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HOLOMORPHIC SOLUTIONS OF LINEAR TOTAL DIFFERENTIAL
SYSTEMS AT A SINGULAR POINT

BY

DAN PETROVANU

§ 0. Introduction. The prohlem of holomorphic solutions of total
differential equations at a singular point was first considered in two papers
of Tokui Sato [18], [17]. where this problem was investigated in the
casc of a scalar total differentinl equation of the formudz = P (u, v, z) du +
4+ u@ (. v z}do. where P and @ are holomorphic ot v =v =2z =0.
But. to our knowledge the lincar case, which is so rich in 1esults for ordi-
nary cquations. was not yct investigated for total differential systems.

The purpose of this paper is to establish total differential analogues
for some known results of the theory of linear ordinary systems. (For infor-
mations conccrning ordinary systems wesendtoP. Hartman [12], Cha-
pter IV andto M. Hukuhara, T. Kimuraand T. Matuda [13]).

The statements and proofs are closely related to thosc of the papers
of Harris, Sibuyva and Weinberg ([11]. sce also [10]) and
J. K. Hale [9], with the modifications required by the trcatment of
total diffcrential systems, In other words, the method of bifurcation (deter-
mining) equations is applied to prove the existence of holomorphie solutions
at a singular point. (This method, which has proved to be successfull in
the study of a lot of boundary value problems for ordinary and partial
differential systems is usually called the Cesari -Hale method.
he reader interested to get a decper knowledge of this method, as well

further references. should go to [2], [8]. [7] and especially to [4], [5],
[8], [9). where some variants of this method are given).

The analvsis of the (bifurcation) determining cquations is the main
oint in establishing further propertics of the solutions (Theorems ¢, 8, 4, 5
low). Let us remark that Theorem 2 is a total differential analogue to
e well-known Lettenmeyer- Perron theorem [14].

Let us also mention that we have obtained similar results in the
nlincar case, They are total differential analogues of some results of R. W.
855 [1] and W. A. Harris Jr. [10] and, at the same time, they
neralize some of T, Sato’s results of [16], [17]. These results will appear
a scparate paper. Let us finally mention that singular points of total
ferential systems were already studied in some papers, but from a quite
fferent pomt of vue and with other intentions (see, for cxample,B. Pini
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Preliminaries. Let 4 (u, v) = (a” (w, v)) beann by n matrix-valued
function and & (. ) = (' (1, ©) « ... s B" 00, v} )T an n by 1 vector-valued
funection, holomorphic in the real {complex) variables u and v in the inter.
val (,circle”) of convergenee || < g | v} < e Denote

{0.1) R (1, 0) =Y Y, ulot
o0 k=0
(0.1bis)  h(n v)=Y % hun'vts Ry (Rl s s BE)T
=0 k=0
(0.2) a (. v) =Y, Y ahinos
i=0k=0
(0.2 bis) A, v)=% Y, Aoty Ap=(af); 1o

F=0 ko0

Then. the above sevics converge absolutely (and uniformly) in

(P) lul € 8,

lUl < €,

for every fixed 3. e. 0 <& < 0,0 0 = = < pa. Denote by 85, . the Banach
spacc made up by the matrix-valucd functions (0.2 bis) whose power se.
rics expansions arc absolutely convergent in {P) and whose norm 1s defined

by
(0.3)

an L. L ® a -
Y ik
NAls.~Y%Y Y Y Vi def=% ¥ Ay | 86
J=0 k=0i=1s8=1 i=0k=0
(No confusion can arise by designating both the veetor-valued and the
matrix-valued functional space with the same symbol. In order to avoid
complication in notations, we shall drop the subscripts 3. ¢ to the symbol
norm whenever no confusion is possible).
Lemma 0.1. For every n by nmatriz 4 = S5 . and every n by 1 vector
h = 8; . we have

(0.5) ARl <AL TED.

Proof : Denoting by [EJ#" the cocfficient of w/v* in the expan
sion of the expression E*.. (matrix. vector, sealar. no matter what)
we have obviously

n”

[AR]p ¥ =% % %

p=1 qts=j r+i=k

[a]iz 3¢, [ R 17, 87
and the proof beeomes trivial.

Corollary 0.2. For cveryn by nmatriz A €8, . and cvery n by 1 vect
h, ke S; ., we have
(0.6) | AG=EE<hAh-Dh—=kI.

Consider now, for d; (i =1,.., ) given non negative intege

e
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Z d,—=d <n, for any n by n matrix 4 (u, v) € 85, (respectively for

jork
;;n,\' n by 1 vector k(u, v)e 85 ) and for a positive integer N. (N > n)
the operators Uy 1 S5 ¢ ~ 850 T8, L S5 . = 55, defined by

(Un (47 () “_f;fji‘_ 0533-—_%%; (i 8=1,..., n),
(U BY (26) 2 é_’,‘x h;a‘j—i::i T (=1, 0)
(8.-1)“(u,=:)'§g§0 ;ia aly u! k’—:ll . (fe8=1,00s )
(1) (e, v) ‘?—".‘js::u ;-nhj"‘uj }:% 5 i=1,.., n)
Then. by (0.1) — (0.5) we have
e jedet - -
Uy hllee, = X B |kl 5 dJ_ ] < I};ﬁ;—,)nhuiﬁ

=oyilhls.o < ayilhlls,. -
1LRils, e < €llRlss

n Sl—d‘-
T EN—d +1

o matter how small for N sufficiently large. Now, by (0.7}, (0.8), (0.5)

IUs (AR) (| S axll AR <axll Al N 2T=a QA
11) QMBI <clBrR<cIBI.IAl=< R,

here o, —oy {| 4|, ¢ = e|| B} are no matter how small for N sufficiently

rge(zml) z sufficiently small. Furthermore, we have from (0.6), (0.7)
)
12) (U A (R =B | < | b=kl [18B(h—k)||<e || h—Kl.

Proposition 0.3. Suppese A (v, v), B (u e S 1 ]
b Topositio PP { ) (u, v) s, . are given matriz-

A (uy U)= 'Euj,zo A.Ik w'v*, B (u, ‘U)ﬁ E Z B“- wivt,
im0 k= 0

i=bk=

eN * . . 4, . . . .
iy ;ziwtz Jized, sufficiently large, positive integer, and ¢ is sufficiently

8) ay e =ayl[ 4| + cllBj <1
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Then for every fized polynomial ¢ (1) = (9% ... » i I

N—d;

(0.14) o (1) = Y ol
Prer

there exists a unique vector-valued solution =, < S, . of the equation
z=0 4 Uy (dz) + L(B2).

Proof. Consider the operator T': S5 . = S5 ¢ defined by

(0.16) Tz=o + Uy (A2) -+ LB3) .

For any 2 ze S5 . we have from (0.16), (0.18), (0.12)

(0.15)

T2 — T3 < (o + <) iz —zl »

thus T is a contraction and Proposition 0.3 is proved.

§ 1. Solutions of total differential systems at a singular point. Con.

sider now the total differential system

(1.1) wh dzt= Y a* (u, v)2'du + uh Y, b (u, v) 2'dv, y
a=1 a=1 d

(i = 1,..., n) which can be also written as

(1.1 bis) uPdz = A (u, v) zdu -+ v B (u, v) 2dv,

‘Vith D= dia—g (dq,« dg 3 ean 3 dn) H A = (a”)i,s=1_,,n g = (z‘, e 3 z") Ty
w, v real (complex) independent variables. The system (1.1) or {1.1 bis
can be rewritten in the form

1

azf n n .
(1.1.1} utio- =8§ a®(u,v)z'  H- =.§1 bio(u, v)zt, (E=1rws )

i B
o= (#. v) 2.

]
w? o

o A (w, ) 2

(1.1.1 bis)

Hypotheses H : Suppose the matriz-valued functions

Lo
Y B, ut,

j=0k=0

@ o

Afu, v) ——--J_lek_uAuu’v"' . B(u, v)=

with Ay — {ai}), By == (b§}) have absolutely convergent expansions in
(P) lu| <3, |vl<e

(In other words, 4, B € S5 ) and suppose ¢ is sufficiently small to
(0.13). Furthermore, the condition of complele integrability of (1.1), tha
0“" n ablf
N N e e et a’t,

dv a§-:‘1 i du ! s; ’

(1.2)

holds for every (u, v)e P.
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Commentary : Inasmuch as the first th i

' : Ins as ree terms in (1.2) arc holomor-
hie. so should be the last onc. If d. = 0. it is sufficient, f()l? example, that
w9 b be holomorphic functions for ¢ = s. S

Theorem 1. Under hypotheses H, the 4 i

. . ‘ 7 ses I, the necessary and sufficient condi-
sion for the (:nmque) solution of (0.15) to be a solution of .91;.9[{{1 (1.1) is that
m,; polynonital o () satisfies the bifurcation (determining) equations (1.8)
betow. '

Proof. Let 3 (u, v) be the {unique) solution of (0.15). Then

(1.3) . 2o (1w v) = @ (w) + Uy (Az,) + A Bz),
. that 18
1 . 1 n = 441 [ o
(13.1) w (s 0)=9' (1) + ¥ [4z R Br,Ju 2
ith i=N ’ J—di+1 jgokgo[ ol k
wi
, N-d
(1.4) ¢ (W)= 37 glows
=0
(i=1,..: ). From (1.8.1) we find
. 2% (v LI
{1.5) -—*’é}——-) = Y 0" (s v) 2 (1, v)s
8=1
that is
Oz (u. v)
(1.6) = B (us v) 2, (4, v).

On the other hand, we obviously obtain from (1.8)

' 93, (1, 0) _ 7 i )
(1-7) ’u.dl 5 ok L af: 0)z* q _a_?_(ru) N—1 )

9 S_El (1, 0}z (1, 0)+us P} TR
Thus the necessary and sufficient condition for z, (%, v) to satisfy the first

oup of (1.1.1) for v = 0 (that is, anyway, a necess 1)
satisfy (1.1.1) ) is to have for of (u) . LG R

A do'(u) ¥t )
1.8) 9 (’LL,(?,N,A)'-I' u®s _%i—) - Z [AZ:;:];'U w =0,
170

i=1..,n). We call (1.8) the bifurcation {(detcrmining) ]
‘ : . b . equalions. Let
00;:3 glttlm; fulfzflmle-ntqu conditions (1.8) by o (u) is ag.lsoq:s*ufficient for ‘:S
solution of the first group of equations {1.1.1). i at
{1.8) holds, then (1.7) bccorﬁcs P ! ( SR

Az (1, 0 "
ud( _..%_). sz ai.!‘ (u, O)Z;(u: O),
U =1

=1,.., n) or

ur ?z? (,ELZ_Q

P A(w, 0) z,(u, 0).



204 DAN PETROVANU .

Now, if (1.8) hold, we obtain from (1.6). taking (1.9) into account :

7

9z (u,v) O & 0z4 (16 vy)
d Yep Aty V5 a{l ) Fl , 0 dS bis . Rl ALY
wh—— ,;, (u, 0)zg (1, 0)+u%, ’)_:: CI o ot

(1.11) . ’
+“d‘s )“: b (u, v;)

2=l w0
0
(i =1.... n). Now, replacing in the last integral w% (00" [0u) by its vy,
lue given by the complete integrability condition (1.2) we find. after regroup.
ping terms and integrating an obvious total differential :

z; (_us ‘Ul)dvli

u“;g y M-P—’)—z; (%, v,)dv, = i a (u, viz) (1, v) —
o 8=1 ou =1
(1.12) ' o
— é at*(u, 0)z5 (4, 0) —u’ S i ¥ b (16, vy)u % a" (1w, 0,028 (1, 0,)dy,,
=1 “s-1f=1
(i =1,.., n). If we introduce now (1.12) into (1.11) and dcnote

i n
E, (4, v} = u";w =y a'(u, v)z3 {u, v),

1.13
(1.13) FE )

(i =1,.., n) we obtain
L)

(1.14) E;, (u,v) =u“‘g Y w b (1, v,) Eg (1, vy} dv,, 11
b'—l s
( =1,.., n). Hence, by virtue of (1.14), Ej, (1, v) satisfics the ordinsary,
homogencous, linear system q
i n L
(1.15) ?-E"g-"”—ﬂ = uh Y, w0 (u, v)EG (1, ),
u ro= ]

(which is, by hypotheses H a system with holomorphic coefficicnts), ai
the initial conditions

(1.16) Ei(u, 0) =0, (i1, ..

Hence from (1.15) and {1.16) we get FEi(u, v) = 0, thus, by (1.18) Theore
1 is proved. _
Remark 1. The problem of holomorphic at (0.0) solutions of (I
reduces (under hypotheses H) by theorem 1 to the problem of solvabil
of the bifureation cquations (1.8). If o (1. v) can be determined from (1
the solution z, € 8, of (0.15) is a solution of (1.1). Let us only rems
that for this solution z, of (1.1) we have further u” (z, — ¢} = 0 {u®
Remark also that the coefficients of z, are linear and homogencous in't

» )
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cocfficients of o. Furthermore. by this same. the cocfficients of ¢ (#3 @3
N A) o (g g™ are linear homogencous in the cocfficients of ¢ also.

Now. we can state and prove a total differential analogue of Letten-
maver's theorem (in other words its generalization for total differential
systems), namely :

Y, & n—dz0.
i=1
Then the system (1.1) has at least n — d linearly independent solutions, holo-
morphie at w =v =0
Proof. The determining equations (1.8) arc at most 6 -~ XN = Nn
iinear. homogencous cquations in the p = X (N —d, + 1) - Nn4+n —d
unknowns oy (i =1,.., n). Henee there exist at least ¢ —o =n —d
independent” cocfficients @ly. the remaining oves depending lincarly on
them, The rest of the proof is a corollary to Theorem 1 and Remark 1.
It is now casy to sce that cquations (1.8) can be wriften in the form

(1.8.1) « N —dy).
We obtain at the same time from (1.8) the conditions
(1.17) [z, 05 = LAz )y = o = [A%,]5 0= 0 (i=1,..,2n).

The case dy =.. =d, =1, Let us mention that the nonlinear ease
of the case dy =... =d, =1 was first studied by T. Sato [16], [17],
but only in the casc of an equation. thatisn — 1. Take cverywhered, =.. =
=d, = 1. System (1.1) (or its equivalent form (1.1.1)} becomes

Theorem 2. Under hypotheses IH. suppose n

j?‘:() = [“Izg};-i-d‘—l.l) (f: =1,.. s M3 j =1, LI

(1.18) wdz=A (u, v) zdu + uB (u. v)zdo,
. that is
g dz dz
{1.18.1) w — = A{u, v}z, — = Blu, v)z,
du dv

whilst the complete integrability condition of hypotheses H becomes

{1.19) = + AB ~u 0 + B, for any (u, v) e P,
dv du

Theorem 3. Consider the system (1.18), where

Blu.v) = E Z B a'*

im0 k=0

Au, v)= i Z‘ Ay’

Ju0k=0
re matriz-valued functions, whose expansions arc convergent in the interval
{ucirelc™) of convergence (K):|w| < py || < por Assume (1.19) holds tn
\K) and suppose

o sl
i, v) = ¥ Y 2wl 0f
i=0k=0

G (vector-valued) formal solution to system (1.8). Then x(w, v) is convergent.
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Proof. The determining equations {1.8.31) and (1.1
d] T e T dn =1

become for

7)

$

(1.20) (I — Aoo} js 0= Y Ay Progos
g=1

(j=1,.., N—1), where I is the unit matrix,

(1.21) A 40 Poo = 0.

Now, (1.20), (1.21) arc the first N conditions for = (1. v} to be a forma]
solution of the first equation (1.18.1), for v = 0. Thus the determining equa.
tions are satisfied by assumption and thus every formal solution of system
(1.18) is absolutely convergent in |# | < 3, |v| < & for arbitrary 3, ¢,
0 <8 < p;, 0 < & < g, provided ¢ is sufficiently small.

Let us now discuss the existence of solutions of (1.18.1) of the form
z = wry (u, 7).

Theorem 4. Let  be a fixed complex constant and n; (= 0) the number
of linearly independent vectors y satisfying A.oy = y. Then the number
N, ( = 0) of linearly independent solutions of system (1.18.1) of the form

o

z=ut Y i; 25wk,
ey P

satisfies max (ny, Ny --) S Ny S 0y F Mn -+ e

(1.22) u‘—a—?—J-_(A(u,v)— aM)y{u, v), ‘2}!_= B(u, v)y(u, v).
du du

Let n,, N, be the above numbers. The determining equations corres
ponding to (1.20) —(1.21) are

(G4 N — Aoo) Ysoo= E Ay 0 Ys-a00

a=0

(1.23)

(j=0,... N—1:y_, ,=0), where g{u,v) =¥} Y, yn 0" A
JmoET0

Now, from (1.23) it follows that N < n, + %51 + ... and Ny 2N
(see for example Hartman [12], chapter IV, Lemma 11.4). Let us shoW
that N, > n,. Without loss of generality, assume 2 = 0 and A4y, is in Jords
canonical form. Then cach cigenvector of .4, corresponds to a zero r
for Ag. Thus, the corresponding d, = 1 can be reduced to nought. Hen
Theorem 2 implics the existence of at lecast n —{(n — n,) = n, solutiofis
analytic at (0,0). This proves Ny > #;, and in conncetion with N > N,
the theorem is proved. '

Corollary 1. (The classical result). If A= 0, then, by (1.19)

k=1
Z BOIAD’L t-1?

=0

k=1
kAok “]‘ Z Ao: Be.k-t——1'=
=0

o HOLOMORPHIC SOLUTIONS o0T
k=1 2....}. hence we obtain step by step Ay — 0. (F =0, 1, 2,..).
Thus A reduces to 4 (n.0)=Y, ¥ Ay w'v* and henee system (1.18) has

ju0 k=0

a0 singular point. But A =0 implics the existence of just no—n linecarly

ndependent solutions. analytic at (0.0) (that is a fundamental system of

solutions holomorphic at (0,0} ). We refind this way the elassical result
-~ for total diffcrential systems.

Corollary 2. If no posilive intcger is eigenvalue of Ao then No = 1o,

' shat is for every 2o Sker Ao, there exists a solution of (1.15.1) with x (0,0) =2..
_ Remark 2. 1f neither nougth nor any positive integer are cigenvalucs

of A oo then. by (1.20}. (1.21) we obtain ¢ = 0. and therefore z = 0.
Finally, we state and prove.
| Theorem 5. If no fwe eigenvalues of Ao, differ by a positive integer,
| then there exists, under hypothesis (1.19), a fundamental system W(u, v)
: of (1.18.1) that is such that

(1.24) % ?;—V = A{u, v)Wlu, v), 6‘—‘] B(uw, v)W{(u, v),
.. u
i of the form
(1.23) Wi(u, v) = Plu, v) u’,

where P(u,v) is an n by n matriz-valued function analytic al (0,0) and
P(0.0)= 1.

Proof. A matrix W (u, v) of the form (1.25) is a solution of (1.24)
ifand only if

b (1.26) 1&2—?=A00P—PA00+(A(T£5 U) AOO)P!
1t
(1.27) 9P _ gp.
_ dv
£ On the other hand, P(u, v)= i i P, ulv® satisfics formally (1.26),

J=0 k=9

1.27) if and only if
Auo Puo_ PonAoo =0,

ijo = Ao P;o— P,m Ao - E Aq.OPJ-!J’ o

¢=0

iok-1
]fP,u-= E Z B.':,I Pj-s,.l‘-t -1t

£=0i=0

§=0,1,...; k=1, 2,..), where (1.0} is a rccurrence formula.

10w, instead of considering system (1.26}. (1.27) as a system in the # by
‘matrix P, we can consider it as a system in the n® by 1 veetor p, where
18 built up by the elements of P. It is known from the algebra that (1.26)
0 be rearranged as
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—————
ap
(1.26.1) w Ll Cop - Deev)p.
[

with Coe & constant. n by n matrix and D (. v) a »* by »® matrix wig),
D(00) =0 (scc Hartman ([I2]. chapter TV. §10). IFurthermore, jt
no two cigenvalucs of A, differ by a positive integer. then no cigenvalye
of Cy 18 2 positive integer. Thus. by the above Corollury 2. there are
many linearly independent solutions of (1.26.1) — (1.27.1) (where (1.27.1
is the corresponding .rearranged” system of (1.27) ) as the dimension of
ker Cyo. Morcover. any po, = ker €y, vields a solution p of (1.26.1) — (1.27,1)
holomorphic at p(0.0) = pe,. From the definition of Cy, and p. the p corres.
ponding to P =1 is in ker Cy. Thus (1.26) — (1.27) has a solution P(u, y
analytic at (0,0), and such that P {0.0)=1. Q.E.D.
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SUR LES SOLUTIONS PERIODIQUES ETPRESQUE-PERIODIQUES
DES SYSTEMES D’EQUATIONS DIFFERENTIELLES NON-LINEAI-
RES DU PREMIER ORDRE

PAR

CONSTANTIN SIMIRAD

Nous allons considérer le systéme non-linéaire :

il.f( --f‘ (t; &y reee 3ly)s T =1 .0n

m
ot les fonctions f, (¢, z) sont définies sur B x Q, Q étant un ensemble convexe
dans I'espace R®, Dans la suite nous allons supposcr que les fonctions f; (¢, z)
sont & valeurs réelles.
Théordme 1. Si:
1° les fonctions fi(t» ) sont définies et continues sur R x €,
dz,
qu'il existe une matrice de fonctions intégrables W (1) = (¢4 (1) telle que

S_ Lpu (t); V?: #j 6! é%?(tg (D) :.é ![J“ (t)] i;j = 1, 2,...;7!-,
i

S‘ [4(s) +als)] ds} =0, ol
;]

(t, ) sont définies el conlinues sur B X Q et de plus, supposons

8°. lim inf{exp
Ba—ax

Y du(s)sals)

)

4 (s) = max max 4 (8),

alors le systéme (1) ne peul avoir qu'une seule solution bornée.

Démonstration. Supposons le contraire, c.a.d. que le systeme (1) a
deux solutions bornées, disons x (f) et z (f). Posons u () = (t)— 3 (1),
alors

we(®) =3 hy () (@) i = Lwsm,
jmi

1
b Ay, (1) =‘ aai(t,m (8)) ds, w(s) = zif) 4§ u(t), ce qui résulte du
] L0000,

emme d’Hadamard. Evidemment, kg (2) sont des fonctions continucs et
n a! h” (t) [ < tl}u (t), Y1 #j et h“ (t) = 4}” (t), T:,J = I...on. .

_En considérant i fixé dans le systé me (2) nous obtenons une équation
Ite et sa solution sera:



