im* +1)), where = intseq (Ty). Using the proof of 2.3 and 2.6
we have II, (desey (4 J» ) = I wi (4 (5)) = Hewl (e (g (s) y s + 1)
Wy (s + k —1))) = Hly (w! (y(s)) Pre. (w'y (s+1) Lwly s+ h —1)))=
= Hihy (descn (4, J, s+ m)..y((s+1)m -k --2)), where
s=1m* +v. Let @ be the argument of the last expression. It follows from
the proof of 3.3 that I Ju=gh and since g, is one-to-onc mapping h=g!
H,h,. Then the assertion ,does g (M) occur in Hih, ()" is truc iff the
assertion ,docs M occur in k()" is true as well,
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ON THE WEAK EQUIVALENCE PROBLEM
OF ENXTENDED SICK OL-SYSTEMS
WITH SOME GENERATIVE DEVICES

BY

SORIN ISTRAIL

1. Introduction. In the following we investicate the weak equiva-
lence problem for some gencrative deviees of formal languages. For the
classes of matrix and time varving erammars with context-frec rules we
wive the answer to the problem =it for every member G of a given class of
senerative devices . there exists an effectively construeted, equivalent
extended SICK OL-system S.

For the two classes of considercd  grammars the answer is . Yes'.

Let £ be a finite alphabet of svimbots, I* the {ree semigroup genera-

ted by I, % the unit of 7 and [+ = I" ~_ ). The clements of I* arc called

words and the subscts of I ave called Tanguages over 1.
Definition 1. .1 conleri-free drammar is a L-tuple G = Iy, Ip s T, I')

| where:

W and Teoare disjoind finite sets of symbols;

i)y = Iy is the aviom of G

Wiy I i a finite sctof pairs called the rules of G F = Iy X (Ix Vv Ie).
For (@ 1) & F we wrile w =t

The basic concepl of Uils paper
cented in the following definition.

Introduced in |2} as 2 sencralization of OL-systems (1], [58]. moti-
vated by biological reasons, SICK OL-systems are proved to be a very
useful tool for the simulation ol the gcnerative devices introduced in the
formal language theory [8], (4} 18], [7]

Definition 2. An exiended SICK OL-systen is a 3-tuple 8 = (S, 1. J)
where 8 = < V, Pyw =, 11 ={=ae o J © V oand the components of S
salisfy the following conditions :

a) V is a finite alphabet of symbols,

b) P is a finite sct of conlect-free rules Pc V x V*, so that for cuery
a e V. there exists w € V© with (a, v) = P,

¢) w e V4,

d) for cvery u =

the SICK OL-system —is pre-

1, mp == < Vo, B, Fyynia) > where :



