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1. Throughout this note, the following general notations will be
used :
iy (X)) ={),
i1) FX. V)=
sets),
ii1) N=4{0,1,..}, N ={L2 ks
iv) Tn (respectively T'™) = the n-th iterate of T € F (X, X),
(X an arbitrary nonempty set), ¥n = N/,
v) ¥r— X x X X... X X, (ntimes). (X an arbitrary nonempty
set), ¥n € N'.
vi) C(X,Y)y={f=F 4, Y); f is continuous}, (X and Y ar-
hitrary topological spaces),
vil) R=]—w, 4+ [, .= ]—oc, 0], B, = [0, 4 [, RS =
= jo, +oof, B_ = [—c0, 0}, R. =10, +oo). D= {{t, 5);
0 <igs < 4o}, E={ts);0ss<t< o).
ity K ={f=F(R,, R}, f(O)=0F({) <t VIE R 5
ix) P=1{feK;limfm)=0, V< R}
x) (B~ | .[)) = the cuclidean n-dimensional space with the cu-
clidean norm ||. |, ¥n = N

= X: X, # @}, (X an arbitrary noncmpty set),
{f+fX=Y} (X and Y arbitrary nonempty

2. In this paragraph, a fundamental notion will be introduced :
the so-called Hilbert’s projective metrie {1}, [4]. Firstly, let us denote

) X=C(R.,, R, Xo.=C(R,,R,) Y = {feX:f(R)s R}
It is evident that
(2.1) X+~ C(R.,R"), Xp=C(R,  (R)) Vn< AN,
(2.2) Y» = {f & Xn; f(RS) & (R)"), vn € N

Moreover, X" is a cone in A", Va € N’. The order relation induced in
X by Xt will be indicated by <.
Let us define m = F (X% X ¥, R,) and Me F(X% xYr R, by
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n) mia, y)=supfu e R, : uy < o}
ii1) M, yy=infdeR eyl il ek, ;0 < FNT )
Miry)=+x. e R, ;a< Mt = h@ Y '
for every (2. ) € X% x V. The following praperties hold [1]

(2.3) O<mlecy) <M (2 y) € oo Vieoy) & X" x Vo,
{2.4) mAn y gy <o < M{aoyyye Ve g e X5 x ),
(2.5) MAx, y) = Vm(y. x), Yo, y = Y7, {(where 110 = ),
(2.6) Mroz) s M (v, y). My 2), Yo = X2, Voo 1

(2.7) M boy2) € M(az) - M(y,2). Ya, ye X, vre ™
(2.8) M (v, z) = M(y,z), Yo,y € X, ¥ e ), (where o = a/).'
(2.9) M, vy =M (e y), Y(ry) e XY XY, v) e R

L. ﬁ!i(.zryn()l:fg-i—;‘iuz;I)I]"Ici‘sl.i);tl'l';.')‘\!projccti\'c metrie s the mapping
iv)  d{r,y) =M (w q)./m (e, . 00 < (e, y) < M, y) < +on
A y)=-o. il m(x, y) =0 or M(a, y) =« ‘
for every (@, y) € (Y7}, The following properties are well known [+]
{2.10) d{r, ) =0, Yo = Y
(2.11) di{o,y) < Fc=d(y. r)=d(a, y)
(2.12) d{x, y) < +oo, d(y,2) < +oo=d(r.2) < d (@, ) + d{y, 2)

(2.13) d{r, y) = d(da, py), Yo,y = Yo, Vi, u e RO

+) . 4
(2.14) d (2, y) = 0= there exists a wnique 2 € R such that @ =2 2y

B F(l:ffl;ltlf{ll 2_-1- Let X be « given nonempty sel. .1 mapping d <
=5 1;2)., b_t)t;;si;s-mz to b;’ a gcncr;di:;('{! pserdometric on X {f it satisfics (2.10)
z.12); s case, the couple (X, s calle veneralize .
metrie space (abbreviated g.p.m.{?.). SRRACT G

Remark 2.1. From (2.10) — (2.1 inition i
- g‘p.m'b‘.r‘w. 0) —(2.12) and the above definition it follows
Now, for every » € X» define + = Xiby

v) | ol ) iE e = (e, @)

= ( Y P
and, if g « ¥ 15 a fixed clement, denote
vi) fele=M(x.g), VeelXn

Theorem 2.1. (X», | lg) s a generalized Banach space,
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Proof. From (2.7} — (2.9) it follows immediately that || . ||y is a gene-
ralized norm on X5 Now, for any p € N’ let us denote
vii) X (10 p). B
Vi) v, o, = sup {llx{f) Jit e o pl, Yo e X}
I is well known that (X%, .f1,) is a Banach space, vp € N'.
Furthermore, from (2.4) and (vi) we gel

12.13) rlglalls.g Yo Xn el < 400,

Taking into account the following properties of the cuclidean norm
(2.16) nyeXNt coegy=hr@l <yl Y= R,
[2.17) e =1l v ek . Vo= A

we obtain at once

[2.18) afll, <l Fglily, Yo <= Xv o llally < +oo, ¥p = N,

Lot dag;i e NP Xebeafl - Cauchy scquence, ie., Ve > 0, In(e)=N

wich that L7 2 n(g)=la; —a;lls <= From (2.15), this will imply

o ) =) =1y —ay i) = ey —allg. g{t) < eg(t), VL& R..On

ihe other hand, from (2.18), {r:i= NP CAX- is a ||| .- Cauchy
]

sequence, Yp & N and therelore, o;——r, ¥p € N', for some & € .
B
Performing the limit as j— 4o in the above inequality we get |z, (1) —
o) < eg(h). Yizoau(e), VL= R, ie, [[& —rls <& Yizn(e)

which shows thal @y, ——— .
T,
Now, lelt us denote

ix) P ey s (A0 <m(e,y) sl < M (2, y) < 4o},

x) T (¥n) = {7 =11 (Y+): Z* = T}

xi) Xy ={reXr: |2l < 4%} Ir=feeXe; |2l=1}
Vg = }'H‘

Xii) Im=frelr; 0 <mrg <M (2, 8) < Fec), fr=¥"n X,
Vg = Y=,

i) Vi) = fe =¥ m{ng) = 2l Tie)=Yi)0 X7,
Ye = RY, Vg =Y,

xiv) Yo(x, 8)={e ¥ asm(e, g s M (z,g) < B Yi(x, 3) =

= Y (x, 50X}, V(x,B) =D, Vg

Remark 2.2. [t is easy to verify that X{,‘,ff;‘,Y’; («), (Va = KS),
Vi (x, 8), (Y (x, 3) € D) arc closed subsels in (X=, Il .10).

A very important result concerning the connection between | .l
(¢ = Yn) and ,d” can be stated as follows

14 — datematicd univ,
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Theorem 2.2. Let ¢ = Y* be fived. Then.
(219) llz —yllo < [t — 1 inf {la (. [y lad, ¥V(eoy) = Foa(¥5)2
(2.20) | w— 11> 3 [1— e~ sup {m (. @) m (g Qb ¥ (v, ) = (V)2

Proof. Let {(a, y) € T n (¥7)* be given. From (2.4) and (ix) we get
w—y < [M{r, y) —m (x. )y =M (a g)fm(a,y) — 1]m(x, Yy <
< [M (2, p)fm A2, y) — 1] = [et=r —1]a, and  analogously, a—wy <
< [M (2, ) —m (v, )] y = [M (&, g)m (x. ) m(a, y) y <
< [ (x, y)fm y)== 1]y = [e"» —1] y. Similar inequalitics are to
be obtained if we interchange @ and y. Taking into account the following
simple property
(2.21) zyeXn, gy —x < y=> al=y
and the properties (2.8) + (2.9) we get (2.19). Furthermore, let us remark
that o,y € V2, lea—ylh < +o=a —y<|e—ylsle—yl.g<
< [l @ — yllshn (4, @] y and analogously, y — 2 <y —al <@ =yl .
g < e —yloim (y, 91y, which gives @ < [T+ 1@ —yllfm (4, 9]y
and respeetively @ = [1 — [ @ —y {lo/m (y, )] 4. Therefore, ML (v, ) < 1 -
+ e — g llofne (s gyand m (@, ¥y 2 1 — |l & — ¥y ls/me (3, 8). A simple sub-
straction yields M (@, y) —m(a, y) < 2 N a — g llsfm (45 g) and this im-
plics |& —ylls = &m(y, DM (2, y) —m (@, y)] =5 m(y, x)m(x, g).
M (2, y) —m (@, y)l=2m (, @) |1 —m (2, y)fM (2, Npl=4 m (& g
[1 —e ], A similar inequality may be obtained by interchanging
x and y, and this completes the prool. Q.L.D

Theorem 2.3. Let g = Y0 be given. Then, (Y}, d) is @ complete metric
space.

Proof. Firstly, let us observe that Y? e li(Y»), Vg = Y= Let {w, ;
p € N} C Y7 be a d-Cauchy sequence. From (2.19), fr,; pe N} will be
also a'||. |l - Cauchy sequence, and thercfore, (sec theorem 2.1) a,——a

: 7

for some & € X. Since a Cauchy sequence is bounded, there exists p € ;\’,S_ :
such that d(a,,g) < p, Vp < N. e, M(z,,8)fm(z,.8) <¢e*, Vp €N,
and this implics (as M (v, , g} = [[2p o =1, ¥p € N) mix,,g8) 2e™*,
Vp e N. Therefore, {,;p = N} C Yy (e, 1); as this set is .y — clo-
sed (sec Remark 2.2) we get @ < Y2 (e=#, 1). Now, from (2.20) we obtain
(e=#2) [1 —e~*enm ™) < |2, —alys, ¥p €N, and this gives &, — &, com-
i ¢
pleting the proof. Q.ED.

Theorem 2.4. (Y, d) is a completc g.p.mn.s.

Proof. Let {w,; p = N}< Y= be a d-Cauchy sequence. Without loss
of generality we may assume that d (x,, @) < u, Vp < N, for some p = RY.
Let us denote g = &, ¥y @l @y, ¥p & N. Clearly, {y,; p =N}
C Y7 is a d-Cauchy sequence (from hypothesis and (2.13)) and thercfore
(from theorem 2.3) y,— y for some y = Y7, which implies (from (2.13))

d
Q.E.D.

&y~ Y.
d

o
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3. Definition 3.1. .1 wmapping T € F {37 Y7} is said to have pro-
perty (Q), if
(3.1) d{a, ) =0==d (T, Ty) = 0.

A wotivalion for the study of such class of mappings will be given in the
pext paragraph. Now, let us denote

(i) Fo(Yn, Vo) = {T & I'(}Y", Y} T has the property (@)}
(ii) Z = F (R, RY).

A partial characlerization of the class Fo (Y7, Y1) may be given as
follows
Theorem 3.1. For coery 1 € Fo (Y, ¥Yv) there exisls a mup

(3.2) v T (@) € 4, Ya = Y,

such that
(3.3) T (ra) = [T () ()] Ta, Yo = Yo, Vi€ RS,
(3.4} T () Oy = T {ua) (0 T {e) (w). Yesltr Yiu € .

Proof. Let » €Yo 5 & R he fixed, Sinee d (or. @) = 0, we mausl
have (by hypothesis) d (7 (he), Tay = 0. By (2.14), there exisls a unigue
yw o= RS, such that T () = pwle. Let us put 7 {x) (1) = . Clearly,
(3.3) holds. furtherore

I8

V7% () (1)

fll—k

(fros (3.5)) X (hp)y = T (2. (i) = [T (wx) .
(2 () ()} T, and on the other hand (again
&) (re} T2, From these two equalitics, (3.4)

Q.11

] T ()
from (38W 1 (Lur) =
follows al once.

Another imporlanl class of mappings is the following

Definition 3.2. A mapping T € F Q7 Y} is suld 1o be monolone
increasing (resp. decreasing) if
{3.9) oy € Yr g y=Ta g Ty (resp. Tw = Ty).

Lemma 3.1, Let T e F, (Y2, Yr) be nonotone increasing (resp. de-
ereasing). Then, T (&) € 2 is also monotone increasing (resp. decreasing)
Jor cvery @ S Y '

Proof. Evident.

Let us indicate by £, (¥, ¥») the class of all 7' € Iy (Y, ¥2), such
that {T*(xy; @ & Y} ={T7}, e, the family {7 (@); @ = 37} 18 inde-
pendent of @ € Yx. Therefore, Tor every T & Ir, (Y=, ¥*) we have
a) Toa)=T"() Te., Yo €Y¥r, Vi & B by T*(ng) =17 ()T ()

Yr,u e RY .

Lemma 3.2. [5]. Let [ € Z be sueh that a) fOw) = fOIflp), Vi, u €
€ Rk 5 by [ is monolone increasing {resp. decreasing). Then, there eaisls o
p =R, (resp. p € RB_), such that f =1, vie R .



- MTHALI TURINICI G

Proof. Let us put po In[f(e)], e (@) e T is simply 1o verily
that f(e") — ¢, for every ralional number » = Q@ 0 B . Lt o = i he
an irrational number. Then. there exist me N CRO R s,
" o i S ot s
meNCQn R}, such that ry <r <. <1, <. <2 < ... <5, <
w8y < g, and limr, = dims, = . By hypothesis, this implies e g
=@ M —
= f((.’_") = P, Ym e N (l'C.‘:’]). e = f(t‘:‘) = P, Y < ;\"). PCI'[‘()l'nlil)g
the limit as we — oo, we et fe") = et Therelore,

F) = f(em) AT i

i.,-.

f.pm[

neows (p € R) if

(3.6) T () =22 Ta, ¥r = Vo,

Theorem 3.2. Let T = F (Yo Y*) be monotone  increasing  (resp.
decreasing). Then, T is p-homogencous for some p = R. (resp. p = R_),

Proof. Is a simple consequence of the above results.

+. Reeall a lixed point result established i [6].

Theorem 4.1. Let (X, d) be a complele metric space and let T = F (X, X)
J = P, be such that

(4.1)

3 2
¥i e K.

dir. y) < t=>d (T, 7y) < f({)
Then there exist z€ X and =z = I'(X, R)), such that
e &€ X5 o= Tw} = {2}

A{Tr o, 2) < /W), ¥ > o), Yo N, Vo & X.

Definition 4.1. .1 mapping T = F (Y, Y») for wich (4.1) holds is

called « nonlinear projective contracltion (abbreviated n.p.c. )
Remark 4. 1. If T is a n.p.c,, then T € F (¥, 1),
As an application of this result, we have
Theorem 4.2. Let T = F, (Y, Yr), [ € P, be sucl that

{4.4) T is monotone increasing
(4.3) T () {et) < eV, Ya = Yo, Vi, Lt = 1
(4.6)  the set Y (I} = {g € ¥Yn; ag < Te¢ < Bg, for some (x, B) = D}

is not emply ;
Then, there cxists a map

(+.7) gog=U(y =¥l Vvyge¥ (T

and a map o = (Y (T), K.). suck that

(+.8) Tg) =T (@QMWIT(Dlog Vr e R, Yg Y (T)
(+.9) meN, tzo(@)=),T"(g) s¢ < gy, I ()

Q.LE.D. |
Definition 3.3. .1 mapping T = F (Y, Y*) is said to be p-homoge- |
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e osome 1, o R ‘
(o Proof. 10 is shuply Lo verify thal from (+4). (4.3) and (3.4) we get
(1) de T s napee Now, let # < Y2 (1) be lixed. As (-i~.1)’|_1()1d~;.‘ we
vl T o= FYEY. ¥ by V() Fafll T lly
Yo oo Yuo Clearly. Uy osatisfies (K1) too; so, theorem b1 s applicable.
. " ¢ i i "1, g (g = the same
ol us put g — U () — the (unigue) fixed pu’n'lt. Ui‘ e gg) w
.[,i in llllcm'(-m 1. and leb us remark that 7= P (Y, Vo= 17071 ()
T, T (). (Tor some w, < HY), Ymr s N7, Combininge this with (+.2) and
" =) e = “
(+.3) the conclusion Follorws. i Q.E.D.
' Remark 4.1, Suppose that both (1.4) and ({.9) are replaced by

Deline 1. = 17 (Y.

L b T s monotone decreasing
(4.5) T () (¢f) 2 e~ Yo € X Vit e R
Thon. the above conclusions (4.8) and (1.9) are still valid.

Corollary 4.%. Suppose n, = B is a [fived point of the map 7. —
) o T () (1) Then. lwgde Y is a fixed point of Tie T (2 8)=20 4
Proof. Exvident {frem (1.8)).
Theorem 4.3. Let T = F (Yr. ¥y p € [0, 1] (resp. p E’__l -1 o)) be
sueh that a) 1 is monolone bicrcasing (resp. deereasingy s b)Y T s p-honmio-
gencons 3 ¢) (4.6) holds, Then. there exest a nap

(1.10) g g =V (g) =Y. e &Y (T)

(Yo (T). R.

T =4

moeE N2 ()=, Tr(y) < ¢ < ™o, To(g)
{for some ., = W)

Proof. Deline f€ P by f(y=Ipl.t. VI < I, Iy, th
1.2 is applicable. On the other hand, the mapping 7 ~ T (r_f) Hg]’/." l.m‘;
a {unique) fixed point 2o = 2o {g) = [I| T {2) [ Ha=m Y = ¥ (1'), i.c.
corollary b1 is also applicable. . . . Q.]':.‘.l).

3. In what follows, a distinet class of mappings will be investigated.

Definition 5.1. Let (X.d) be a metric space. A mapping fer EX,_R)
is said 1o be lower semi-continuous (abbreviated ls.e) on X if {x = X
Sy € 1l is d-closed. Vi € R. _

A fandmmental result used here s .

Theorem 5.1. [2], [3]. Let (X, d) be a complete metrie space and et
T el (X.X)fe F(X,R) be such that

). sieh that

Ve e Ya(T)

and ¢ map s = F

(£.11)

(+.12)

. Cleariv, theorem

(5.1) d(Tw, v) = f{&) —f{Tw). Vv & X
{5.2) fois Lses o X
(5.3 inf {f(x); @ & X} > —=
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Then, (v € X; =T} # O.

Definition 5.1. A mapping T = F (Y7, Y7} is said to be an I-mapping
with respect lo b € 1 (Yr, RE){f
(5.4) b(Te)e < Ta < S{r)w, Vo= Xr

Definition 5.2. A mapping o = F (Y1, R} is said to be g-ls.e.
(¢ =Y if {0 €Y7 9() = 1} is d-closed, V) = R.

As an application of theorem 3.1 we have

Theorem 5.2. Let T € F (¥Yn, Yu), & e F (¥, R}) be such thu

(5.5} T s an I-mapping with respect fo ¢

{3.6) the set Yn (b) of all g < ¥V such that a) o is {-homogeneous on
Vi ode, b Qa) =d(@), Yo = Y2, e R b) b s g-lsc. s ) inf {d (a);
a = Y4k > 0, is not emply.

Then, there exists a map
(5.7) g~ Ulg) 1 (15). ¥g €17 (9)
sueh thal
(5.8) Tr= | Tzlls]. 2 Vo= Ulgh VYo=Y ()
Proof. Let ¢ = ¥» () be fixed. From (3.5) we get T = F (Y. Y3)
Let Vi, & 1 (V7,71 be defined by Vi(a) = Taf Tl Va = 1, and
let o = P (Y%, R) be given by ¢ (#) = In [&(2)]. Yo e }; . Cleariy. (3.5)
and (5.6) (a) imply d (1 (@), @) = d (Ta, a) < 9{x) —2(Tr) =9 (2) -
— o (T, (¥)), Yo €Y1, ic, Vo salisfies (5.1). On the other hand, from
(5.6) (b} + (c) it follows that o satisfies (5.2) 4- (5.3). So, theorem 3.1 is
applicable. Define U (g) = {r € Y5 ¢ = 1y (@)}, Yo = Y ({¢); obviously,
(5.8) is satisfied. Q.E.D.
6. In this paragraph, as an application of the above tlicorems. an

cxistence and uniqueness result concerning a class of Volterra functional
cquations will be presented. Firstly, let us denote

i) J = {2 = Il (R); «= intervalj,
i1) M, = C(EAR)™), M= C(E (R})") (the sct of all positive
(vesp. strictly positive) continuous » X n matrix functions),
For every @ = (@1, &) < (R))", and p & R® denote
i) a? = (al ,... a7).

Let o = F(R.,J) be a given mapping. For the sake of simplicity
we shall denole hencelorward

iv) o(t) =1, vt € Ry; ¢ (R) =R,

(6.3)

(.)E] '\‘IE PROJECTIVE CONTRACTIONS Lardi}
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Let us indicate by IT the class of all (hyp).h = F (I x E, . R",

p e (Y7 RY), such that
{G.1) Ve e ¥a, the map =k (1) is in Y,

(6.2) vy Y, oy LS I, =k (.1‘,7)"‘” £ h (y,-'t)”‘-"-‘,

ce¥Yr teR, e Ri=h{w £ = 1 (2. 0).
Now, let 4 € MY, (hp) = H. be fixed mappings. Consider the fo-
llowing Volterra functional equation
{
(6.4) x(t) = RA (¢, s) [A (2, $)pE ds, vt e R,
'U

Theorem %.1. Suppose that

(6.5) sup {p(a);ae =¥} =¢ = Jo. 1]
{6.6) there exist B & M2, g€ ¥ ), p € R? such that
a) 1B < A4 = ub.
1
b a(ty = RB (1, 3) [h (g )@ ds, V1 = R..
]

Then. there exist g € Y& and ¢ = R . such that

(6.7) g 1s a solution of (6.4).
c L . B
{6.8) the sequence of succesive approximations {@w; M < Nie Y3,

!

e () =g(t) Vi S B @an(t)= S A (4, 8) [k (2 > $)PEmds,

0

vi € R, , has the property hy Tm < & S @™ 5, (for some hn SRL),
Ym = N, Ya 2 .

Proof. Let us define 7' = F (Y, Y} by the right hand of (6.4) and
fePbyfiy=q.t, VEE R, It is cvident that 7' is monotonc mereas
sing and that T € I, (¥, ¥*), with 7" (@) () = 27, Ya € Yn, Vi= RS.
On the other hand, the map » — w . 27® has a unique fixed pomnt, Yu €
= I, Yo € Y. Therefore, theorem b1 as well as corollary +.1 arc ap‘ph-
cable, and this completes the proof. Q.E.D.
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VIMOST TANGENT STRUCTURES OF ORDER £ ON SPHERES
BY

Jo L. ROSENDO and Po M. GADEA %)

$1. Introduction. The almost tangent slructures of order &k arve
polynomial structures ol the tvpe JH1 = 0. which appear as a generaliza-
tion of the usual ones of first order (Clark-Bruckh cimer [1]).
Those structures were introduced by Eliopoulos [+ ].

We approach the problem of existenee of the almost tangent struetu-
res of order k- on sphere S¥. Conerclely - in §2 we give the strictly necessary
Jefinitions, used in this paper. In §3 we obtain in a constructive manner
a structure of order 6 {type Ji=0) on sphere 87 by using the distributions
of veetor fields on this sphere. There is only a similar case of existence in
the bibliography ; coneretely. for §* (Clark-Goel [2 1)

Finally, in §+ we give restlts concerning obstruetion to the existence
of such structures on S+, We finish with a theorem that gives a negative
answer to the question, excepl in the cuses n = 3, 7.13. Thus it is an open
problem the existence of structures of the type J* — 0. J* = 0 on S

Thus we solve the question, proposed by Clavk- (toel [ 2] for
spheres 5%, 3n £ 1 (mod +). concerning the existence of almost tangent
structures of sccond order,

§2. Definitions. [Lct M be a (M + 1n-dimensional differentiable
manifold. A G-structure with group of matrices of the form

(I}
Ay ereeree ity | 54 SGL(LR)

will be said an almost tangent structure of order k.

We will say M is an almost tangent manifold of order k if such a struc-
ture is defined on M.

As it is known, a necessary and sufticient condition for a manifold
M the dimension of which is (& + 1) n, 1o admit an almost tangent structure
of order k, is the existence of a (1, 1) tensor field with constant rank kn,
and such that J#+1 = 0.
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