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Finally we note that the results obtained in this scetion ean be mo.| fomu! XXIV, £ 2, s. 1a, 1978

dified very casily to cover the case when the perturbation term H in (g
is of the form (13) or (14) by using the variation of constants formula givey
in (37) and the discrete inequalities established in Theorem 3 or Theorem g |
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Chapter I. ALMOS  APFFINE SPACES

In this chapter we define the notion of K-almost affine space ang
Weylean K-almost affine space.

§ 1, First group of axioms. Torsion. Translations. The notion of
K-almost affine space is obtained {rom the notion of K-affine space by
renouncing to the last axiom of the second group of axioms, [13]. We for.
mulate this notion in dctail.

Let M be a sct whose clements A, B, C.... arc called points. Considep
the set M x M. Every clement (A, B) & M x M is called an oriented
segment of M whose origin is 4 and extremity is B. One denotes (L1, B)

= AB.

Let p be an cquivalence relation on the set M X M. TM = (M x M),
the quotient set with respeet to p and p: M x M — TM the naturg

- == G
projection. We denote p (AB) = AB and we say that AB is the veetor of |

the set M determinated by the oricnted segment A with respeet to the
- -

equivalence g. We shall denote vectors by 4B, CD...., @ i, 5.... ete.

- —-—
Obviously : 4B ¢ CD < AB = CD.
Conversely, if the set T'M of vectors is given together with a surjection

p:M X M - TM, then the equivalenee relation p is well determined by
AB p CD < p (AB) = p (CD). '
Let K be a skew-field and 1 e K its identity.
Definition 1.1. We call e structure of K-almost afine space on th
nonemply set M the following data :
a. An equivalence relation p on the set M x M, which defines th
quotient set TM - (MXM)|p of vectors of M.
b. A mapping

x: K X TM - TM, % (o) =%, Vas K, Va s TM.

c. The first and second group of awioms are verified (sce below).

Definition 1.2. The pair (M, of), where oA is e sbructure of the K-al
affine space on the nonempty sct M is called a K-almost affine space, in she
K-aa.s.

Evidently, from M = & it follows Taf = (.
First group of axvioms.
—y
I,, vds M,Vae TM, 3Bs M: AB==.
—_— ——
1, vA,B.A'e M: AB=A'B = 4= A4'.
—_ —— C ——— —
Ia- VA’ B’ C, "I‘s B’s C“r 1= DI B /‘B 3 .4‘B’, BC == B'C’ :‘4(}5
The axiom I, is called by S. Golab. [9]. Miron-Opa

axiom"” or ,triangle axiom®.
Some immediate consequences :

——y e}
Proposition 1.1. (i) V 4, 4'e M: Ad=A4"4".

— —_—— —— —_—
(i) vd4,B, 4, B M: 4B~ A'B' = BA=B'A".
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(i) VA € M,Yoe TM, 3, B= M: AB=a.
(iv) VA, B.B e M: AB=AB =B 1

The veetor A is called the nul vector of M and is denoted by 0.

The veetor B is called the opposite of the veetor AB and is denoted
— AB. S

Let (@.y) e TM x TM and A =M. Then 3, B = M: AB =2

- — =

and 3,C = M : BC = y. The vector AC = z does not depend on the point
A, (axiom I). It is called the sum of the vectors # and y. One writes
go=a T+ Y.

Definition 1.3. The mapping + : (moy)= TM « TM - v + y= TM
v &,y is called the addition operation of vectors of M.

We have z =a + y. or

;IB—}—I}C---;!C, m:.:l}},y=f36, vde M

Theorem 1.1. The pair (TM, 4-) is a group.
Proof. YVa,y,z2 s TM:a2 =AB, y = BC, z = EB 4 (¥ + 2 =
=AB + (PC—I— CD)=AD=ACH+ CD=(AB + BC)+ CD=(2 + y) +=:
240 = AB+ BB = AB =2 :2 + —a—AB + Bd — 44 =0. g.c.d.

One denotes @ + —yhy @ — .

Generally the group (T3, 4) is not abelian.

Definition 1.4, We call torsion of @ K-a.a.s, A, the mappingi: (z:y) =
TM <« TM - —(z+ y) +(y + @) = TM,

Proposition 1.2. The group (TM, +) is abelian iff the torsion of M
vanishes.

. —_— —— — — — —_
Proposition 1.3. If 2 = AB = CD', y = AC = BD, then t{z, y) :DB’.
Proposition 1.4,V 4, B, A\ B' & M: {AB=AB = BB = A4’} =

o {i(z,y) =0, Ya,ye TM).
Definition 1.5. The mapping t,: M — M, for which t,(4) =4,

& = Add" is called vector x translation.
» Let T be the set of translations, The fellowing propertics are imme-
iatly : .
Proposition 1.5. (i) Every t, = T is a bijcction.
() vi,t, =T (M)y=A,vA4 EM’@:L‘:(S; L (d)=A" t,(A)=
4 VA eMes - -—(y. v o
Proposition 1.6. Every t, = T is well determined by a fived point
e € M and by its image 4y = t, (A,).
Proposition 1.7. ¢, 0t, =1,,,. &;'=1t ., Vi, t, € T.
Theorem 1.2, (T,  0) is a group isomorphic to the group (M, -I-}.
Proposition 1.8. A4’ ¢ BE =t (A)t, (4) pt, (B)t, (B).

(1.1)
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Indeed, evidently Af (A) —=a. vV € 3. T hercfore 1,(4) l(A )= () Txw=wx Vo= TM
- -3 — — e 4 .
A A 4 L) = — 4 Ad @ =1, (B) B - BE () @+y=y+a Yoy = TM -
L _)_, — f;( ) S AB) B+ + Proof. (1) \‘,’lew]*(a—1*1)—1*w—(1 Dxax=1xr—1%a=0.
4+ B (BY =, (B) ¢ (). ‘ ‘
Bascd on this property we can consider the mapping : Therefore @ — 1 *33=0- Then z=1%a, Yo = TM.
- —— ..
Ti,: TM ~ TM. given by Tt (AAd') =1, (A) 1, (L), V.1 = 7p, ity 1+ Dx(z+y)=Ix(@+y)+1xlz+y=(+y)+ @+ y=
v A4’ < THL. | S+ ke + (L4 Day—xe+1x2) + (Oxy+ 1xy)=(2 + ) +
Proposition 1.9. T't, (y +=z) =Tt (y) + Tt, (3}, Yy.z e TH. i syt yBut(e )yt y=tet g+ (e +y) >a-Ly=yt o
Theorem 1.3. Tt, (y) ~ y» ¥y = TM if und onlyif M has1 (a ) =0 Theorem 2.2, f the K-a.a.s., M, has the property that the nmppr,nd
Va,y e TM ' - ' - ] o K x TM > TM is surjective, then :
e Tt . Ce ) cpointe sueh that 4 4° — BB - i} 1k, V& € TM.
Proof. Lot A, A, B, B'=M be f'gljj points such that 44" = BB, We Eii) ¢+ y=y+a Va,y = TH;M,
consider the translation ¢,. with @ = 44" Then ¢, ()= 4. i (B) = R, Proof. Ve € TM, 3w ¢ K, 32, € TM:2 =uaxz,. The 1z —
‘ —— _— —= = 1gfogd,) = (1. a)ws, = ax2, = . In this condition of course @ + y—
If T, (3) = = 4> v Y= TM, 111(’LJB =Tt (ADB)y =1, (d}yt, (BYy= AR, | _ y*_i_am h)old‘: Jay : Y
Therefore . 1 1 BB’ = . JB A"B" and the proposition 1.4 shows ¢t = 0, We will show that there exists K-almost affine spaecs M for which

r+yFy+ x, a.y = TH. Indeed they are the spaces with torsion.

Deflmtlon 2. We call a K-Weylcan almost affine space structure
on the nonemply set M the following dat :

a. An equivalence relation o on the sct M x M, which defines the
quotient set THIL = (M x BM)lg of vectors of M.

h. A mappm"

#: K X TM - TM, %(a, ) =axe, Va € K, Va e TM.
¢. The axioms I,. I, of the fn‘si ﬂroup tke amzom
I;. VA, B.A'B = M: AB = 1B = A4 ——BB’

and the axioms 11, , II,, 11 of the second group, are verified.

The axiom I; is called ,Raschewsky’s axiom® or ,the parallelogram
axiom”

Theorem 2.3. Every K-Weylcan almost affine space M is a K-almaost
affine space. —» —, __,

I’roaf AB = AR, BC = B’C’ and the axiom I, imply 4 4’

= BB , BB = CC . From AA = CC’ and the axiom I, it follows AC =

Converscly. if £ =0, then AB - 4B =>I.A1‘ — BB ond T4, (4B) =
e= Iy (1)! (B) Dcnotmrr hv A =1, (I) =173 (B), wc have 44’ =

BB = 2 and IB A B’ So that T, (le) —AB v ffB = ThM.

§ 2. Second group of axioms. Weylean almost affine spaces. Non-
contradiction and independence of axioms. In the sccond group of axioms
the propertics of compatibility of the mappingiwith the opperations + and.
from K and 7'M arc postulated.

Second group of axioms.

It the opperation + is given by the definition 1.3. then:

11, ve € K. Va. ;CTM' wr(r + ) = axe + axy. {

Ilg. Va.p €K, Ve & TM: (cx + Blxa — axe —|— B,

II,, Va,B = K. Vo€ TM :ox(Bur) = («. B)xa

‘Wlth this, one linishes the list of axioms of a str uctme of K-almost
affine space. ,*

Consequences of axioms from the first and sccond groups.

Proposition 2.1. Vo,3 € K, V 2. ¢ y < TM :

—_— — B - _—
wk(@— )= ok~ axy; ax0 =03 ax(—2) = axe. —A'C’. Thercfore : ¥ A, B,C, A", B, C & M: AB=AB, BC=BC =
- —_—
(2~ Blaw — ok —B + a3 Ok =0 3 (— 0w —— sk, = AC = A'C" which is the axiom I.. q.e.d.

The theorem 1.1 and the sceond group of axioms show that (T'M, -+
is o K-almost lincar spacc, (15).in the sensc that it contains all the axio
of an usual lincar spacc over the licld K. less the axtoms @ + ¥y =y +
and Ixa = a. (T'M. + ). in short TAI is called the associated K-alm
linear spacc {or tangent almost vecetor space) of the K-almost affine space X

Theorem 2.1. If the K-a.a.s, M, has the property: ¥ a e TM{{0
1xx 50, then:

Thercfore, the triangle axiom is verificd by vertuc of the paralle-
logram axiom.

The proposition 1.2 and 1.4 show :

Theorem 2.4. 4 K-almost affine space, M, is Weylean if and only if
ifs torsion vanishes.

Consequently :
Theorem 2.5. (1) Ifthe K-a.a.5., M, has the property ¥V x= TM ,’{O}

Ty #O then it is Weylean.
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(ii). If the mapping*: K x THM — T of the K-a.a.s., M is surjective,
then it is Weylean. . .

In the paper [16]. we have showced that the axioms of an alfine spaces
over an unitary ring I' arc noncontradictory and independent.

But the axioms of a K-almost affine space form a subsystem of the
system of axioms of K-affine space. It follows : '

Theorem 2.6. Let K be a given field. The axioms of the first and secong
group of axioms for a K-almost affine space arc noncontradictory and inde.
pendent.

On the same way. using Hilbert’s method of modcls one proves.

Theorem 2.7. Let K be a given field. The axioms of the K-Weylegy
almost affine space are noncontradictory and independent. _

§ 3. Associated almost linear space. The associated K—a_lmost.ilnear
space TM of M has a numbcr of interesting properties cstabl:shcdh in the
papersof R. Miron, F. Raddé, N. GheorghiuandD. Brinazej,
[15. 20, 8, 2]. We give, without prove some of these. _

M is ealled ,K-almost affinc trivial space” if (TM. +) is the trivia]

aroup, TM {6}, it is called ,K-zero almost affine space* if akz=0
Vo € K, Yo € TM; M is called ,K-unitary almost affine space” if
1%z —a, Va e TM,

Proposition 3.1. (i) M is a K-almost affine trivial space iff M is formed
by a single point. N .

(i) If M is a K-unitary almost affine space then it is a K-affine space..

Let ¢ == TM,= TM be an almost lincar subspace. It is called #

almost trivial subspace if TM, = {0 }; zero — almost linear subspace ifj,

Yaee TM, Vo= K:a®a=0; unilary almoest linear subspace if 1%p=
=z, Yo € TM,. ' ) _
A zero-almost subspace (unitary almost subspace) TM, is called
maaimal if for every zero-almost subspace (unitary almost subspace) TM,;
we have TM.,c TM,.
We denote by 2:TM the maximal zero-almost subspace and by u Tk
the maximal unitary almost subspacc of T'M. .
Proposition 3.2. (i) fn the K-almost lincar space TM there exists

single xTM and it is formed by all clemenis @ & TM with the property1* x =
and only these elements. _ .

(it) In T there exists a single wTM and it contains all elemen
x € TM jor which 3y € TM :a = 1*y and only these elements.

An almost linear subspace T3, of T is called normal if the su
group (TM,, +) is a normal subgroup of the group (TM, +).

Theorem 3.3. (Miron). (i) z7'M s an almost normal subspace of T

(1) wTM is a K-lincar space. ‘

(it} K-almost linear space T'M is the semi-direct sum : TM = zTM
+uTM. ) ‘ 3

(iv) The quotient K-almost lincar space TM T M is a K-linear spacesd
morphic to uTAl.

From this theorem it results :
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Proposition 3.4. 7M. 2TM, uTM have the propertics :

(i) 2TM n T ~ (O
(1) Yo & TM is uniquely wrilten in the form :

=@+ . v, € 2TM, 2, & uTM.

(tily The mapping P:TM - wTM. defined by Pla) = 1xa is a
p;-oj('c!ian on the maxzimal unitary almost subspace wTHI.

Proposition 3.5. Let { TM,; } e, be a familly of almost linear subspaces
of TM. Then -Q; TM, is an almost lincar subspace of TA.

Let _# be 2 noncmply subset of TM. The intersection TM' of all
almost lincar subspaces of T which contain 2 is caled the almost linear
subspace gencrated by the set _1.

Proposition 3.6. Let M be a nonempty subsct of TM and M be the
sel of finite sums of clements from M. — M and Kx 4. Then :

(i). M is an almost Iinear subspace of TM.

(ii). M cotneides with the almost linear subspace TM' generaled by M.

M M < 2TM. then TM is a zero-almost linear subspace.

H M < wTM.then TM' is an unitary almost linear subspace.

Iar example, T3 is generated by the set zTM u «TM.

The notions of homomorphism and isomorphism of K-almost lincar
spaces are lthe usual.

Let F:TM, - TM,be a homomorphism and TM, = TM,. then

F (T, ) is an almost linear subspace of T'3.. Of course Im F' is an almost

lincar subspace of T'M,.

Proposition 3.7. Lot 1': TM, — TM, be a homomorphism of K-almost
lincar spaces,

(1) If TM; C zTM,, then F(TM,) < 2TM,.
(i) If TM; CuTM, . then I (TM, Y= wTM..
Let TM,=TM, and F: TM,-TM, a homomorphism of K-almost

inear spaces. We have F- (T3 )  TM,.

~ Proposition 3.8. Let F: TM, - TM. be a homomorphism of K-almost
tinear spaces and TM, = TM.,,

() If TM, is a normal almost linear
normal almost lincar subspace of TM,.

(1) Ker F is a normal almost linear subspace.
One proves, without dificultics, the two following theorems :

. Theorem 34. If FF: TM, -~ TM, is a homomorphism of K-almost
near spaces. then we have the isomorphism TM,|Ker F ~ Im F,

Theorem 3.5. Let F: TM, - T3, be a komomorphism of the K-almost

near spaces. Then there exists a single homomorphism of the quotient K-almost
Rear spaces

space, then F(TM,)is a

F:TM,:TM, 5 uTM, - TM.xTM, = uTM,

ch that the Sollowing diagramme is commutative -
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.
™, —-~TM, Corollary 3.1. On the set M’ of a K-almost lincar space TM therc caists

a structure of  K-almost affine space such that ity associated K-almost lincar
™ ’ P2 space T cotncides with TM.
! P l Corollary 3.2. There exists a K-almost affine space J with the property
TAM, = TM,—— TM.[zTM, that its associated K-almost livear space TM has 2T M and « T M given apriori.

§ 4. Almost affine subspaces. I.et M be a K-nhuost affine space and

O DS IATS . obicets ‘he morphisms o . .
The K-almost linear spaces as objects and the homomory f the #1* be a subsct of M. Consider the set of vectors,
a5

K-almost lincar spaces as morphisms form a cu’gogory,'thc composition
of morphisms being the ordinary conmposition of mappings.

Others resulls conecarning K-almwost linear spaces. L (4.1) TAC={AB € TM | ¥ A.B = M.

Theorem 3.6. 4 K-almost linear space THL is the direct product TM = § Definition 4.1. T/ subset M* of DL is called an almost affine subspace,
— oTM x w3 ffuTdl isa normal almnost linear subspace of TM. | i shorl ceess. if the following condiiions are satisfied :

Theorem 3.7. (Licheck). For every K-alimost linear space TM. for which a. The restriction of the mapping « lo K x T is valued in TAH*,

the group (TDL. +) is commutedive, we have thedirectsum TM ==zTM @uTM. |
Now. we must sce in what ease one ean construct a K-almost line-
ar space T'M when 2TAL and wXA ave given. |
Theorem 3.7. (Radd). Let xTM « zero K-admost linear space and uT"M ;
a K-linear space. Then for every b = Tom (u7 3. Aut (-z’I“M )} there cxisly
the K-semidirect sum zTM +ouTM =T3M. lis m.a;umml zero-almost
lincar subspace is 4, (xTM) and ils mazimal fr.'.-n.f_mry linear s:-u-bspa{:c s ‘1‘, :
(nwTH). Up to K-isomorphisms. cvery K-almost linear space is oblained in
s way.
e L}irlglc TM — 2TM + @T3 s given by ’f.hclsct {(m_.'-y) | @ = zTM |
y = ulM) and (o) -k (@ y) =@+ 00y @) y+ ) ol y) =
— (o o). 4, 2 2TM - THM is defined by #, (#) = (. 0) and i, : uTM
- TM by 7, (y) —=(0: y).
A conscquence of this theorem :
Proposition 3.9. There exisls K-almost lincar spaces TM which 1de
not reduce to direct sum of zTM and wTH.
Some application to K-almost affinc spaces : . s
Proposition 3.10. (i) The sets M. TM and TM,, = A, 4| 4, €
v A € M} are equivalent in category Yns. ]
(i) “The sct TM ,, is a system of gencrators Jor TM.
Theorem 3.8. Let TN be a K-almost linear spuce and M be a 8
with the property that TN and M are equivalent i the category Lins. In the
conditions there exists a structure of K-almost affine space on the set M
that the associated K-alwost linear space TM is isomorphic to TN. :
Indeed, ifo: M — TN is a bijection and 4, B.C. 1) & M.z
=o(d). ay=0(B). wi=¢(C). ¥ =9¢(D). wc put ABp CD =
— 2, + 2 — —a, -+ @, Then g is an equivalence. Consider the quotiel
set TM — (M » M)lg and thc mappmg T%:TM - TN. Tv (ABJS
= —a, + a, It follows that T9 15 a bijection. So we can transfer on’
set TM the structure of K-almost lincar space of T'N. Therefore T9
an isomorphism. There are verificd, for M the axioms from both gro
e, _
Remark. Later we shall see that this K-almost affine structure
the sct M is unique up to isomorphisms of K-almost affine spaces.

L. For the pair {37 TAY both grovps of axioms are verified.
Then T is the assoeinted almost linear space of 3" and if M*# &,
then TAI* is o K-almost lincar subspace of TAL
Consider the empty set an n.as.s, for every almost affine space M.
& Proposition 4.5, Lef M be o subset of the K-a.as. M and the set TM*
given by (4.1). M is an a.a.s.s. of M i
1

(i) 3o M Vae TH. 3B = M Ay B = n.

(ily TM* isan almostlincar subspaceof TM.

Proof. Suppose M* is an a.nuss, of M and T3 < T, Obviously
(i) and (i1} are verified. Conversely. it follows from (i) and (ii) that the
second group ol axioms arc verified. Let 4 = M be a point and & & TM*
an arbitrary vector. I'rom the condition (1) it results that there exists a

B

point A, M : Vy<s TM. 38B< M such that f_f_(, D=y Taking
R s = ey —_— _— ——

y= A, A -+ 2 we have 4, B=d,d +a or — A, 4+ A, B=AdB=12

and /, is verified. In the same way the axioms I, are proved.

Proposition 4.2. Let A, € M be @ fived point and TM* be an almost

linear subspace of TM. Then M*={d= M | v Ad,4 = THM'} is an almost
affine subspace of M with TM* us associated alinost lincar space.

The proof is easy.

Theorem 4.1. There exists ¢ single a.a.s.s. M of M which contains
fived point A, & M and has ¢ given ¢ssociated almost lincar space TM* < T
One says that M° from the last theorem is determinated by the point
1y and by the direclor almost lincar subspace 7'M*.

. Theorem 4.2. The interscetion M, n M, of two a.a-s.s. of M is an
@.5.5. of M. If M, n M, == & then T (M, n 3, )=TM, n TM..

This property is calable and for a fomilly of a.a.s.s.

Proof. 1 M, n M,= @. then it is an aass ef M. If M, n M, = &,
tdy = M, 03, be afixed point and M be the a.a.s.s through 4, having

—_——
M. 0 T, as divector subspace, ThenY A eM nM,=d, AsTM, - TM, =
A< A, Conversely, VB eM = 1,8 TM, n TM, = ZO_I} =
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—_——
= TM,, A)BeTM,= Be M, n M,. Thercfore M, n M.=M" apq
T(M,nM,)=TM, n TM..

§ 5. Parallelism. Foliations. Lct M. i< I be the a.a.ss of K-almogt
affine spacc AL

Definition 5.1. We say that the a.a.ss. M,s= & is parallel 1o the
almost affine subspace M, if TM, C TM. and we denote this M, || M,

Proposition 5.3. The relation || is reflexive and transitive.

Theorem 5.1. Let M, @ an w.a.s.s of M and TM, < T, be. Then,
through cach point A = M it passes a unique a.a.s.s. M, parallel to M, ang
with THM, as a director subspace.

Proposition 5.2. If M, | M.. then onc and only one of the relationg
M, c M,or M, M, = (& is true.

Indeed. if M,nM.== @&. then T(M, n M)=TM,nTM, = T™,,

Taking A= M, n M,. VA= M, 4, A=sTM, =TM, n TM, = 4«
= M, Therefore M, « M,. cte.

Definition 5.2. A fumilly (F = (M,);e1 of a.c.s5.5. of M is called a foliatioy
of M if:a) Viel, M, = & b) vas M. Ii,el:4 = M, ; e) Vi,
JeI: M || M Anelement M, = (F is called a leaf of the foliation (F. :

For every foliation (F we have : TM, = TM,. Vi.je I; M, =+ M s
=M, nM, &y v =M, 3M,: A4 = B, Then:

Theorem 5.2. There exists a single foliation F in M with the

that all its leafs have the same director subspace TM' < TM.
—

A foliation £ = (M ), for which TAM, = {0} is called a trivia
foliation. If TM,=TM" is a normal almost lincar subspace, then (F is

called a normal foliation. Let (F, be the foliation which has 27TM as the
dircctor subspace. It is called the foliation of the maximal zero-almos

affine subspaces of 3. It is a normal foliation. Let (#, be the foliation which

has 2 T'M as the director subspace. 1t is called the foliation of the maximal

unitary almost affine subspaces of M. These two foliations are uniquely

determined in the K-almost affine space M.
One proves casely :

Proposition 5.3. The foliation (F, is built up by the normal a.a.58

iff ta. y) ~0. Ve =uwTM, Vy =z2TM.
Proposition 5.4. Let MY = (F, be the leaf throungh the point A, MY e (F
be the leaf through the point A, Then the leafs of the foliation (F, are normal

aass. iff VB =M, VC = MY, 3D e Mia My : AB=CD = AC
=BD.
Theorem 5.3. Tlhe intersection of two leafs My= (Fo and M, <
contains one point and only one. :
Proof. Since M, J, M, = & beeause M, (F,, M, = (F,,the
exists a point 1 &M, and a point B=M,. By virtue of the propositi0
3.4, the vector 4B can uniquely be written in the form 4B =z, + @

—r
xy € 2TM, 2, = uTM. There exists the point C with the property 4C =

|

—

11

i
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We have AB=AC +- CB =g, + 2,. Then CB — mand C = 3, Cs ..

-
Thercfore C = M, n M,. But 273 n «TM = {0} It follows that C is
uniqli(’. q.(“.d.

Proposition 5.5. Every leaf M, = (F, is a K-affine space.

§ 6. First fundamental theorem. Let M* be o subset of points the
K-almost affine space M. The intersection M’ of all a.ass, of Af which
contain the subset M* is an almost affine subspace in M. This is well deter-
mined. M’ is called the almost affine subspace of 37 gencrated by the sct
M MY = & then M = g,

Let M* == @ be, subsct of M and

(6.1) M={AB = TM | V4, B < M)

the st of vectors of M*.
Theorem 6.1. The a.a.s.s. M’ generated by the subset M*
| £ (. has the associated almost lincar subspace TM'
of vectors of M.
Proof. Let {M, },¢; be the familly of a.a.s.s. of M which contain the

of M. M=
generated by the set M1+

property

subsct M and {T'M, }ie, be their associated almost linear subsbaces,
—— —
But ¥v.1.B= M = .4, Be M~ "M, Thus AB = M= ABe TM =
iefl
= N THM. It follows M* = TM'. It is ncecssary to show that {TA e
i€l

eontains all the almost lincar subspace of TM which contains A Let TM

be an arbitrary almost lincar subspace with the property #" « TM, and

4, = M. The aass M, through A, having T3, as the dircetor space

eontains the set M'. Then M, € (M} .,. Tt follows TM,={TM},. The-

eforc 7'M is the almost lincar subspace generated by the sct _g° q.c.d.
Evidently. the a.a.s.s, M’ gencrated by the sct M* is obtained as

he a.a.5.5. which passcs through a point 4 = Ar" and has the almost lincar

subspace 7'M, generated by the set * as the dircetor subspace.

A first important conclusion is given by :

Theorem 6.2. (First fundamental theorem). For every K-almost affine

pace M. there exists a uneque foliation (F, of the maximal zero-almost affine

ubspaces and @ unique foliation F, of e mavimal wnitary almost af, fine

b.s*p(;ﬂ's. M is generated by the set of points Moy M, where M 0 € (For

Ly & (f.

Proof. TM is generated by xTM v wTM. But T3 U wTM is contai-

d in the sct of vectors of the sct M, u M,. Therefore the set of vectors

LM, U M, is a system of gencrators for the almost linear space TM.

then the almost affine subspace which contains the point {4} = M, n M,

heorcm 5.3) and has TM as the dircctor spacc. coincides with the K-

Sst affine space M. Therefore M is generated by the set M, u M,.

Chapter II. CATLGORY OF K-ALMOST AFFINE SPACES

The geometric structure of the K-almost affine space will be com-

Etly precised up to isomorphisms. In view of this remark we will define

o
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the notion of morphism of K-almost affine spaces and we will study the
eategory of K-almost affine spaces, Introducing the notion of quotieny
almost affine space and dircet product of almost affine spaces we obtaiy
other two fundamental theorams.

§ 1. Morphisms of A-almost affine spaces. Tet M. i= T be some K.
almost affine spaces. TM,. { = [ theit corresponding associated almogt

lincar spaces and g, i € I the cquivalence relations which define the veg. |

tors of M, i = I.
Definition 1.1. We say that a mapping f: M, — M. is compatibly
with the equivalence relations py and g if VA, .1, B,. B, & M,:

A0, B,B, ""’f(m(fz) Paf_(Bl)f(B':)
Fividently :

(1.1)

Proposition 1.1. 4 mapping f: M, — M. is compatible with the equi. |

valenee relations py end g, if and only if ¥ A, . o4y, By, B, = M,

A A, =B By = [ (A0 (A) =T (B f (B

The previous proposition shows that to every mapping f: M, -+ M,

(1.2)

compatible with g, and p. we ean associate a mapping 2 : TM, - TM,

defined Dby :
(1.3) V,= B, Ya=d, A, TM,: Tf ()= Tf (A, 1) —-f(Al)f(_:q

This mapping is well defined because from (1.2) it rosults that it

independent of the point 4, In what follows. we shall say that T/ is thes

associated transformation (or tangent mapping) of the mapping f. We

an example of associated transformation in the case of translations, §1,0L1

Definition 1.2. 4 mapping f: M, — M, compatible with the equivale
relations o, and p, will be called an almost qffine transformation or « morphi
of K-almost affine spaces if ils associated transformation Tf: TM, - T.
ts a homomorphism of the K-almost lincar spaces. ,

For cxemple. if M is a weylean K-almost affine space, then a tra
lation f,: M — M is an almost affinc transformation.

Proposition 1.2. Let f, . f.: M, — M, be two almost affine transforn
tions. We have fr—=f. iff fi (A)=[f.4 for a fixed point A =M, and Tf,=1

VA, M, Tf(Ady) — T, (Ad) = o () o () =
=f‘-’(“1)f:(-'11)=’f1 '1)Lf: (A,). :

An almost affine transtormation f: M — M with the property (0
—0, for a point 0 & M is called a center-almost affine transforma
and O will be called its ecenter.
Proposition 1.3. For cvery two center-almost affine transformé
fi-Jo: M — DM, with the same cenier. we have fi =f iff TH=Tf.
Theorem 1.1, Let A = B, .. A" e M. be a pair of fized 1
and F: TM, = TM, be o homomorphism, There exisis a single @

1f

affine transformation f: 3, — M. with the properties [: 4 - A", y

Proof.

3 |
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Proof. We consider the mapping f: M, — M. given by fidy =t
ff/f:) - Ay, where A| verifies relation F(}Eff) =TI-: This mapping
o e S —oy TIPER
is compatible with ¢, and p, because 4, 4, = B, B, = — 4.1, -} Al
— —_—— —_— - - —?_ ) o oae
; A — A A “an Tt
;;;i'Bl —_|— /LB2 =P (—__’A.fl,)_j;l“ (AA.{)_>= I'_ (:ABJ + FAB.) =
A A, = —A'B + 4Bl = 4] A, =B B,. lct Tf be the
gssociated transformation of f. Thus Tf (Iﬁ) =] (A)f(ji-:) =.z.4‘:i' =
—_—— . : v

L)Y A =M and TF (6, A = [(4)] (L) —AF () + A7 (49 =

_F(—dAd) + F(AA) =F (4, 4,). YA, A, & TM,. T ,
= F. The fact that fis unique f()“:,“,s from PrlfJ})c;sitiollJi_lz'_ Therefore Tf =

We will denote by M, = M.{ = I i
L ) y I -t = I an almost affine subsps ’
T .0 e 1 its associated almost linear space. pace and by

mﬁl .Proposﬂ—lon 1.4. Iff: ]‘Il - JI._: Q‘S an ((_hnost affl’?“, “'GH-S_‘fOJ'matian,

(i) Mic M, =f(M,) = M,, T(f(M;)) = Tf (TM)).
(i) Tm f = M. T{Imf) = Im (Tf).
(i) M; being a zero-almost offi X £y
almos! uffim: su-bs?mce in M, Wfine subspace in M, = f (; ) &5 @ zero-

(iv) M being an wnitary almost affine )
_ i 1 2 subspace L) i
an unilary alnost affine subspace in Mff e

] Proof. ('i) Let 4, = M;be a fixed point. Ay —f(.1,). The pair
4‘, s Tf (T, ) determines a unique almost affine spacc M, in M, We
ow that f(M}) = ;. Tndeed. ¥ 4; M;, iy 4= Tf(TM;) = 3=
TH; o= Ao Ay Ay & Mand Tf (2) = TF (4, 4y) =] (1) (L) =
Agf(A) = Ay A = f(4) = A . Tt follows A’ :

E o ) - s Ady= f(My) and M; c
€ f(Mll; Com«eu.cl.\,ri YA, Eng'l )» 34, = M;: A, =1f(A,). Tlllcn
(407 (1) = T/ (4 4) = 7 () =] (4 = o, & FF; andy (35) < 7T,
~ ere{?i!)'clf.(’lfl } =M and (M, )L Moy T(f(M,)) = Tf(TM]). )
3 s & consequence of (i) and (iii) and (iv) follow from the proposition

e

3 aﬁo{)ﬁsiti(')rll L5, Suppose f: M, M, is an almost affine transforma-
1l ] ;CJ' o then : (1) fYM,) < M,. T (f-1 (ML) =(il‘f)"(TM")
(Iljl)l If M, is a normal one, then f (ML) is normal. .

A roof. Let A, e Sy be a point. The pair (Ao, (Tf) (TM))
ftermins an almost  affine subspace M, in M. We can cstablish that
b ) . —_— -
: =[ (M. VA, &f (M), Tf (Ao 4,)=sTMy = A4, 4, (Tf)(TM;) =
A, &3 =/ (M) = BT, Convers ST

’;' l::f ) R M'g:_}(,mn crsely,V A4, €M, = 4, 4, « Tf) (TM,)) =
Iﬂf(.Ao A,) '-——*f(Ao)f!Al) e TM,. But A,= f~1{M)). It follows f(d,)=

eand M, < f1 (M), (i) follows from (i) and form proposition 3.8, I
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Theorem 1.2. If f: M, — M, is an almost affine transformation, thep. affine .s'pafe_-uniqwell determined up to an isomorphism, such that the canonical

(i) f is injective if and only if Tf is injective. projec!ion n: M~ M is an almost affine transformation, if and only i
(1) fz:s- sqg'r:jf?.c{ftre :tf and only 1_f Tf is ST!:?"j’(i(.‘{l‘Ut?. is @ normal folm.{mn in M. When (F is a normal foliation the " dﬁfoﬁ
(1ii) f is bijective if and only if Tf is bgu.twe;_’ isa E‘Ta!most affine space and its associated almost linear space TM is given
Proof. Let us supposc f injective. Let @ = 4B & Ker (Tf). They | ¥ TM = TM|TM, where TM, is the director space of the foliation (F.
—— -k —_— —_—— -2 " . . . —~ .
TP (AB) =0 =f(A)f(B) = f(4)= f(B) = A = B = AB = 0. We hay Proof. Supposc that on the set B there exists a K-almost affine

- o tructure of such that n: M — M/ F is ¢ : .
Ker (Tf) = {0}. Converscly, Tf injective impliecs Ker (Tf) = [0}, 2 = M['f is an 3'_]11’10513 affine transformation.
Let it_,:# B two arbijrargr poilt_s; f'rorr. M. Supposing f(A) = f{B) we have LctT%;' l"bi(fl've thﬂ.t Vﬂd (4)) =n (A.z) =4, 4, € TM,. Let 1:TM -
TfiAB) =f(A)f(B)=0 = AB =0 = A= DB: a contradiction. On the - A e 1c_a".f>:e3i:1atc _‘transforgatxon of @, Il = Tx. Wehave : n(4,) =
same I\va)}onﬁlprove; (it) lzt;(l (ﬂi}i). b | o . =n(d) = U (4, 4} =0 « A, 4, « THM,. Consequently, Ker Il = T'M,
ot fi: M, = M, and f, : M, —» M, be two almost affine transforma. - is a normal foliation. But = i jeetiv : i
tions. T])CIll B claf, wifl dcnote their product mapping. ; S?GI then Tr—Tl i o . u. BT e trarlfforma-
Proposition 1.6. Let f,: M, - M. f, : M.— M, two almost affine trans. . i - ° SllI‘jCCth:), too. It fQ..I,lOWS TM{TM;~ TM. The
. last part of the theorem holds. The space TM — TMTM, is well deter-

formations. Then =
(i) f: ofy is an albmost affine transformation. mined. Ilcnee cach almost affine structure o on M with the mentioned
(i) T(J. ofs) = Tfs o Th. | property will he isomorphic to the almost affine structure of. Now, let
| ussupposc that (F is a normal foliation in M. We will show that there exists

(iil) Tlmf. =Ty,
We can consider the category of K-almost affine spaces which has & ot on Af such that n: M A7 is an almost affine transformation. Let p:
TM ~ TM|TM, = TM be the eanonical projection. Consider the mapping

as objects the K-almost affine spaces and as morphisms the almost affine
“§: M ~ TM defined in the following way. We fixe an clement n(0) € M
——

transformalions. Wl
Theorem 1.3. There exists a covariant funclor T from the category
of K-almost affine spaces to the category of K-almost linear spaces, with i . 37 7 . .
f ffine space e category of near spaces. with i ang_:f’ut g:n(d4) € M - p(04) € TM, Vrn(4). It is obvious that
p(04) depends onlz onm (1) and does not depend on the point 4. We

properties: T:M - TM, T:(f: M, - M) - (Tf: TM, - TM.).
have ¢ (n (912 = p (00). Morcover the mapping ¢ is injeetive : n (4) =

An isomorphism in the category of K-almost affine spaces is called i
an isomorphism of K-almost affine spaces and it is denoted by M, = My
B ) ——
%’“( )= AB ¢ TM, = p (04) = p (OB). This mapping is surjective
Since for an arbitrary z = p (v) = THM we have # = 04 and ®(4) has

Theorem 1.4. Every two leafs of a foliation (F of the almost affine 'Jl-'
the property ¢ (1 (4)) = p (04) — . Applying the theorem 3.8, it

M are isomorphic.
ollows that therc exists an almost affine structure of on the set M such

Indeed,” VM, ,M,s (# = TM,= TM,. Consider the mapping f:
M, > M, for which f: 4, & M, - 4, € M, , .4, and 4. being the fixed
hat the associated almost linear space to (M, ) is just TM. We must
prove that n: M — M is an almost affine transformation. We have

points and Tf = 1,,,,. From the theorems 1.1 and 1.2 result f: M, M
(4)n (B) = —~ p (0:1) + p(OB) ~p (AB). Then AB=CD = 7 (d) n (B)=

Obviously, the thcorem 8.8.1, can be precised using the nation of
% (C)r (D) and nis compatible with the relations ¢ and pﬂ— The associated

isomorphism of K-almost affine spaces.

The binary relation = between K-almost affine spaces is an equiv
lence. The geometrics of two almost affinc spaces M, , M. which have &
property M, = M., arc considered identical.

Theorem 1.5. The product of almost affine transformations determ
a structure of group on the set of the isomorphisms from M to M.

§ 2. Quotient K-almost affine spaces. Second fundamental theorem:
Let (F = (M), be a foliation in the K-almost affine space 3. The binaty
relation ~ defined on M by A~ B«3i,=1: 4 €M, BeMa
an equivalenee relation. The quotient set M|~ wili be denoted by MfS
We shall see the conditions when M induces a K-almost affine structure

the set M|(F = M. Let n: M — M| F be the canonical projcetion. .
Theorem 2.1. Let (F = (M), ¢, be a foliation in the K-almost &if

space M. On the quotient set M|(F = M there exists a structure A of K-al

ﬂPRing MM: TAM— THM has the properiy H(._fi-ﬁ) =n(d)n (-ﬁ) =p (:(_1 _é),
AIB s T.M. Therefore IT = p. It results that 1 is a homomorphism of
most lincar spaces and n is an almost affine transformation. q.c.d.
If 7# is a normal foliation in M, the pair (M, of) from the previous

orem is c.all.cd the quotient K almost, affine space of M by the folia-
# and it is denoted by M = M/Z. An immediate application :
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Theorem 2.2. If f: M, — M, is an almost affine gra.:n.s;formatio-n, then .

() (F={f1(1)| VA € M,} is a normal foliation in M,.

(1) M,/(F = Im f. _ , )

In fact:(i). f71 (A') is an a.a.s.a of M, with T(f? (")} = Ker (7).
Therefore (F={f ()| VA" = M,} is a normal foliation. (ii). The
quotient K-almost affine space M,/F has TMKer (Tf) = Im (Tf) as the
associated almost lincar spacc. Remarking that Im (Tf) = T (Im f) apg
using the theorem 1.2 we get M,/(F — Im f.

We have also:

Theorem 2.3. Let f: M, — M, be an almost affine transformation ang

e

(7 be the maximal zero-foliations in M, and M.. respectively. In they |
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product TM, > TM, M is called the dircet produet of 3f, and M, and
denoted hy Al — 3, x M..

It is casy to scc that the projections I, : M — M, (i =1,2) are
almost affine surjeetions and Tn, =p: TM - TAM, i =1.2 arc the
rojections p(r) = pa, «2,) = @i Consider sf° = (49, A3) a fixed point
of M and define the mappings @, : M, — M, i,(4,) =(4,, 4%, Y4,= M, ;
M. — M, i, (A4;) =(18. A,). ¥V, = M, Then i, and i, arc injective
allmost affine transformations and 79, : TM, - TM, Ti,: TM, - TM

A

{l grc canonical injections. But 1%, (1'M,), TP, (TM,) are normal almost

lincar subspaces in TAL It follows that M, and M, can be identified with
b the normal almost affine subspaces Im 4, and Im 4, in . Im 4, nIm i;=
= {-°} and M is the dircet product of its normal almost affine subspaces
M, and AL,

conditions there exists a single almost affine transformation f: MR o r

- M,/(F2 such that the following diagrame is commulative
i)
1‘11 —_— MB

Ty g

! / i
M, Fs ——M,|(F]

Theorem 2.4. (Second fundamental theorem). For cvery K-almost affine |
space M. in wehich (F . is the foliation of the maximal zero-almost affine subspa.
ces and (F, is the foliation of maximal unitary almost affine subspaces, the
quotient almost affine space M|(F, is isomorphic to a fized leaf M, = (f, and
M, is a K-affine space. _

Proof. (#, is a normal foliation and cach leaf M, € (%, is a K-affine
space (proposition 5.5, 1). The quotient almost affine space M/(F, has the
associated almost lincar space TM[zTM = wTM. But T is the director
space of the foliation (#,. Consider the mapping f: McF, = M, defini
on the following way : f maps the leaf M, € (7, into the point B given {
M, n M,. The point B exists and is unique. f is an _almost affine trans-
formation and Tf: TMzTM— uTM is defined by Tf (¢ + sTM) =1
vetzTMeTM{zTM. But Tf is an isomorphism. From the thcorem
we gct that f is an almost affine isomorphism.

§ 8. Direct product of K-almost affine spaces. Let M,, M, be t¥
K-almost affine spaces. g, and p, be their equivaleneces and TM,, TM,!
their associated lincar spaces.

Consider the set M =M, X M,. A point 4 € M has the form 4
wi (A, 4,). On the sct M x M we have the equivalence relation p =

X potAB o CD < A, B, 5, C, Dy . (i =1.2). The vector AB from M Wi
- - i
4, B,) from M, X3
—_—
We define the product with scalars of K :ox 4B = (a4, B oaxd

Yo € K. V;t_lg‘ = (—A—,-E’], ZB;). Then M is a K-at_l{nost 'affine
and its associated almost linear space T3 can be identified with the &

respeet to p is identificd with the vector (., B,
——

Theorem 3.1. (Third fundamental theorem). The K-almost affine space
M is the direct product of a fived leaf M, of the foliation (F, of the maximal
zero-elmost affine subspace with a fixved leaf DI, of the foliation (£, of the mazi-
mal unilary almost subspaces if and only if (£, is a normal foliation.

Proof. M =M, x M, M, € (¥, M, & (#,, then M, an M, are
identilicd with the normal almost affine subspaces i, (3M,), i, (M,). It
foliows that (%, is a normal foliation. Conversely, if (7, is a normal foliation
then (7, and 7#, arc normal foliations and AM,. M, are normal almost affine

subspaces of I, Consider M=M, x M, Change the leafs M, and A, with
other two leafs of (F jand (£, one ebtains a K-almost affine space isomorphic
to M. But TM =z TM X »TM. The lincar space «TM being normal it
follows TM =xTM x uTM. Then M = M.q.ed

The Weylean K-almost affine spaces have the property that the
foliation £, is normal. For this eategory of K-almost affine spaces theorem
8.1is truc. Of course the fundamental theorems 6.2, T and 2.4 for the Weylean
K-almost affine spaces are valables.
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SUR LES SURFACES DONT DEUX NORMALES OU DROITES
CANONIQUES PASSENT PAR UN POINT FIXE

PAR

FROIM MARCUS

1. k. Cech s’est propos¢ P'étude des surfaces dont une normale
ou unc droite canonique passe par un point fixe, comme une généralisation

a la g¢ométrie projective différenticlle d’une propriété de la sphére métrique.

Il a déterminé les éléments linéaires projectives des surfaces dont 'axe
de C ¢ ¢ h passe par un point fixe [1]. Cech a attiré Pattention sur cc
probleme 4 I. Kaucky qui a obtenu, dans un mémoire tres important
[2]. beaucoup de résultats importants. D’apres Kaucky, les surfaces
dont wne normale qui n’est pas la directrice de Wilczynski ou une
droite canonique. passe par un point fixe, se partagent en  deuz espéces. Les
surfaccs de premiére espice sont données par les solutions p — B(th v =u + v,

de 'équation

2(k+1) BB -+ (k* —1) (B') + 2kB* B —8B* —ap® =

3(1 -+ 20, A= —1/2, a ¢st une constante qu’'on peut prendre
ale d zcro ou @ un et ) estle paramétre qui fire la normale d*une surface. (Voir
1]) On montre en [2] que si @ = 0, on peut, par une méthode de Cech, obte-
ir les équations finics de ces surfaces par des quadratures. Ces surfaccs
nt la propriété qu'une famille de courbes de Darboux se composc de coni-
ues touchant une droite fixe dans un point fixe, Dans le cas a =£ 0, les
urfaces en question ont la propriété qu'une famille de courbes de Darboux
€ compose de coniques qui passent par deux points fixes.

Les surfaces de dewxiéme espéce sont-comne Ua démoniré J. Kaucky
2] - les solutions dw systéme

Buw = BB Bur = BBy »
(k% = 1) (BBur — B.B.) + [ (k + 1) ¢* + ke — 3] p* = o,
€ est une racine de Uéquation quadratique
) (-+ 1)+ 8)e* + dhe — 12 = 0.
Les systémes () + (Ay) ont 8té  intéerés par Keaucky dans le cas

Teth*— 10 Lecash + 1= 0, auquel correspond I’axe ou la normale
Cech a ¢t¢ résolu par Cech [3].



