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ALMOST TANGENT STRUCTURES OF ORDER & ON SPHERES
BY

J. L. ROSENDO and . M. GADEA *)

§1. Introduction. The almost tangent structures of order k ave
polynomial structures ol the tyvpe J#+1 =0, which appear as a genernliza-
tion of the usual ones of first order (Clark-Bruekhecimer IRERE
Those structures were introduced by ¥liopoulos |4 ].

We approach the problem of existence of the almost tangent structu-
ves of order i on sphere S¥. Conerctely : in §2 we give the strietly necessary
Jefinitions, used in this paper. In §3 we obtain in a constructive manner
a structure ol order 6 (type J7=0) on sphere 8* by using the distributions
of veetor fields on this sphere. There is only a similar case of cxistence 1n
the bibliography ; conevetely. for §5 (Clark-Goel [ 2 1. -

Finallv, in §+4 we give resuits concerning obstruction to the existence
of such structures on S*, We finish with a theorem that gives a negative
answer to the question, except in the cases n = 3, 7.15. Thus 1t 1s anopen
problem the existence of structures of the type J# = 0./ = 0on Sv, ‘

Thus we solve the guestion, proposed by Clav k- G oel [ 2] lor
spheres S, 3n 1 (mod ). concerning the existence of almost tangent
structures of sceond order, _

§2. Definitions. Lct M be a (b 1)n-dimensional differentiable
manifold. A G-structure with group G of matrices of the form

B P 0! s 4, =Gl (n.R)
will be said an almost tangent structure of order k. ‘ '
We will say M is an almost tangent manifold of order I if such a struc-
ture is defined on M. )
As it is known, a necessary and sufficient condition for a manifold
M the dimension of which is (& + 1) », to admit an almost tangenl structure
of order k, is the existence of a (1, 1) tensor ficld with constant rank kn,
and such that J#+1 = 0.

*) These authors work has been supported by u fellowship of C.8.1.C. (Spain), nnd
ME.C,
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§3. An aimost tangent structure of order 6 (J° = 0), on §°. Let &7
be the sphere in R*; and let N be the wnitary normal veetor ficld on §7,
If @ = (2, a® x, ..., 2%} is a global chart, N ean be expressed by N (i) =
(&, a°, a1, ..., a®).
87 is parallelizable, then it admits a global basis of veetor ficlds. For
instanee, a globally orthogonal onc is given by :

o (T) = (—a, &, &, —&, ¥, —a’, —af, a%),
Ey(2) = (—aY, —a?, 2, a° a5 a5 —a% —a1),
]f_:'l (T) & (_"BE’ al, —z° a, af, __ivss ied, __mtl) s
Ey(x) = (—a®, —at, —a%, —a% @, a°, !, aY),
Ei(z) = (—ad, 2% —af, &% —a°, &, —a?, @),
E (o) = (—a% 2% x¥, —at, —a, a2, z, —a),

)
E; (@) = (—a® —2% ai, 23, —a%, —2b, @, T)

Proposition 3.1. 87 admits an almosi tangent structure of order siz.
In faet, the structure is defined in the following way :

JE, = Epy i =0, 1, ... 5: JE; = 0.

Remark 1. Clark-Goel [2] deline a second order structurc on
the sphere S

§4. Obstruction to the existence of almost tangent structures on spheres.

Lemma 4.1. A manifold M of dimension 2n, such that X (TM) #
& 0. H (M ; Z) = 0. docs not admit alinost tangent structures of first order.

Proof : The fact that an almost tangent structure of the first order
1s an extension of an orthogonal one, is known. (Clark-Brueckheimer
(1)

It a manifold M, with dimension 2a, admits a structure of tvpe Jt = 0,
the tangent bundle 77 splits in Whitney sum of two bundles 7. i =
= 1, 2, with dimension n. (M — T, @ T,). Then, by Whitnev’s theorem
for the Fuler class. we have

X(TMy=XT,u XT,.

In addition to this, X7, and X7, are clements of I» (M : Z), and
therefore, null.

Corollary 4.2. No connccted oricntable manifold of dimension 2n, and

verifying H* (M ; Z) — 0, admits almost tangent structures of first order,
if its Euler characteristic y (M) is not null.

Proof - In fact, in these conditions {(sce Deheuvels [ 3]) we have
X = y.p, u being the fandamental ecohomolopy class of the manifold,
weH= (. Z),

Lemma 4.3. The existence of a structure of the type J* = 0, on a mani-
Jold M, of dimension kn, cocarries « chain of distributions in the tangent
bundle with respective dimensions n, 2n, oo (F — 1n,

Proof . As it is well known, the endomorphism J,: 7,0 — T.M, in
a point » =M, is lincar, Las rank (& — 1) », and verifies J* = 0. Therefore
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Proof . Keeping in mind remarf 2. 0t is  safficient 1o prove
S does not admit stractures of the tvpe J¥ =0 {order £ — 1),

St s paracompact and therefore if it would admita structure JE=0,
its tangent bundle could be split as Whitney sum of Lwo bundles  with
dimensions » and (K —1)n respeclively, (78« = 7', @ T oyu: T, heing
the first of distributions in the chain, according o lemma £.3).

On the other hand y (S%") = 2. and by usine the property  of Fuler
class with respeet to Whitney sum, we have :

.\- 1‘ ’I‘Sl ") '\- ij‘" @ ,[".': = Jlrr) - ;\' 717; V] .\v .’!1{.1

where U denotes the cup product,
By the consideration made in 1.2 it results

that

N(TS) =y u =12 % 0.

However X7, and X7T,,._,, are null beeause they arve elements of
{0 (Skn) and [0 (%) respeetively. This et contradicts the conside-
ration.

Propesition 4.6. 57 does not admit almost tangent structures if n is prime,
different of 3 and 7.

Proof : In fact. it could only admit almost tangent structures of
type Ju = 0; and this would be equivalent to the existence of n-distribu-
tions of tangent 1-planes; that is:: S wonld be parallelizable ; but
it is known that this is true only for §1 (where we cannot speak about Jt = 0),
and for §% and 5% The existence of almost tangent structnres on these
spheres has been proved in a constructive manner.

Lemma 4.7. (Steenvod [ 7] ). On Sn, with n = 2 (25
s > 0 a distribution of tangent q-planes for g wverifying 2w
does not erist.

Proposition 4.8. T'he sphere Sv, with no= 2 (25 ~ 1) — 1. does not
admit almost tangent structures of any order.

Proof - Suppose 87 admits a structure of the type J4 = 0. By
lemma 4.3 there exisls o chain. the clements of which are distributions of
Anfk-planes: 7 — 1.0 1. (Note that a/k is an inteser).

We try 1o prove the existence of an integer 7. such that g — 7. n/k
is in the conditions of the last lemma. We will thus prove the non existence
of such a chain of distributions and. thercfore, the nunpossibility ol the
existence of a structure verifving J& — 0 on S7. In fact,

1y —1: m,
= g on =2

Mgy .-“ B 2m (2 1) —1 L= 2wy — 1
ll.
. k. om 2 s ko —
thal is: - -- g — o :
23y - 1) — 1 (25 1) —1
Since 7omust be integer, ils inteper least bound is
b, o2m , . "
. -1 where | denotes the | integer part”.
IRy 4 1) —1
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greater than the one carried by 8, then such a structure does not exist.
The inequality is :
w AL |
J —1 <. ——,

I /1'

In particutar. the most convenient case 1s 7 = [§/2] : which is (by reasons
of dimension) § — (b — 1)/2.

The last expression can be reduced o

m f—1 2w 1
Il < ==
ot / u

218

gr g

By using the argument made in L6, and again considering reasons of di-
mension, we can suppose & = 3. 8o, il s verified 203 g (A 1)k
Then, we only must prove :

220 4 1{;[31—2
4
. <

2w

In fact, keeping in mind [mf4] = (m —¢) [+, the various values of ¢, and

several simplifications ; the iast expression is equivalent to :

G{m —¢) b h =2 —3; where F =0, 3, 9, 9, when «

¢ =0, 1,2, 3. The last expression is Lrue for m = a.
We conclude with the (ollowing

o

o

is respectively

Theorem 4.12. a) The sphere S* docs not admil almost tangent strue-
tures of any order, cxrcept n = 3,7 or 19,

b}y S% admitls an almost tangent structure of order two (J* = 0)
¢) admits an almost tangent structure of order siz (J' = 0).
S could only admit structures of the type J? = 0, J* = ¢,
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ALMOST QUATERNAL STRUCTURIS
BY

V. OPROIU

1. Introduction. The afniost quiternal struchures are 1(:' .L_;lrucl'_{ur}m tﬂt\)(t}'
whiclh the structural group is GL(m, H). S})H-} “‘h(f!‘l(_:l ('-Ltl'-’i’ts' (}wi:crni-
lincar group of the m X m nondegenerate .11111:1-1.(-.(:5 wl :‘i (.nilt( u.l{c;‘ni”ns‘
ons and Sp (1) = SO (3) is the (ln‘lllilph(:lll‘l\ ¢} group n“ s i111l()':t e
If the structural group 1s onty L nffn_. H), we obtam “i 1 n s.tmlu-;-ur(w;
nion structures. The ahuost quaternion and almost qus ({lln:l il e
were intensively studied in tiui‘: l“?; _\-cnl;;s. ';Ch{]f(:imgnl\t]:: \-ll-]:;(-lt\‘u.-ul n'r.:)up

© exist Kachlerian metries for them [1, 3. 4], 1. Ahe SWHELERE 51001
tisl;l(;'lltﬂrltlu:r reduced lo Spim) or to Sp[m.). Sp ) zm(l_ll .1.5 .slzllia.i I(C)(tl 1;1(‘:’“5
plementary condition, In 1hiis pnp;zlr we !“:C“;,l :(11 \l\mﬁ]{}lfﬁcﬁ (:l(;n'\vml e

4 guaternal struetures from the poml of view o wener: 0T
2]1‘0(?-8?1‘113:t111'cs. The first ln'(:hlcm.t()uchcd is that of llli’i(!{._{;‘f!l)aitl-lg‘:]. I{goll:tlﬁ
for the almost quat'crnul connections, we 01)1:111.1. tll?‘ (J.;h ‘Hm]'lct sm R
grability given by the structure tensors of this strue mc ‘t ;
that the first structure tensor 1s the Llwrn-Bcrnzufd invarian e e

It is known that the integrable almost quaternion structt.u es (-utcr;ﬁon
nely flat, i.c. the manifold which carries an 1ntc;:l'1'ul.)lc alm'(?s]tltllmlleml‘o}d
structure has an atlas delining its structure of difterentiable m

- affi wordinate transformations. N
" rl“lﬂlllf tc\o;}:élll example of integrable almost quaternal structurc 1s that
aterni ojeclive spaces. : )
g U](‘:l.q]l;g;'?:l?tli(()llrllsl);zﬁccalgebr;. Let H# be the m-dimensional u{fght i::::{:;-
dule over the quaternions H. s clements are columlﬁ; (:ll ’m -(l[u(?u(l.lﬁc s
If we think H as a veetor space over the veals R;:: . li_ui,ln it an .
presented as a ani-dimensional real \:cctcln' ;s];ucf R,h _ iil.‘s-_()] 0w s?.” et
= (g1, q7) = Ho where ¢* = ub o dob o gat bl b= Lo 03 B4 U
the standard units of H. If (U = (u',.. u™), I = (t_' s U )s tA'hCll l‘(e ’=
vy @), 1Y == (yY.., y), where i denotes the t1'i§ns.po>',1\t‘1t()n-, S
=t itV 4+ X - k'Y and the corrcsp(')n‘di’n% _vee ov ..c; s
(u!’_"’ TN 7.4'1,.-., um, .'l-'l,..., xm, yl,“_, yl:;) — (‘U, ‘Il, “%__ ¥ )’ CO;]"Z.IT( ?1?(mfltﬁ‘{
column. The lincar group GL (m, H) acls on H» from thcl lc ; )L\ ; ‘; o
multiplication while H acts on H” {rom ‘th‘c right by the lﬁud \g,mo”i.\i; X
multiplication. The resulting action of GL (m, H) and ol gives ¢



