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Let us discuss now some special cases. |' Analele stiintifice ale Universitatii +Al. 1. Cuza* Iast

1) When J is Gateaux derivable, the conditions (3.8) and (8.5) are Tomul XXIV, {. 2, s. Ta, 1978
equivalent to:
(8.6) 1p =0, <l » grad J (u,)> 2 p |l grad J (u,)|,.

A particular choice for A, is, then b, = — y,, where y, is a subgrg.
dient of the norm of E* at the point grad J (w,) = E*, i.c. j

%]l =1, <o grad J(u,)> =| grad J(u,) 1. . ' ON SOME NEW DISCRETE INEQUALITIES

2). When E is a Hilbert space the condition (3.8) becomes AND THEIR APPLICATIONS TO A CLASS OF

SUM-DIFFERENCE EQUATIONS

BY

N .
(8.1 005 (fip st} 2 p =0, YV, = 0J (1), n =0,1,...

The meaning of this relation is that k, is any direction which does not tend
to be orthogonal to any subgradient at w, , when # - 0.

38) When J is Gateaux detivable and D, : E* - E, n =0,1,..,,
arc lincar bounded opcrators satisfying

B. G, PACHPATTE

1. Introduction. In recent years considerable attention has been gi-
ven to the development of the qualitative theory of difference equations.
The interest in the study of these equations in both mathematies and engi-
neering stems from their usefulness in various applications. In addition,
any system whose internal structure may be upknown but whose input
output behavior can be obtained through experiment is a candidate for
a difference equation model, and this accounts, in part, for the popularity
of such models with cconomists, psychologists and statisticians (see [4]).
Among numerous papers dealing with various problems in the theory of
difference equations we refer the interested readers to [1], [2]; [7]—[14],
[16]. and some of the references therein. In this paper we wish to study
the boundedness. asymptotic behavior and the rate of growth of the so-
lutions of a class of sum-difference equations allowing more general pertur-
bations. The main fools in our analysis are the variation of constants for-
mula recently developed by N. Luea and P. Talpalaru in [7] and

.the discrete inequalities which are new to the literature.

2. Discrete Inequalities. In this scetion we present some new discrete
inequalities which can be used in the theory of finite differenec equations
as handy tools. Before giving the main results in this section, we first re-
collect a few of the basic notions and definitions from [9] —[11]. Let N

be a sct of points n, + k{k =0, 1, 2, ..)) where n, > 0 is a given integer.
1

a—
The expression Y, p(s) represents a solution of the linear difference equ-

=1y

ation Ax(n) = p(n) for all n € N under the initial condition x(n.) =0,

(8.8) =Do,v>2z2mi >0 Ve = Ev=£0,]| D, | < 3.
another possible choice is

he = —z/ 2all s 20 =Dy gln'd J ().

This class contains espceially the well-known quasi-Newton methods,

4) Let J be Géteaux derivable and {g, } a set of dircetions of conver-
gence for (2.5). Define {h, } by the recurrence :
(_3-9) hn-;-l = Ban + Ha hn’ ]
where p, € B is taken such that {%,} is bounded and %, = R in suclz
a way that

(8.10) ty <hy grad J (u,) > < 0.

Then we have
I (uy s hy) <hg, grad J (#,) > € < g grad J () > =J (14, 1 ga)s _
which implies {2.6) and (2.7) for {4, }. The conjugate gradients methods
and many other procedures of that typc, belong to this class. The parame
ters u, can be used for improving the speed of convergence of these methods.

In the sceond part of this paper [2] we shall be concerned with th
choice of A, satisfying the conditions of Definition 2.2.

Also some particular methods will be considered and the speed_.
convergence will be estimated.
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linear difference equation z(n + 1) = ¢(n) z(n) for all n € N under the
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We now state and prove a useful disercte inequality in the following
form.

Theorem 1. Let u(n), a(n), b(n), and c(n) be real-valued nonnegative
Sunctions defined on N. for which the inequality

(1) u(n)<u, + nil a{syu(s) -+ n)'jl b(s) (u(s)+ ’g e()u{h)Y,

t=n, a=17, t=rmg

holds for all n & N, where u, is a nonnegative constant. Then

win)<uo Tf (1 + a(s)] il + 3 bs) 101+ alt) + b +

(2) =ty :-n, =Ty
+e)] 11 [+ a(7)]

forallneN.

Proof. Define a function m(n) by the right hand member of (1),
Then

Amin) =a(n) u(n) + b(n) W)+ 3, <O W)y Mne) = we

which in view of (1) implics

3) Bmin)< a(n) m(n)+ bn) (min)+- ¥, o(t) ().

l=n,

If we put

(4) o(n) = min) + 3 e(t) m(2),

t=1n,

it follows from (4), (8) and the fact that m(n) < v(n). that the mequallty

v(n + 1) < [1 + a(n) + b{n) +e(n)]v (n) is satisfied, this implies the esti-
mation for v(n} such that 4

v(n) < U, H (1 + a(s) + b(s) + e(9)].
Substituting this value of 2{(n) in (3}, we have

m(n 4+ 1)— [1 + a(r)Im (7)< wo b(m) ] [1 -+ als) + b(s) + ().

r=n,

Multiplying by f] {1 +a(s)]71 {, both sides of the above inequality, sctti

8= Ry

n==3. and then summing up both sides from n, to n -—1, we obtai
the estimate for m(n)

m(n) < wo I (1 + afs)] [1 +'% o) H [1 + at) + b(t)

=, =1ty

v(1y) = M {14) =y

Te]. @I 0+ a(r)]“].

T,

®) () =

then it follows from (7). (8) and the fact that m(n)
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Now, substituting the value of m(n) in (1) the desired bound in (2)
follows.

Another interesting and uscful discrete inequality is embodied in the
following theorem.

Theorem 2. Let w(n). ain), b{n) and eln) be real-valued nonnegative
functions defined on N, for which the inequality

n—1 n—1

(5) u(n) < uo + Y, alsyu(s) + Y, H(s)u{s)uls) + Z e(u

=1, = [N

holids for oll ne N, where u, is a posilive constant and 0 < o < 1.

If ong njl b(t) 11 [V + a(=)+ (=)}

i, T=n,

< 1 for all n & N, then

(6) un) < ("l:[1 1+ a(ﬂ)])[u(‘,‘“ +(1—a) “z_;l b(s) f'[ [+ a(r.)]]==—I o

ammy, §=1, freny

T [1+a() 0] e E O [+ a(s) + c(r)"];_]

fe, T=n,

for all n = N,
Proof. Define a function m(n) by the right hand member of (5).

Then Am (n)=a(n)u (n)+ b(n)w* (n) (v (n) + ﬂz_l e (u(d),

t=n,

m{ng) =1tg

which in view of (5) implies

N Am{n) € a(n)m(n) - b(n)m*{(n)(m{n) + ﬂi:l e(ym(t)).

{=rig

If we put
min) + "g e{ymlt), v(ny) = m(no) = e
t=ng

£ v(n), that the inequa-
lity

(9 v(n + 1} —ov(n) — [a(n) + e(n)] v(n) <b(n)v*~Y(n),

is satisficd. Now, by following the similar argument as in the proof of theo-

}c';llm 4 given in [11] (sec, also [14]) we obtain the estimation for ©(n) such
at

wo TT (1 +F a(s) + e(s)]

s(n)< — = Q(n).
[ 1 —omz ¥, b(s) 1‘[ [T+ &(8) + ()] ]
8= Tty =ty

Substituting this value of v(n) in (7) we obtain



318 B. G. PACHPATTE

.

m(n + 1) —m(n) — a(r)min) < b(n) Qn)ym*(n).

Again by following the similar argument as mentioned above we obtain
the estimation for m(n) such that

(11) m(n) € (:1:—[:. 1+ a(s)} )[u(lj-a L

n—1 L] 1
(1—0F o [T 1+ Qe
=y =g

Now, substituting the value of @(n) from (10) in (11) and then substituting
this value of m(#n) in (5) we obtain the desired bound in (6).

We next state a slightly different version of Theorem 2 which can
be used in somc applications.

Theorem 3. Let u(n), a(n); b(n), and c(n) be real-valued monnegative
Sunctions defined on N, for which the inequality

{12) w(n) € 1o + ﬂ):‘: a(s)u(s) -+ ﬂﬁ b(s)u(s) (u(s) + Bf c(t)u(t)),

-1 t
holds for alln = N, where u, is @ positive constant. I, Yo oI B
¢

=1, Tt

+a(t) +e(r)] <1 for all n €N, then
n=1 o ’I:Il [1 + aft) 4 clt))

(18) u(n)<uo T 1+ a(s)+ b(s) — tomy t i
1—weY, b)) TT 1 + a(x) +¢()]

tmn, Ty

for all n € N.
The proof of this theorem follows by the similar argument as in
the proof of Theorem 2 with suitable modifications. We omit the details.
We note that in the speceial case when b(n) = 0. Theorems 1 —8 re-
duces to the discrete analogue of the Gronwall's incquality given in [10,
p. 848). In the special casc when a(n) =0 our results in Theorems 1 —38
arc new to the literature.

3. Applications to Sum-Difference Equations. In this section wé

present our results on the behavior of solutions of perturbed nonlineas

systems of sum-difference equations of the form
n—1 §

(P) a(n + 1) = da(n) + Zo Bin —m — 1) a(m) + fln, z(n)} !

+ H{n, z(.)), 2(0) = &0

under some suitable conditions on f, H and on the solutions of the corres
ponding unperturbed linear system

n—1

(L) g + 1) = Ayln) + X _Bln—m—1) y(m), y(0) = Ta-

ot
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i

Here, @, 3 are the clements of R®, the p-dimcnsional real Euclidean space

r»
Y s = (@ys a0 oo @) 3 < and B{n) are the elements
it

of M?, the space of all p > p matrices €= (¢r,) with norm |.| given by

with norm || :

» P
THEDY Y, ey ; fin, @) is dcfined for n €N and » = RR% and H(n, 2z(.))
1=
is an operator for n & N. We assume in the following that B{—n)=0,
n € N.n 5= 0. The identity matrix is denoted by E.

The problems of stability and asymptotic behavior of the soluti-
ons of (P) and various forms of (£) have been studicd by Luca and
Talpalaru [7]. Bykov and Linenko [1], Coffman |2}
Masoloekaja |8]. Pachpatte [9] — [11]. and others by using
different technigques. The allowable perturbation terms here are motivated
by recent studies of the authors in [1], [7]. In particular the perturbations
we have in mind arc of thc form

{18) Hin,z (.))=2an)h ( 7, x{n). ng E(n,m. x (m))] ’
(14) H(n, a(.))= a*(n)h ((n, r::(n),“i;1 kn,m,x (m))) '
(15) H(n,2(.)) ==h(n. a{n), nf‘ k(n, m, xym)) ) '

and so on. Our results in the present paper on the behavior of soluticns
of (P) (when the perturbation term Hn,x(.)) is of the form (18) or
(14} or (15)) arc of interest because of the week assumptions on the func-
tions involved in (P) and the approach to the problem is different from
those cited in the references [17, [7).

Preparatory to our results in this section, we require the following
definition and Lemma 1 recently given by N.Luca and P.Talpalaru
in [7].

Definition 1. The difference resolvent R (n) associated with the lineart
system (L) is the solution of the matriz equation

(16) R(n + 1) = AR(n) + 'E B(n —m — 1)R(m), R(0)=E.

Lemma 1 {Luca and Talpalaru [71). If R (n) is the differcnce resolvent
associated with the linear system (L) ; then the solution of the initial value

‘problem (P) satisfies the equation

n=1
(17} a(n) = R(n) xs + ¥ R(n—m—1)[f(m,a(m)) + H{m, z( . )]
m=4_
We are now prepared to state and prove our results on the behavior
of $olutl.ons of (P) as a perturbation of (L) with I (r.a (.)) in (P) as
defined in (13). Our first theorem in this section cstablishes the bounded-
ness of the solution of sum-difference equation of the form
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(P*) x(n + 1) = Ax{n) + ﬂg B(n-—m—1) x(m) + f(n, a(n))
m=0
+ a(n)h (n, a(n), ’15:"1 Ia.m. z (m))) ,
wm=0

with the initial condition & (0) = #, . where @, # 0 is a constant, undey
some suitable conditions on the perturbation terms f. &, and .

Theorem 4. Let the resolvent IR (n) associated with the linear system
(L) satisfies the condilion
(18) |Rin)| < M for all n = N.

where M is a posilive consiant. Suppose that the functions f. h, and k iy
{P*) satisfy

(19) P (s 2(n))| < aln)| 2(n)| , ne= N,
(20) bn a(n)s 2)] < bn)[la(n)| + 1z1].  ne N,
{21) k(n, s, ()} < e(s)| x(s}] n, $€ N,

where a (n), b (n). and ¢ (n) are real-valued nonnegative functions defined on

LTS ¢ f
N such that Mol Y b{t) IT [1 + a(=) + b(=)]= 1.for all n= N, and
t=ny T =My
me=1
n—1

(22) |1+ afs)+b(s)

m—1

1— Ml X Mb(t)’i'l [1 + Ma(x) + e(2)]

Jor all n € N, Then all solutions of (P*) are bounded on N.

Proof. Using the variation of constants formula developed by Luca

and Talpalaru [7] the solution of (P') is represented by
n—1
z(n) = R(n)r, -+ Y, R(n—m —1) [f(m, a(m)) +
(23) R

| :c(m)h( ., x{m), :Zo k{m, t,:r(t)))].
Using (18), (19), (20), and (21) in (23} we obtain

1

x(n) < M|z, + E Ma(m) lx(m)| + "i:) Db(m)|e(m)| {lar(m)l-}-

-l-':_ié C(i)la’(t)I]'

Now, an application of Theorem 3 yields

M|, ![[0 [1 -+ Ma(t) + c(t}} !

) ON SOME NFW DISCRETE INEQUALITIES g1

m—1
Mlwo] Tf [ 4 Ma(t)-Fe(0)]
(=0

1M || ; Mb(1) ﬁ [1-;-3[.;(—.)_1,- ()]

-1

d) [ Mo TT VY- alm) -b(m)

m={

. The above estimation in view of the assumption (22)
dedness of all solutions of () on N,

It is important to note that Theorem 4 implies not only the houn-
dedness. hut also i'hc_ stability of a (n). it M | a, | is small enough. Ho-
wever. the above estimation does not prove the asymptotic stability,

Our next theorem shows that under some suitable conditions on the
functions f. k. and /: in (P*) and on the resolvent R (n) associated with
the lincar system (1) all the solutions of (P*) approach zero as n — oo,

Theorem 5. Let the resolvent B (n) associated with the linear system
(L) salisfies the condition

(24) [R(r)| < Mc =,

where M and o are positive constants. Suppose that the functions f. ]
kin (P*) satisfy S s i h, and

implies the boun-

n = N.

(25) [f(n. aln)) < a(n)ja(n)]. n = N,
(26) [A(n, 2(n). 2)| < B{n)[|a(n)| + |z|]- ne= N,
(27) [%(ns ms 2(m))] < ¢ *m-m-D clm)|a(on)i. nmsEN,

where a (n), b (n), and ¢ (n) are real-valued nonnegative functions defined on

N such that
n=1 !
M|, IZ Mb(ye [T [1-+ Ma(=) ¢ + ¢(<) e*}]<<1 for all neN and
=y T=0
-1 m-1
1‘[0[ 1+ Ma(ny e* + Mb(m) e=. M |z,| [T {1+ Malt)e* + e(t)es
(28) mw= t=0

=4 =0

m—1
[1 -~ ¥ Mi(t)e= v 111 [1 + Ma(~)e* 4 c(f)e’j]< + @,

or all n = N. Then all solutions of (P*) approach zero as n — co.

P if’r:;qf. Bytuslui)g ttl;c variation of constants formula the solution of
5 represented by the equation (23). Using (24), (25), (26), :

I (23) we obtain 1 S # (@4), 25), (20). and (27)

n-1

fa(n)| < M| 2, e + Y Mem@="0 glan) fa(m)

+mgoMe—a(n-m—nb(m)]m(m)[ [2(m)|+ mz_;le—aem :-l;lax(t)l}_

¢ above inequality can be rewritten as

= Maiematies — Universitate 208
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n=1
J@(n)l c™ < Mlao| + Y, Ma(m)c*la(m)|e*™
01 . w-1
Y, Mb(m) ™1 | e(m)| ex” [ln‘(m) lex™ -+ ¥ o) e fa(l) c“‘}.
e =0 |

Now, applying Theorrm 3 with wu(n) = | a(n) | ¢, then multiplying by
e™** , we obtain

m—1

[1 L Malm) ¢* -+ Mbum)e*. Mz, T1 [1 +
=0

n—-1
lo(n)| < M x| e I1
el

m—1

Y M) e

The ahove cstimation in view of the assumption (28) vields the desired
result as 1 — oo if we choose M | vy | small enough. and the proof of the
theorem is complete.

We say that a function z(n}) is slowly srowing if and only if for every
v > 0 there exists a constant M. which may depend on « such that
| 2(r} | € Me*® . for all n= N.

Our last theorem in this scetion proves that all the solutions of
(P*) grow more slowly than any positive exponential.

Theorem 6. Let the resolvent R (n) associated with the linear system
(L) satisfics the condilion Z

(2N | R(n)| < Me*,

where M and « are positive constants. Suppose that the functions [+ hs a
Eoin (P satisfy

- £
+ Mafl) c* -+ e(f) c"‘}li 12| @, At ”c]:II0 14 RIu(?)c“-}-c(':)e“]].

ne N,

{30} | f (s a(n))| < aln)| 2(n)] ne N,
(31) | b (s (), 2) | < b)) |2(n) | 4| =11 ne N,
(32) 1k (n, m, elm)) | < e**~"Telm)| a(m)], n,me= N,

where a (n), b (n), and ¢ (n) are real-valued nonnegative Junctions defined
N such that

n—1 t
M |a,| Y Mb(t) X OTE 1+ Ma(+)e* + e(=)e*] <1,
L=}

T=0
Sor all n € N, and
n—1 m—1 ]
1111 + Malin)e™ - Mb(m)c . M |ay| T1[1+ Malt)e™ +-¢()e*)f
m =1 {=1

(33)
m—1 t
(1 —Djzy| Y, Mb(fex ™) qT 1+ Ma(<)e ™+ c(:)e“"]‘i < €0,

L =0 =0 i
for all n = N. Then all solutions of (P*) are slowly growing. a
The proof of this theorem follows by the similar argument as Mt
proof of Theorem 5 with suitable modifications, and henee we omit g
details,

&
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We remark that our results in this section can be modified very casily
to cover the ease when the perturbation term I in (P} is defined by (14)
or (13) by using Theorem 2 or Theorem 1 respeetively, with suitable modi-
fieations and assumptions on perturbafion terms.

In coneluding this scetion. we remark that in [7]. Luea and Talpa-
jaru have studied the behavior of solutions of (P) when f(n. a(n)) =0 by
gsing @ technique similar to that in the continous casc 3, 3. 6. Very in-
teresting contributions concerning the boundedness and stability of the

| olutions of () when the perturbation term I in (P) is of the form

w1
Z Lin.m. x(m)) have been made in a reeent paper by Bykov and
m=0
Linenko [1] by using a different teehnique.
4. Further Applications. In this section we are concerned with the

| relations between the solutions of the perturbed nonlinear systems of sum

difference equations of the form

n—1t
(§) wn)=gln)+y an—m— ) [ae(m) 4 f(ms 2{m)) + H(m. 2(1)],
m=4
and the solutions of the corresponding unperturbed sum difference system
n—1
(U) ym) =g} +Y, 9(n—m—1)y(m),
mrezl)

where g(n) € M?. for any n € N; @, y, g and f arc the clements of R?
and the functions f and I ave as explained in section 3.

Following [7] we call the resolvent of (U) the matrix r{n). that satis-
fies the equafion

n—1
r(n) = —q(n) + Y, gln—m—1)r(m), =n=N.

m=1{

(34)

It is known [7]. if r(r} is a solution of (84) then the solution y(n)
of (U) is given by the equation
#—1
gn) — Y, r{n—m—1)g(m).

m=Q

y(a)

Rewrite the equation (§) in the form

n—=1

36) w{n) =Fn)+ Y, ¢n—m—1)x(m),

n—1

here I'(n) = g(n) + Y, gln —m —1) [f(m, a(m}) + H(m, 2(.)})]- On ap-

m=0
lying formula (35) to the cquation (36) it follows that z(n) = F(n) —
n-1 n—1
'?::,0 rin —m —1)F(m) =g(n)+ Y, q(n —m —1) [f{m, a(m})+ H{m, =(.)}] —
a.fvfo?‘(-n —m — 1)} g(m) + mz_l glm — s — 1) f(s, a(s)) -1+ H(s, a())]] )
5 §=0
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since . We arc now prepared to establish our main results on the behavior
ui] rin—m—1}y g(m—s— D[ f(se a(8))4-H(ss a(.)}] ) = of solutions of the summary difference equation ‘of the form
m=0 s=0 n-1 i
a1 n—i-2 $*) an)=g(n) -+ % q(n — m— 1) a(m) -+ fm. alm)) +
ke (l)) + H(lee 2( )] Y, r(n—F—s— 2)qs) { s |
3, Uk ) + Hk ()] 3 . i
we have -+ h (m. a(m), Yy hlm, 1. a.'(i.)))],
fiml n=—1 Leel
a(n) =g(n) =Y, r(n —m—1)g(m) + ’%u g(n —m —1)[f{m. a(m)) -+ as a perturbation of the linear system (U), with the same initial values
™ ‘; . - - #(0) y(0) =/f(0) = 2, where a, is 2 constant,
4 H(ms (]~ Y, [flheoa(R)) + H(k. 2(N] Y rn k—s —2)p(s) = Theorem 7. Let the solutions y{n) of (U) be globally uniformly stable
k=0 et relative 10 ils resolvent rin). Suppose that the functions f. I and L in (S*) sa-
no! - e o tisfy the hypotheses (19), (20) and (21) of Theorem 4. where a{n). b(n) and
= y(n) + zu fy(n —m —1) — ;0 rin—m —s —2)q(s)] - Lf(m- alm)) + e(n) are real-valued nonnegative functions defined on N such that
4 Il(ﬂl; {l())i n—1 n—1 ml
, M {1+ Ma()]i1 4+ Y M) I [t 4 Malt) + M) +
Now by using (31) and the fact that 58) T _ — Pt
$ gl —m—s—2)r(s) = S s 2)q(sh | +e®] . 11 11+ Ma(—.)]"] < oo,
§=1{t 8= T=
woe obtain Jor all n & N. Then all solutions of (5*) are bounded on N.
) . Theorem 8. Let the solution y(n) of (U) be exponenticlly asympioti-
(87) r{n) = y(-n)_-z r(n —m — 1) [ f(m. a(m)) + H(m. (., eally stable relative to ils resolvent r(n). Suppose that the functions f. h. and
m=0 kin (S7) satisfy the hypotheses (25), (26), and (27} of Theorem 5. where a(n),
for all n = N. Wn). and c(n) are real-valued nonncgative functions defined on N such that

Before closing this scetion, we remark that theorems 4 —6 though
general, admit some further interesting cxtensions for sum-difference equas ¥
tions of the form (S) when the perturbation term H in (S) is of the form
(18) or (14) or (15). These extensions, (when the perturbation term H in%
($)is of the form (15)) formulated below as Theorems 7 9. are rather §
teehnical and follow the same lines of the teehnique used in scction 833

Before giving the main results in this section we require the followin
definitions which are the discrete versions of the definitions reeently i
troduced by the present author in [15]. '

Definition 2. The system (U) will be called globally f:mifof'mly stabie
relative to its resolvent r(n), if for any solution y(n) of (U). there exist consld

ne=1 n—~1 m—1
T [1 -+ Ma(m)e*] [1 + Y Mb(mer. I [1 + Ma(m)e* +
39) m=0 m=0 . i=0

+ Mb{m)e* 4-e(me*]1IT [1 + Ma{z)e*]-1| < oo,
=0 .

or all n € N. Then all solutions of (S*) approach zero as n — 0.
. Theorem 9. Let the solution y(n) of (U) be uniformly slowly growing
tlative to its resolvent vin). Suppose that the functions f. b, and k in (S*) sa-
sfy the hypotheses (30), (31). and (82) of Theorem G, where a(n), b{n), and
{n) are real-valued nonnegative funclions defined on N such that

5>0. M = 0 such that |y(n)} < djao| end |r(n)| < 8 for all n N ai nasi [ w1 m-1
|| < co. Im 1+ Malm)e™=111 + Y Mb(m)e=. T1 [1 + Ma(m)e—> +
Definition 3. The system (U) will be called eaponentially asymploisggi#o) Lo =

=

cally stable relative fo its vesolvent r(n), if for any solution y(n) of (U), th
exist constants 3>0- 3 =0, a >0 such that |y(n)| < 3|wgle™™" und | #{n)
< Me-a for all ne N and |a,| sufficiently smnall.

Definition 4. The system (U) will be called uniformly slowly gro
relative to its resolvent r(n), if and only if for cvery a >0 there &
constanis 8=0. M =0 such that |y(n)| < Sla,le*, and |r{n)| < Me™"
all n e N and |2, < 0.

+ Mb(m)e= = + e(m)e =} I1 [1 + Ma(z)e~*] | < o0,
=0

i oll n = N. Then all solutions of (8) are slowly growing.

The details of the proofs of Theorems 7 —9 follow by the similar
guments as in the proofs of Theorems 4 —6 by using the variation of
stants formula (87) and the discrete inequality given in Theorem 1.
* omit the details.
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Finally wc note that the results obtained in this scetion can be mo. ";gn“lfnloﬁi{;{?l = SL Il_kn.;t;g_um LAl L Cuzar Tusi
i g * wy S [T

dified very casily to cover the ease when the perturbation term H in (§)
is of the form (13) or (1) by vsing the variation of constants formula givey
in (37) and the discerete inequalitics cstablished in Theorem 3 or Theorem 2 |
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All this construction ean be given when K is an unitary ring.
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