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SPIN STRUCTURES ON HILBERT MANIFOLDS
BY

MIHAL ANASTASIEL

1. Introduction. Lct H be a separable. real Hilbert space. We de-
note by L (H) the algebra of bounded linecar operators on H. by O (fI) the
orthogonal operators on Hand by 7 the identity operatoron H. Let GL.(H)
be the group of those invertible operators on H which can be written as
I+ where A is in a perturbation class® P(I) [2. p. 46] of L (H). The
group O (), = O (H) rn GL, (I} is doubly connceted and we depote by
S0 (I}, the connected component of 1.

Let F (£} be the ideal of finite rank operators on H. We denote by
F(I), the clos;mrc of the ideal I (JI} in the p-norm defined hy | X ||, =

P

(trace (A"X)2)» for 1 < p < e and by the usual norm. for p — oo, The
ideals F(H), are .perturbation classes” for L(JI). For p =1 (resp. p = %)
we obtain the ideal of nuclear operators (resp. the ideal of Hilbert-Sehmid
operators) and in this easc the groups O(H), . SO(H), will be denoted by
SO(H).). 1t follows. [rom general principles,
that the universal covering of 80 (H), is a Banach-Lic group and that the
covering map is 2-sheeted, An explicit construction of the universal cove-
ring group Spin (#), of SO (H), has been given by P.de la Har re (8]
Later. R, J. Plymen and R. F. Streater [9] gave an explicit
construction of the universal covering group Spin (II), of SO (II), . Both

‘groups Spin (M), and Spin (M), will be called spinor groups and will be de-

noted by Spin (H).
We denote by SO (H) both the groups SO (H), and SO (#), and by
p: Spin () ~ SO(H} the corresponding covering maps.

In the following. we define the spin struetures using the groups
Spin (IT) and we give some properties of these structures. Some results
about the Ricmannian P-structures are given, too.

2. Definitions of the spin structures. All bundles. manifolds and mor-
phisms considered in the following will be assumed of class € “.Let M be
¢ connected and paracompact manifold. modelled on a Banach space and
et £: ' — 3 be a veetor bundle over M with fibre H.

. Definition 2.1, A Riemannian P-structure on the veetor bundle Eis a
eduction of iis structural group to the group O(H) .

Remark 2.1, The cxistence of the Riemannian P-structures is a direct
fsequence of the fuct that GLL (H) is contractible (Kuiper's theorem).

" Definition 2.2. 4 Riemannian P-structure on the vector bundle £ is said
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to be orientable if £ admits a further reduetion of its structural group to the
group SO(H)p.

Theorem 2.1. A Riemannian P-structure on the vector bhundle £ is o.
rientable i f and only if the first Stiefel-Whitney class w, (£) <II' (31. Z,)
vanishes.

Proof. The proof of Proposition 6.2 from [6] ean be repeated USing
the homomorphism G(H), ~O(IH),. SO, We give an alternative proof, The
exact sequence

(2.1)

induces an exact scquence
and 2.10.1)

(2.2)

1 = SO(H}, - O(H), — Z, -1

of the cohomology groups and sets ([5], 3.1

0 ~ H{}M,SO(H),) - I'(M.O(1),) 5 I M. 7))

We denote by L the principal bundle of lincar frames of £ (for de.
finitionsee Bourbaki [1]}. interpreted as an clement of (M. O0(H) ),
From exactness of the sequencee (2.2) it follows that the Ricmannian P.
structure of € is orientable i{f p*(L) = 0. Now we prove that p*(L) = w, (E).
By the naturality property of the characteristic classes. it is sufficient to
do so when M is the classilving space BO of the group O(IT),,.But
H\(BO,Z.)~Z, [6], hence the map p*is cither identically zero, or is the
class w,. The first alternative is nof possible. beeause there exists at least
a vector bundle with a nonorientable Riemannian P-struelure (see Fxem-
ple 4 from [2]). For the theory of the characteristic classes  considered
here sce U. Koschorke [6].

Corollary 2.1. 4 connected and paracompact manifold N. modelled on
H, endowed with a Riemannian P-stricturce is oricutable with rvespect to this
structure iff w,(N) - 0.

Theorem 2.2. A connccted and paracompact mani fold N. modelled on
H, is orientable wiih respect o all Riemannian P-structures which are compa-
tible with its manifold structure if HYN.Z,)) — o0, ¥

Proof. It follows from a result of U.Koschorke [6, Proposi-
tion 6.8],

A reduction of the structural group of the vector bundle £ to the
group O(H), (resp. O(H).) will be called a Riemannian nuclear struclure
(resp. a Riemannian Hilbert-Schmidi structure). -

Let G be a Banach-Lie group and let P(M. n. @) (where n: P = M)
be a prineipal bundle over M with gronp G.
group.

Definition 2.3. 4 principal bundle P{M. . ) where ' : P' ~» M
is said lo be an extension of the principal bundle P(M. =. G). a.s'.s‘ociat{i
to the homomorphism o :G" - G. if there caists a morphism 5: P’ —
such that (9. ¢)is a morphism of principal bundies.

We suppose that the veetor bundle & is endowed with a reduction
its structural group to SO(H) and we denote by P(AM, n, SO (H)) t
principal bundle of linear frames of it. s
Definition 2.4. A spin structure on the vector bundle E, endowed w

Let G be another Banach-L_iiu

mbra
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is an cxtension of principal
map p:Spin (II) - SO(H).
(M, =, Spin (II')) and will
or a spin structure on M

a reduction of is structural group to SO(H).
pundle P(M . 7. SO(H)). associated to the covering

Such an extension will be denoted hy Z
pe called a spin structure on  P(M, . SO(I})
with respect to P(M. n. SO(H)), too.

The morphism o : ¥ — I is a 2-shected covering map and its restrice-
tion to fibres are 2-shcctcg covering maps, For every ¢ in Spin (1) and
¢ in E. we have g (na) = p(u)p(a)and =(p (1)) =" (u). It follows that
the Definition 2.4 s equivalent to the following definition, given by
A Lichnerowicz [7] in a different context,

Definition 2.5. A spin structure on the vector bundle E. endowed with
a reduction af its structural group to SO (H). is « principal bundle ¥ (M. L
Spin (H) } such that £ is a 2-fold covering of P, the resetri ction of the covering
' map o1 L = Pto fibres are 2-sheeled covering maps and p (na) = o (u) p (a),
1o (1)) = ' () hold , for every a = Spin (H) and v = 3,

ftemark: 2.2, By ageneral result (see Bourbaki {1]). the prin-

cipal bundle P(A. n. SOUN) is determined (up to an isomorphism) by
an open covering {U} of M and a eoevele g, : U, n U, - 8O (H). From
Definition 2.4 it follows that. the principal_bundle T (M. ¢, Spin (H)).
~when it_exists. is determined by a coeyvele g, U, n U, - Spin (H) such
Cthat ¢ (i) =gy

The following theorem gives another definition of the spin structures.

Theorem 2.3. Let P (M. =, SO (II) ) be the principal bundle of linear
frames of & The vector bundle £ admits spin structure if and only if there
ezists a cohomology class ¢ = [I' (P, 2.} whose restriction to each Sibre is
HOR-2C10.

Proof. From the isomorphism I (P. Z.) ~ Tlom (H, (P). Z,) it
follows that. there exists a not trivial homomorphism o : H, (P) - Z,.
o, : m, (P) - I, (P)denotes urewiez's homomorphism.o o 9, : 1, (P)—
= Z, is an epimorphism, hence ker (5 0 ,) is a subgroup of index 2 in n, (P).
Conscquently. sinee the manifold P is loeally contractible, there exists a
eovering space £ of P such that g, (m,(2)) = ker (6 o), where p: T P
s the covering map. The covering space 3 can be taken as the total space
of a principal bundle over M with group Spin (H) which is an extension of
(M, m. SO (H)). therefore a spin structure of £,

Conversely, if P (M, n, SO (II) admits a spin structure,
(M. 7. Spin (H) ). the total spacc % is a two-fold covering of P. Let
sand 5, be two points in p~' (1), where w is a [ixed peint in P. Denote

~

¥ ¢ a loop about » and l)_v?; its lift to T with ¢ (0) = 55. The endpoint
(1) depends on [e] sn, (P, ) the homotopy class of ¢. Define the homo-
orphism = @, (P. #) = Z, by T([e]) =0 if c(1) =s, and = feh =1
f (1) -8y Since Z, is commutative. < vanishes on the commutator
Ubgr(mp [r: (P). mdP)) of =, (P, w). therefore = induces a homomorphism
M (P} [n (P, 7y (Pow)] - Ze. We can identify o with an element of
(P, Z.) vie the isomorphisms =, (P, u){[x, (P), n;(P)] ~ H,(P), Hom
.(P). Z,)) ~ 11 (P, Z.).
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The exact scquence of groups
(2.8) 1 - Z, - Spin () - SO (M) -1

induees an oxaet sequence of the cohomology groups and sets
(2.4) 0 = II' (M. Z)— II'(M, Spin (JI))- JI'(M, SO(H) ..M, Z,)

Denote by P the clement of HY(M, SO(II) ) determined by
P(M, =. SO(I}). Using the Remark 2.2. and the exactness of the
scquenee (2.1), we obtain

Theorem 2.4. The vector bundle & admits a spin structure if and only
if v (FP) =0.

When SO(I) = SO(H),, P. de la Harpe [3] has proved that
v {P) = w, (£). where . () is the sceond Stiefel-Whitney class of €.

The following exact sequence

(2.5) 0 — IINDM, Z.) = H{(P, Z,) ©, H'(SO (H), Z.) - II* (M. Z.)

where 4 is the natural inclusion of the fibre in the total space, cap
be obtained from spcetral scquenee associated to the prineipal bundle
P (M, n. SOH)) (scc J.-P. Scerre [11] p. 456).

If £ admits a spin structure o = H'(P. Z,), then o -+ " (b) where :

b e H' (M. Z.) is the most general spin structure of & It follows that, there
is a bijection between the sei of isomorphism classes of spin struclures of §

and H' (M, Z.,). Consequently, a spin strueture of £ is unique (up to an
L (2.7)

Theorem 2.5. Let £, @ £, be the Whitney sum of the veclor bundles §
E, and E, over M. Given spin structures on {wo of the three veclor bundles 3

isomorphism) iff H'(M, Z.) =o0.

Eio Euo B, @ E,. there 45 a uniquely determined spin structure on the third,
Proof. Asin J. Milnor [8] 5
Let M be another manifold and let f: A’ — M he a morphism of
manifolds. Denote by Pf(M'. n', SO(H)) the principal bundle induced
from P (M. m, SO (H)) by the map f. This principal bundle is determined
(up to an isomorphism) by the cocyele ¢, o f associated to the open covering
{f1(U)}, where g;; 1s the coeyele of P (M, n, SOII)) associated to an
open covering {U,}. Using the Remark 2.2 we obtain '
Theorem 2.6. Letbef: M — M. If M adinils a spin structure 4
T (M, 7. Spin (H)} with respeet to P (M. m, SO (H));
7 Spin (H)) is « spin structure on M’ with respeet to Pf(M'. =, SO (
Suppose now that f: M’ — 3 is a principal bundle with
1t follows that. there is an action of G on Pf defined by (p',u) g = (p'8s
for (p’, u) € Pf and g = G.
Theorem 2.7. Let be f: M — M a principal hundle with group
Then the following conditions are equivalent : i
(1) There exists aspin struciure T (M. . Spin (I} on P(M, n, SO
(2) There crists « spin structure L'(M'. n', Spin ({I)) on PfMS
SO(H)) with the following properties.
a) G acts on X' such that TG iz
~ X' /G s a submersion,

[

a manifold and the projection &

then 2 f(]li',

group ]

i

with group Spin (H). The morphism 6: ' /G -

b, », S0 (HY) endowed with an

that 7" defines

SPIN STRUCTURES OM HILBERT MANIFOLDS

(5]

371

h; {.h(e m:tiori of G on ' commnutes with the uction of Spin (H) on T’
¢) ¢ (wg) =" (w) g holds, for cvery p = i re o 3 o
- Pf is the covering 7)!(%7. e L

Proof. (1) = (2). By the Theorem 2.6 S, ® i
- } QLCAs Ly ﬂI;ﬂsS) 1

spin .s‘tnjlchlreron Pf(ar.1r, .Sr'O (1) }. Define an ac(tion of G olnu:S'(H))E_;?b{E
(p | ;)g “(pg, v). where (p’, v) = £ and ge= G. This action is propri:
ant ['u c. iIo_roovclj. the map g - (p’g, v) is an immersion of G in ', sinee
f:A -+“. s a prineipal hur_ullc. It follows that ' — T/ is just a prinei-
Fﬂ’l l);:}:( C(SC(;);?I ? u ll; b ask'l [}} ). henee the property a) is verified. From
p )b =(p'.vb) for b= Spi it £ s (p' = (n i
LG pin (H), it follows (p'g, vb) = (p', v) gb =(p’,v) bg

For w=(p', Z, we e o (wg) =(p'g, 7 3 i
roperty o). (p5v) =X, we have ¢ (wg) = (p'g, p(¥))=p" (w)gi. e. the

(2) = (1) Define an action of Spin (f) on T'/G by wGb == wb@G, where

{ we< 2. b = Spin (H) and w6 is the orbit of w, and a suriccti Y
T s sy »and a surjeetion h: /G -

The loeal isomorphism ¢ : f-(U) x Spin (H)

- X where Uis an open subset of A, defines a local isomorphism

$:U X Spin (Il) - ¥'/G by

(2.6) S(p:8) =t (p" G, b) = ¢ (p', b) G, where f(p) = p.

| The last equality from (2.6) is a consequence of

(e (wg)) = ' (5" (w))g
T (wg)) =f* ¢ (w) £ Gwe 3,
where f*: Pf - P is the morphism induced by f. But (2.7) is equivalent

| o property ¢). Tt is not difficult to see that & (s (p. ) = pand s (p, W) =

#(p. 0) '« where & e Spin (H), henee 4 : Z'/G - M is a principal bundie

! g n ( 3 ; P defined by ¢ (w6) =
;g;_ (; }w)) satisfies w oo =h and ¢ (wGb) = p (wG) p (b), therefore :
‘G, h. Spin (H)) is a spin strueture on P(M, n, SO(H)).
) Supposq that f M — Misa principal bundle with group Z,. Let
qdenotes the involution of Pfdefined by the action of Z, on it N
Corollary 2.7. Let f: M - M be a principal i '
The following conditions are equivalent : prineipal bundie with: group Zy

(M,(}:), g(l;?;;))m'ists a spin  structure T (M, 7, Spin (H)) on

(2} There cxists a spin structure I (M'. 7', Spin (H)) on

lar, H . tnvolution v which correspon

0 uh-r;fai;/ on Spin (H) and which commutes with the ?nvolution 7. ponds
roof. In order to apply the Theorem 2.7 it is sufficient to remark

an action of Z, on X', which commutes with the action of

Spin (If). such that %' — Y|4, is a submersion and ;;"(wZQ) =o' (w)Z
2 2

olds, for cvery we ¥,

Remark 2.3. The above corolla i
) 23 £ ary has been obtained by I. P ici
0] in nun-orientable and finite dimensional case, v epovier
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Definition 2.6. Let N be a manifold modelled on II. with an oriented
riemannian nuclear structure (resp. an oriented viemannion Hilbert-Sehmigy
structiere). A spin structure on. N is a spin structure on the tangent bundl,

TN. b

3. Examples. a) The trivial hundle M x SO(II) admits a Spin

L 1 a
steucture, unique if M is simply connected. !

DY jrie RY, at < oo

i=1

b) Let {m = (2. T } be the Hilbert space i

The Tilbert torus T =,/ E Zeg, where e, e, ... 1s a base of 1. is a Hilbert.
=1

Lie aroup modclled on 121 It admits a canonical analytic atlas such that the
derivatives of the coordinate changes is always the identity on 1. It follows
that the corresponding riemannian nuclear structure is orientable and T
with this structure, admits a spin structure (with respeet to Spin (1,),) sinee
et 2:) L?:t M C H, be a smoothly imbedded manit_‘old with an oricntqd
ricmannian nuclear structure. From Theorem 2.6, it follows that g spin
structure on A determines a spin structure on the normal bundle to M and
conversely. - ) )

4. Clifford bundles. Tn this scetion we limit our cor_mdc rations to
the group SO (H),. Let C1 (H) be the Clifford algebra of 11 v_lewe?l as a %
algebra [3]. A-automorphism & of CI(H) which satisfies & (H) =H
is called a Bogoliubov automorphism. Denote by Bog (Cl"(II) Jthe group of
Bogoliubov  automorphisms and by €:0 (H) — Bog (C1 (M) th:e. _canos
nical isomporhism deseribed in [3]. A Bogoliubov automorp]ns_xln v is said
to be inner if there exists « = Cl (H) such that ¢ (v) = uen for every
v = Cl(H) and is said to be inner and even if u is even, Let 8 (:711, O (H)}
be a principal bundle. Tts associated f ibre bundle with fibre CI(H) (the
action of the group O (f) on C!(H) is given by C) is an algebrie bundle
called the Clifford bundle. We can obtain the Clifford bundle in anqthc.::
way. For this. let be £: E — M a Riemannian veetor bundle. The fibres
of £ are Hilbert spaces. Let E, be the fibre of £ inp = M and let Ci(Ep)
be the Clifford algebra of E,. The set L,“Ci (E;) and the projection i

11,

Cl (E;) » p can be taken as the total space and projection of the
Clifford bundle. We remark that £ can be identified y.-:th a sul)bpndle of th
Clifford bundle. Let Bog (C! (H)); be the group of inner Bogoliubov au;
morphisms. The isomorphism O (H), ~ Bog (C! (H) i (sce [4]) impli
the following _

Theorem 4.1. There exisis a Riemannian nuclear structure on %
Riemannian veetor bundle & : E — M iff the Clifford bundle admits a reduct
to Bog (CI (I)),.

gf“]-gnl(tll)c)i isomophism SO (H), ~ Bog (Cl (H))i, (sce [3]),‘ ‘l‘h
Bog (Cl (H)),, is the group of inner and even Bogoliubov automorphi
it follows '

Theorem 4.2. A4 Riemannian nuclear structure on the Rieman
vector bundle £ : I, — M is orientable iff the Clifford bundle admits a reduc
to Bog (Ci(H)),, .
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