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A UNIFIED APPROACH OF THE DESCENT METHODS FOR
MINIMIZATION OF CONVEX FUNCTIONALS
Part 1. GENERAL TIHEORY

BY
C. ILIOI

The usual assumptions for the desecent methods of minimization
are the convexity and the uniform differentiability of the functional,
Thesc hvpotheses can be weakened considerably by introducing certain
b generalized concepts of convexity (sce for example [3]), but so far, the
P descent methods are cssentially defined for differentiable functionals.

The present paper is an attempt to introduce descent iterative
methods for minimization of convex, not evervwhere differentiable,
functionals. The algorithms arc natural extensions of many known methods
and they are presented in a unifying manner, which is a direct extension
of the J. Céa’s [1] approach. Primarily we shall be eoncerned with the
anconstrained problem — that is, minimization over all the space of defini-
ion — but we shall also consider methods for the constrained problem,
when they are natural extensions of earlier methods.

1. Brief survey of convex analysis. Let us begin with a revue of the
ain results of convex analysis which we need later. Let E be a real Banach
pace, F2° the dual space with the duality denoted by<.,.>and J: ESR
A proper convex functional with the effective domain D (J). (The notations
nd the usual concepts are essentially those of Rockafellar’s mo-
mograph [4]). Forany @ « D (J)and kb < E, the lateral directional differen-
als are denoted by J, (@, h) and J_(x, k). For @ « Int D (J) there exist
(s h), J_ (x.h) convex, respectively concave with respect to h and

1) T (@ h) =2 I {x, h).
is continuous at , there exists 2* = E*, such that
2) J{@e4+h) —J@) 2 J. (b2 <ha'>32J. (@, kY ;

8a subgradient of J at 2, the set of all subgradients at x, the subdifferen-
9 J (), is a bounded, closed set in the norm of E* and

) Ji (2 k) =sup {<h,2">, * €8 J(2)},
J_ (2, h) =inf {<h, ' >, z* =3 J (2)}.

i When J is Gateaux derivable, grad J (z) is the unique subgradient
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A theorem which we need here is the following [4] : = H itorati o
= g [4] ) ), € It at cach iteration. so that any limit-point of ihe sequence {w, }. t
Theorem 1.1. Let J: E — R be a convex propre Junctional, @ = Ing | ben minimum-point of J. We have no loss of generality if we take 3. o .J,r'. v
A . s - i A s tak va [HOSITLIY
D (J) and h € E. Then and hy 55 0. or cven [ B, | =1, for cach n. The assumptions on pq:d“?\c
= . oo . P g arc contained in the conditions of the next definiti " !
(1.5) T, (x - Whoh) < T (e k) < Ty (e h) <J (x + 2k B), VAo, Definition 2.). o sequence { by} S F with | }‘ AL
' ; L oA sedile :,‘ ta | = 0 owilh ) | — 1 is (‘(l”l’(l a sel
and d'ﬂ‘ﬂ’f'fw”-s of convergence for the ilerative methods (_2.3), if the following ('Ot;:ti?{
(1.6) lim J, (@ - ko k) = EmJ_ (v + k) =5 (@R, ' tions are verified : =
A=0 -0+ |
o I : - (2.6) Iy (s by < 00 n —
(1.7) ]un_ J_ (T L 2 k’ II.) _=_‘lrn. J_ ({c + X h, h) = J_ ((U_- h). | ( ) ) + ( R n) -0 1 0.-1_--..,
e Aea0 (2.7) lg‘n Jo{wa s ) =0 = 3 4y, & 3J (1), Hm |3 . == 0.

Also, when J is continwons on Int D (D). if @, = Int D (J), such the §

R

lim |2, —al =0. and h, & B wilh Lim || oy — k| =0, then: § The .incqualit_v (‘3’.(‘5) is a condition of deercasing along the direction A
i o o starting l‘r{(‘)m ty. Fhe mplication (2.7) s an essential ITvpothcsis for the
e lim sup T, (e ) < T4 (23R, theomx;x (;E%onvcrgcncc. [t is casy to prove that, for a bounded sequence

(B} P + =01, satisfying (2.6) and. (2.7), {l/ | k|| } is a set

of dircetions of convergence,

q r:)if;?}?ﬁ?t_z.z. I lf { kii % 1; a sel of directions of convergence for (2.53), u
sequeitce of positive scalars { 1, 1 is called a set of fuctors of ssoct
_ thive ; f : 8 of convergence assoct-
gled 1o { ha } if they satisfy : U Jemmsaanee
(2.8) J (g -+ 2 hy) < J (), no=0.1...,
and the implication

A survey of properiies of the lower semicontinuous functionals js
given in the next theorem : 1
Theorem 1.2. A functional J: £ - R is (weakly) lower semicontinuous,
iff any level set {w & E.J (2) € w},as R.is (weakly) closed in B, A eonves
fower  senticoniinuous functional is weakly lower semicontinuous and alsp

il is continuous in the interior of the effective domain.

9. Unconstrained minimization problem and iteratived escent method .
Let E be a reflexive space, J : E - B a convex proper lower semiconti-

puous functional and assume that :

(2.1) Ju, = D). W () ={a e B J@y<J {10)} is bounded..

j2.9) lim {JG) = (o + 20 } =0 = 1im I, (1w, 2 ) =0.

i

T . 3
¥hc can prove now the main theorem of convergence :
g 1 30retm 2.1 If { h, } is a set of directions of convergence and { 1, } an
ssociated set of factors of convergence for the iterative method (2.5), then the
eq_uenc(r {, .} has week lew{ct points and any one of them is a minimum-
tﬂnt of J. Also {J (u,}} is convergent and

lim J (#,) = min J (z).
rek

fi— o

The hypothesis (2.1) is veril icd. for example, when a condition of cocreivi

(2.2) lim J {(#) =0
ilzll>m

i fulfilled. Under these conditions the problem of finding & minimum-po

u € E, such that .

(2.3) min J (v) =J (v}

T"eE

PJ‘OOf { J (“ ) } iS -1 ing ¥ s
- ' non-incereasin a.l]d. ]0 vor bOIll‘ld i 1
: . o ; Cd B hCllCC lt 1

lim {J () —J (uu)} =0.

ek X

lias at least a solution, characterized by the equation
(2.4) 0 = 3.J{u)

We shall consider a large class of iterative methods for approximat
the mininmum points % of J, which. at each iteration w,. provide a direck
h, = E along which we move to the next point. '

§ & conscquencee of (2.9), we get lim J) (%, » h,) = 0 and. by (2.7), th
. R B w . ' ere
8ts n; = d J (1,) such as

o lim [} w; [, = 0.

N w©

éillizt‘-r{?;e(\: .3“30) :tmlnd‘ (2‘.1‘). ‘{u,,} < 1 (a4} and it is bounded ; then, since the
oo l.\101e f‘l’f‘mts at !cast a subscquence {u;} weakly convergent :
g ccording to Theorem 1.2, J 1s weakly lower semiconti-

¢ nd W () is weakly closed. Ilcnee u € W (u,) and lim J (u,) 2

{2.5) Upsy = Ug + Ry fins

with steplength X, = R, such that J (a,) < J (aa) {
We call descent methods these procedures. The essential question
them is how to choose the directions h, = E and the steplength fa

W — 0

(#). By the definition of the subgradient, we have
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J) 2 J (uy) + <v —uy sUuy >, Yo € E,
where from, by using (2.11), we obtain
J (v) > lim J (up) 2 J (@), Vv € E,

which means that # is minimum-point of J. For v =u we get also the
equality (2.10).
Consequence 2.1.

strictly convex, the sequence
point u of the Sfunctional.

Under the conditions of the previous theorem, if J iy
{un } is weakly convergent fo the unique minimum,.

Let us now investigate under which stronger hypotheses, the sequenee |

of iterations are norm-convergent.

Definition 2.3. The functional J:E — (—o0, + w] is called uni.
formly convex [8), if there exists o real-valued continuous, monotone-in.
creasing function « (8}, with the properties :

(2.12) v () >0, for t >0; v(0) =0, }imy(t)!t = 00,

and a real valued function o (X, defined for » = [0,1], with
(2.18) o« (x) >0, for 2 € (0.1} « (0) =« (1) =0, llinr‘l}a (M =B 0,
such that, for any &,y = D(J) and M € [o.11,

(214) AJ (@) + Q1 —NJT () —J 2+ —Ny) > a)y(llz—yl)

Proposition 2.1. Any uniformly convex Sfunctional J: E - (—o0, ¢
+ o0] is strongly convex and satisfies : '

(215) J (0 + B) —J @) > J5 @ k) + B (k1) Vo e D). Vh <B
Proof. The properties of o and v, together with (2.14) imply th
J is strongly convex and
Jy+re—y) —J <T@ —J @ —acMrllz— y D

By taking y =v € D(J) ¢ —y = h e E and by passing to the li
for A —» 0, we obtain (2.15).

The inequality (2.15) is not generally sufficient for the uniform ¢
vexity of J.

Proposition 2.2. Suppose that there exists a real-valued monotd
increasing, continuous function v, » with the property : :

(2.186)
such that the functional J: E — (— 00, 4 ] satisfies :
217) J(w + R —J @ = I, @h) + 121l Rl). Yo & D) Vh

Then J is uniformly convex.
Proof. Let 2,y « D(J) and X € [0,1]. Then:

nic) 2 ey ) =0, Ye =0, Vi=0,

e
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J@ —Jhz+Q—ny>J.0+01 -y —N—y)+
{1 = fle—yllvlle —yi)

an

d
J) = Je+ (1 —N2T e+ =Ny ry—a)+

+ 2z —ylv(le —yl)-

.B:v adding the first inequality multiplied by 2, with the second one,
multiplied by (I — %) and by using also (1.1) and (1.3), we obtain :

W@+ A—NJ(y —Je+ 1 =Ny22r1 Nz -yl
Xyi(lz—yh).
So (2.14) holds with a (X)) =A(1 —2) v{t) =ty (#), which obviously
catisfy the properties (2.12), (2.13) because y ()t = v1 (}) > t 11 (1).

Consequence 2.2. Let J be a twice-Gdteaux-dif ferentiable functional
in the convex domain D (J) = E, whose second differential satisfies

J'(x ko) = h Ry (LRI, Yo eD(J), Vh € E,

where v, is a real-valued function verifying the conditions of Proposition 2.2.
Then J is uniformly convez.
Proof. By Taylor’s formula, there exists 6 € (0,1), such that

JLh) —J@ =F @) +J @+ 0k h)2> T (0. h) +
+ HAEv (N R1N)/2,

which implies the uniform convexity.

Now we are able to prove a thcorem of strong convergence for the
descent methods (2.5).

Theorem 2.2. Let J be a lower semicontinuous, uniformly convez:
propre functional. defined on the reflexive space E. Then J has a unique mint,
mum-point u and the sequence of iterations {u,} constructed by the SJormula
(2.5), where { hy, } and { A, } are sets of directions, respectively, factors of conver-
gence, is norm-convergent to u, for any u, € D (J) and

(2.19) v(|ty —u]) < P {J () —J(u)}, n =01,

Proof. According to Proposition 2.1, J is strictly convex, hence J
8s no more than one minimum-point. Also, by (2.15), for v € Int D (J)

(2.18)

J(o 4 h) =@ > < ho >+ By (IR IAI{ —Fo* ) +
+ay(NANIIARNY

or a subgradient v* = 8 J (v). Therefore, the condition (2.2) is satisfied,
that there exists a unique minimum-point. According to Consequence
1 u, is weakly convergent to u. Also, we have (u, + #)/2 = u, for m — co.

¥ the semicontinuity and the uniform convexity of J and by using (2.10),
€ can write :
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0<lim inf y{(||tn—nl]) & () <lim sup v (||, —u{)a ()<

n -+ @©

1 1,. o Wy -1 1 1
g=J ~lim J (u,) — lim inf J g=J(w)F+=-J @) —=J ()=
Ly ) + 2 tim 7 () —liming () 20 00 2T (0 =T () =0
where from lim v (| %, —u | ) = 0. Since y is monotone and continuous,

it is inversable and the norm-convergence of #, to u is proved. By using
Proposition 2.1, we obtain also

J () —J ()2 Ty (s —u) + By (o, —ul) n=01.

Because of (2.4) and (1.5), J', (t, u, — 1) > 0, which leads to the estimatiop
(2.19).

Consequence 2.3. If J is twice-differentiable and the second differential
satisfies (2.18), then the ilerations {wu, }, constructed with directions and
factors of convergence, are norm-convergent to the unique minimum-point u of J,

Particularly, when the hessian of J is positive definite, i.e.

J' vy hh) =<uv,H@E>2mlk]|® >0, Vv =D({J), Vho,
the estimation (2.19) has the form:

(2.20) lt — < 2 {J () —J (u) }im.

8. Choice of the directions &, of convergence. In the form (2.5) and
(2.6), the conditions imposed on the directions h, are unpractical. We
shall prove now sufficient conditions under which {h, } are directions of
convergence for (2.5). :

Definition 8.1. Let u = D (J) fized. Any h = E, h 50 is called a
descent direction at u of the functional, if i

(8.1) T, (u, h) < 0.

For a descent direction & at u, the functional can be diminished along the
line {# -+ *A, A > 0}, because, by the definition of g, (w, h).for0 < e < =
— J., (1, h), there exists A (c) >0 such that (J (v + A R)—J (u))fa<
< J, (i, h) + ¢ <0, for 0 < A < X(c). When J. (1. ) = 0, we have
by (1.2), J (u + 2 k) — J (u) > rJ, (u, k) 2 0,V k2 0, so that the functional
achieves its minimum along the direction k. at wu. :

Proposition 3.1. b < E is a descent direction of J at u < D (J), iff
there exists = >0 such that

(8.2) — < hw'>>c|ull, Yu' =€8J(u). a
Proof. If k is a descent dircction at %, by (1.3) we have
—<hw > |ul,2 —J (uh)e =1 >0

where « —=sup {|| %" |, u* € 8J(u)}. Conversely, the inequality (8
implies that 0 ¢ 9 J (u) and then, since the subdifferential is a closed §
in E*, inf {||u"|,, u* €8J(x)} =p >0. The hypothesis (38.2) }

——
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to < hott® > < — <, Vau' = dJ (), where from we obtain J, (ush) € —
—78 =0.

We statc now a simple thecorem concerning sufficient conditions
for satisfying (2.6) and (2.7).

Theorem 3.1. Let hy € E.| b, | =1, n = 0,1.... and suppose that
ihere exists p = 0 such that

(3.3) — = bty =2 ol .y Yu, € T {1z} n =01,

Then { ha } is a set of directions of convergence for the iteralive method (2.5).

Proof. According to Proposition 3.1, h, is a descent direction of J
at U 1.6, T (2 hy) = 0, Because of (1.8), for cach # and for 0 < &, < —
— J, (1ens hy), there exists a subgradient #, = 0 J {u,) such that

—ollunl 2 < hnrg = >J (U hy) — 202 2 I, (s Ry
Therefore, there exists w;, € 8 J (u,) with
i € —2J, (n: ha)les

which leads to the implication (2.7).

Remark 3.1. Since, under the hypothesis (8.8)y — < s Uy > =
=| < hasty, = |, we have:
(8.4 0 <psl.

The condition (8.2) is quite restrictive, because it is required to be
verificd for any subgradient u, at each iteration u,. A less stronger assum-
ption is given by the following thcorem :

Theorem 3.2. If no one of the iterations u, is a minimum-point of J, any
sequence {3 < E, || hy|| =1, satisfying

(8.5) — J, (tpsha) 2 ¢ inf {|vpll,» v0€ 8 J (w) }o 0 = 0,)s..., wherep >0

is a constant, is a set of directions of convergence for (2.5).
Proof. 0 & E* is not a subgradicnt of J at w,, so that

inf {||opll,s0, €T (2,)} =84 >0, 7 =01,..

Hence h, is a deseent direction at w, and, for ¢ > 0, there exists u, € 9 J (1,),
such that B, (1 + €) > || uyll,» 7 =0,1,... Consequently, for ecach n, there
exists wu, € @ J (u,), for which

— Tty > hy) > I—%L-— 2l

and the implication (2.7) is following.

Remark 3.2. The hypothesis (3.8) of the previous theorem is stronger
than (3.5) and the constant p of the latter satisfies also (8.4).

Proof. From (3.3) we obtain — < A,y > 2 p Bar YV, =8 J {u,)

‘which implies (3.5), by using the property (1.8). Also beeause of (1.8) we

ave :
Yu, € 0J (1),

—J, (e s Bp) € — <l sty > < gl
< Bp, 7 = 0,1,..., which leads to (3.4) when (8.5)

®here from — J, (2, » k)
18 satisfied,
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1) When J is Gatcaux derivable, the conditions (3.8) and (8.5) are Tomul XXIV, f. 2, s. I a, 1978
equivalent to:
(8.6) g =0, <hy » grad J () > > p |l grad J (u,) |,.
A particular choice for k, is, then h, = — y,, where y, is a subgra.
dient of the norm of E* at the point grad J (1,) € E* i.c.
1
[l =1, <y grad J{(us)> =|| grad J (.}l : ON SOME NEW DISCRETE INEQUALITIES
2). When E is a Hilbert space the condition (8.8) becomes i AND THEIR APPLICATIONS TO A CLASS OF
P i SUM-DIFFERENCE EQUATIONS
(8.1 008 (hy sy} 2 p >0, Yu, € dJ(w,), n =0]1... | BY

The meaning of this relation is that 7, is any direction which does not tenq
to be orthogonal to any subgradient at u, , when n - co.

8) When J is Gatecaux detivable and D,: E* - E, n =0,1,.,
arc linecar bounded operators satisfying

B. G. PACHPATTE

1. Introduction. In recent years considerable attention has been gi-

(8.8) “Dyvsv=2m|t].>0 Vv € B v+0,| D, < 3. ven to the development of the qualitative theory of difference equations.

another po: 'nbl ilo' - s ' ' . The interest in the study of these equations in both mathematies and engi-

n possi e]c e Ml > A 7 (1) neering stems from their usefulness in various applications. In addition,
e = — 2l li 2a |l » 20 = Dy gra ).

any system whose internal structure may be unknown but whose input
output behavior can be obtained through experiment is a candidate for
a difference equation model, and this accounts, in part. for the popularity
of such models with cconomists, psychologists and statisticians (see [4]).

This class contains especially the well-known quasi-Newton methods.
4) Let J be Gétcaux derivable and { g, } a set of dircetions of conver-
genece for (2.5). Define {/,} by the recurrence .

_ Among numerous papers dealing with various problems in the theory of
G5 . hais = gne + n fins . i difference equations we refer the interested readers to [1], [2], [7]—[14],
where u, € R is taken such that {4,} is boundcd and A, = R in S‘JC}E [16]. and some of the references therein. In this paper we wish to study
a way that the boundedness, asymptotic behavior and the rate of growth of the so-
(8.10) tin <hys grad J (u,)> < 0.

lutions of a class of sum-difference equations allowing more gencral pertur-
Then we have bations. The main tools in our analysis are the variation of constants for-
mula recently devcloped by N. Luca and P. Talpalaru in [7] and

. the discrete inequalities which are new to the literature.

2. Discrete Inequalities. In this scction we present some new discrete
inequalities which can be used in the theory of finite difference equations
as handy tools. Before giving the main results in this section, we first re-
collect a few of the basic notions and definitions from [9]—[11]. Let N

be a sct of points 7, + k{k = 0, 1, 2, ...) wherc no, > 0 is a given integer.
1

The expression i p(s) represents a solution of the linear difference equ-

I (g s By} = <hy, grad J (1) > € < gy, grad J (1,) = =J' (s s 8a)s
which implies (2.6) and (2.7) for { &, }. The conjugate gradients methods
and many other procedures of that type, belong to this class. The parame-
ters p, can be used for improving the speed of convergence of these method

In the second part of this paper [2] we shall be concerned with th
choice of X, satisfying the conditions of Definition 2.2.

Also some particular methods will be considered and the speed.
convergence will be estimated.
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