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A nonempty subsct 4 of a semigroup S is called generalized left semi
(abbrm'iation g.ls.) idenl iff 24 C A for every a< §S.

e In [2] the first author has shown that every left ideal [$4 C 4] is
a alwavs a g.l.s. ideal but the converse is not truc [2). Also with the help
of this notion, in [1], [2] the first author has characterized regi lerity of

259 s semigroups and formulated a number of criteria for determining W hcn
243 a semigroup is a group or when a scmigroup is a semilattice of groups.
The purpose of this paper is to study some new  propertics .of g.l.s.

s ideal, to define generalized simple semigroup and to obtain criteria when

4 commutative semigroup will be generalized simple and when a group will
be generalized simple group.

1. Let 4 be a nonempty
Then the colleetion of all g.s. ideals of
L 8 itsclf is a g.s. ideal of 8 containing
ideals of S containing A is also a g.s. ideal of
the g.s. ideal gencrated by A.

Proposition 1. f 4 is a noncmpty subsct of a commutative semigroup

then S U A is the gencralized scmi ideal of § generated by «, where
= {z¥re S}

Proaf. Obvionsly S u .1 is a generalized semi ideal of S. Also let
R be any other generalized semi ideal of § containing 4. Sincc 4 C R so
SACR. Thus S4 u A C R. So S A u A is the smallest generalized semi
ideal of S containing . Henee the proposition. )
i In Example 3 [2] we found that a group may contain i
semi idcal. Regarding groups we can prove the following proposition.

Proposition 2. Let 7" be the collection of all principal generalized semi
deals of o commutative group G; then T 1s a partition of G.

T ={Ga|a G}

subsct of a commutative scmigroup S.
S containing A is nonempty since
1. Now the interscetion of all g.s.
S containing 4. It is called

S
S
goncm}izcd

Proof. Let

bviously any clement a of G belongs to Gr i.c. to some member of T.
50 any two members of 7' are disjoint. On the contrary, if possible let
4 N (_70—7‘: 7 Let x = Ga 1 Gb. Then there exist g, g: in G such that
=gia=gb. So
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: Proposition 5. .1 commudative semnigrowp S will be sencralized simpie
2 4r —1 H - . , g
o gt gt bom (g0 0,)2 hE Gl iff for cvery a in S we have Sa=AS.
T . o ~ : 2y ot us first s s that S is ralized simple and a< §.
Thus, Ga = Gb. Similarly Gb © Ga. Henee G =G, Proof. L"t us first suppose that .5 1s genera |_/‘u1 ssn'q tati
: - 4 n2ge Sa. Then for any = 8. yrate = (yr)* @ (D1 ' is commutative
Thus any two members of 7' are cither equal or disjoint. 1lenee 7' forms Jeb 7 Sa. Then for any ¥ 2Bl (# J‘u (Sinee § m : )
a partition of . Let L. B b> two subscts of a semigroup S such that e Se. 5o § als a generalized seni-ideal of 8. Hence Se = 5 sinee o 18
A is a generadized semi ideal of B and B is & generalized semi ideal of g[’"(“'”l""“l simple.
8. Then .4 may not he a generalized semi ideal of 5. We now prove the Conversely let Se =S8 for every @ m S. Let o be any generalized
following. cemi-ideal of § and a € s Then S SecdecS. So8 = 4. Thus §

Proposition 3. Let o, I be two subscts of a semigroup § such that
42 — 4 and A is a left ideal of B and B is a  gineralized left semi ideal
of S. Then A is a generalized left scmi ideal of S.

contains no proper veneralized semi-ideal. Henee the proposition.
Proposition 6. A semnigroup will be @ group if it s generalized  simple.
Proof. Let 5 be a generalized simple semigroup. So 8 is also simple-

Proof. Lot @ & 4. Now sinee 02 = A so @ = auwt. Where @y, @ S 4 i : i i i :

A o L » 2 ] £ is known ([81. p. 142) that every sim le semigroup is a group. Hence
Let ‘eb. Then a%a, = B since @, < A C B and Bis a gls. ideal of ' ];u?; -1, trrc:up. (3)1 ) y P group grout

S. Again since a, € A and A is a lcft ideal of B so: : eont

The converse of the above proposition docs not hold in general. i.c. a group
may not be generalized simple, and this follows from the following example.

epample 4. Let R be the set of all non-zero rational numbers. Then R
is a multiplicative group. This group R is not generalized simple, sinee the
sel & = {2 r = R} is a proper gencralized semi-ideal of R.

@t = 0 (dyits) = (@%,) @, € A.

Thus 4 is a pgls. ideal of 5.

Let A, B be two subscts of a group G sueh that A is a g.ls. ideal
of B and R is a wls. ideal of G. then in gaieral A may not bhe a gls.
ideal of €. This fact follows from the following example.

svample 1. Tet G be the group of all integers wort, addition, Tlen
the subset B of all even integers forms a generalized semi ideal of . Now
the subset 4 — {+K | K is an integer} of B forms n generalized somi ideal =
of B. But .1 is not a generalized semi ideal of G sinee 4 & A and 1 €6
but (1 4+ 1) +4=06¢& . .
Proposition 4. If 4 is a g.l.s. ideal of B and Bis a gls. ideal of the 1
group G then A is gls. ideal of G iff B — A (the complement of o in B)
is a gls. ideal of G. -
Proof. Tt is given that 4 is a g.ls. idcal of B and B is a gls
ideal of G. Assume that B — o is a g.ls. idcal of G. It is known (1}
that in a group, the difference of two g.ls. ideals is also a g.ls. ideal. Now
4 =B —(B — A). Hence. from the above result. we find that 4 is &
g.ls. ideal of G. The converse follows from the above known result.
2. A semigroup S will be ealled a g neralized left simple iff § is the
only generalized left semi ideal of 5. A generalized right simple scrigroup
is defined analogously.
A semigroup which is both gencralized right simple and gcneralize
left simple is called simply generalized simple.
Example 2. The scmigroup S = {1. w, w'} where ® =1 does nf
contain any gencralized scmii-ideal other than S itself. So & is a generds
lized simple semigroup.
Ezample 3. Let R De the sct of all nonzcro rational numbers. The
R is a multiplicative group. Since R is a group it is simple but I is n
generalized simple as B is a g.s. ideal of R.
In example 1 we find that § is both simple and gencralized simp
semigroup but in the second example R is simple but not generaliz
simple semigroup.

Proposition 7. commistative group S will be generalized simple iff

Prof. Let 8 be a gencralized simple group. Obviously § is a gene-
ralized semi ideal of . So 5. 8. Next let S S. Let B be any proper
gencralized semi-idcal of S. Then either 1= R or 1€ § — R where 1 is
the identity elemont of 8. So either SCRor SC 8— I since B and
§— R are both gcneralized semi ideals of &. Then either SC R or
§C 8-~ R both of which arc impossible since I is a  proper subset. of
S. Thus & contains no proper generalized semi-ideal. Henee the proposition.

Proposition 8. A finite eyclic group § will be gencralized simple iff
its order is an odd integer.

' Proof. Let 8 be a eyelic group whose order is an odd inleger .
We shall show & =5.

Let $— {1, . ... @™}, a"= 118 the identity clement of §. Suppose
a' ko (i==j)lsi.jsn —1, we shall show af == e If 2{.2) <n
then obviously @' s+ @ since 155 . If 9 < n but 2j >n. Then 2i 5= %) —
— o sinee 20 is even but 2j —n is odd. So @*' = e If both 2i. 2j >n.
Then 2i —n # 2j —n since @ # @*=" == ¢*~". Thus S conlains n dis-
tinct clements of S and S also contains n clements. So §=45. Henee by
proposition 3. % is gencralized simple group.

Conversely, we assumce that §== <a> is a finite eyclic group which
is also generalized simple. So by proposition 8. we have S S. I pos-
sible, lot the order of & be an cven integer 2r. Then @' =1, Now e’ 8§
and 2" = 1. Also 12 =1. So ¥ =12 So the number of clements in &
8 less than or cqual to 2r—1.
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‘ Henee & C 8. which contradicts S = 8. So the order of 8 i1s an odd
mteger,

“From the above proposition we find that a cyclic group of cven or.
der is not gencralized simple. Regarding the eyelic group of even order
we have the following proposition.

Proposition 9. Fvery cyclic group of even order has two generalized
semi tdeals.

Proof. Let S be a eyelic group of even order » generated by g, Then
S = {1, gy oo g"7 Now Sy = {1, g% g% e g™ ) and 8, = {g, g% ...,
g"*} arc two gencralized semi-ideals of S. Thus & contains two genera.
lized semi-ideals. Next we shall show that these arc the only generalized
semi-ideals of §. If possible lct .1 be any other generalized scmi-ideal of §
Then cither 1 & A or 1 & . If 1 & A, then . contains all the elcmcnts'
of 8., and no clement of S, Beeause if any onc of the clements of §
belongs to A then A coincides with & which contradicts that 4 is a prope;
gencralized semi ideal of 8. So if 1 € 4 then A==85,. If 1 € 4 then 4
does contain any clement of S, and contains all the clements of §,. So
A =8, Hence the proposition.
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ON WARD QUASIGROUPS
BY

JAYME MACHADO CARDOSO and CLOVIS P. DA SILVAY)

The purpose of the present note is to solve a problem suggcs.ted in [2]
which is concerned with the structures of quasigroups and groups In & same

set.

Definition 1. A sublractive groupoid isa groupoid (G,0) which satisfies

the avioms:
(S1) ac(boc) =co(boa) for every a, b, ¢, in G,
(S2) aof(bob) =a for cvery @, b, in G.
Examples. The sct Z of integers with & oy =2 —y. The set Q" of
different of zero with @ oy = 2/y.
and y are elements of a subtractive groupoid (G, o) then
Frox = y o y.
Proof. rTox :t:-':n(.’vo(yoy))_-(yuy)o(:zoa:)=yo_j,
Theorem 2. If (G,0) is a subtractive groupoid, the element T=2 0
for cvery @ €G, Is @ right identity in G.
Proof. By (§2), aofzor) =a
Theorem 3. If a,b,c.d are elements of the subtractive groupoid (G, o)s
{aob)o(ced) =(a oc) o(bod)

(@ob)e(cod)=do(ecola ob))=do(boflacc)=
— (@ oc)o(bod)
Theorem 4. If i is the right identity of the subtractive groupoid (G, °)
then

rationals
Theorem 1. If »

then
Proof.

(1) io(aob) =boa, for every a, b in G,

(ii) (aob)oec =(aoc)ob, for every a b, ¢ in G,

(iii) (@obyoc =ao(coli o b)), for cvery a, by ¢ in G.
Proof.

(i io(aoby =bo(aci) =boa

(i) (aeb)oc=to(cola ob))=io(bolaoc))=(aoc) o b,
(it) ao(co(iob))=a.o(bo(ioc))-——(ioc)o(boa)=

—(io(boa))oc =(aob)oc

*) This paper represents a perlion of the second author's MS thesis written under t‘he
pervision of the first author, submitted at Upiversidade Federal do Rio de Janciro (Brasil).
uring the preparation of this paper the second author was supported by CAPES.



