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e & 9 . : < . . c ctiintifice ale Universitain LAl 1. Cuza” Tasl
. Henee & C S. which contradicts §=8. So the orderof S is an odd ?g’,},lﬁ}%ﬁ‘f\l“?‘?_, Ifm 1978 k )
integer, . T -

“From the above proposition we find that a cyclic group of even or.
der is not generalized simple. Regarding the eyclic group of even order
we have the following proposiion.

_ I"roposition 9. Every cyclic group of even order has two genmeralized
semi ideads. ON WARD QUASIGROUPS
Proof. Let S be a eyclic group of even ordern generated by g, Then BY
8 = {1, g5 wor g7 Now Sy = {1l g%, gt s o7 2} and §, = {g g% wur
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g1} arc two gencralized semi-ideals of S, Thus & contains two genera.
lized semi-ideals. Next we shall show that these are the only gencralized
semi-ideals of 8. If possible lct .1 be any other genceralized semi-ideal of §
Then cither 1 & 4 or 1 & . If 1 € A, then 4 contains all the elcmcnts;
of S, and no clement of S, Beeause if any onc of the clements of § B i
belongs to A then o coincides with .§ which contradicts that A is a prope; R ;1
gcncralizcd_ semi ideal of 8. So if 1 & 4 then 4=S5,. If 1 € 4 then 4 p 5 Definition 1.
does contﬁm any element c?f_ 9, and contains all the clements of §,. So the axioms:
A —-fﬁc e?(ztc thg proposition. - - _ (S1}) ao(boc) =co(boa) for every a, b; ¢ in G,
nowledgement. We must cxpress our thanks to the referec for his : i
kind suggestions. (§2) ao(bob) =a for cvery @ by in G.
Examples. The sct Z of integers with # oy =a — y. The set @ of

rationals different of zcro with 2 oy = 2/y.

Theorem 1. If o and y are elements of a subtractive groupoid (G, o) then

The purpose of the present note is to solve a problem suggested in [2]
ch is concerned with the struetures of quasigroups and groups In a same

.1 subtractive groupoid is a groupoid (G,0) which satisfies
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Proof. By (§2), ao(xox) =a.
Theorem 3. If a,b.c,d arc clements of the subtractive groupoid (G, o)
then (aob)o(cod)=(aoc)n(b0d).

Proof. (acob)e{cod) dofco(aob))=do(bola 0¢))=
=(aoc)o(bod).

Theorem 4. If i is the right identity of the subtractive groupoid (G, ©)
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then
(i) io(aob)y =boa, for every a b in G,
(ii) (@aob)oe =(aoc)od, for every a, b, ¢ in G,
(1) (aob)oc =ao(cofio b)), for cvery a, b, ¢ in G.
Proof.
1 (i) io{aob) =bo(aci) =boa

(1) (acb) ce=io(cofaob))=tc(db o{aoc))=(aoc)od,
(iii) ao(co(iob))=ao(bo('ioc))-(£0¢:)0(boa)=
=(io(boa))oc =(aob)oc.

*) This paper represents a portion of the seeond author’s M$ thesis written under the
pervision of the first author, submitted at Gpiversidade Federal do Ttio de Janciro {(Brasil}.
iring the proparation of this paper the second author was supported by CAPES.
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Theorem 5. If (g,0) is a subtractive groupoid, then the two cancellation
laws

aox =box impliecs a =b
and roa =xzob implies a=»b
hold in G.
Proof. 1f aocx =boa, then

(aoa)o(ioa) =(boa)oliox)
(aod)o(zoz) =(boi)o(x o)
aot =boi
a =b.

In a similar manner we can prove the sceond part of the theorem,

Corollary. Every subtractive groupoid is a quasigroup.

Definition 2. 4 Ward quasigroup is a quasigroup (G, o) which salisfies
the axioms:

(W 1) There exists an element © < G such thal

coa =1, for all a €G.
(W 2) For every a, b, ¢ in G,
(aob)oc =aofco(iobd))

where i is the element whose existence was postulaled in (W 1).
Examples. Any subtractive quasigroup is Ward quasigroup but the
converse is not true. The quasigroup given by the Cayley table

oltabede

it |l1ebade

alatechd
blbeidac
c|lcadieb
d|dbceia

eledabcit

is Ward but a o{(bod)=iFa=d o (b oa).
Theorem 6. Let (G, <) be a Ward guasigroup.
existence was postulated in (W 1) s such that.

The clement 1 who

(i) aoci =a,
(ii) to(ioa) =a,
(iii) iof{aob) =boa,
for every a, b, ¢ in G.
Proof.
(i) ioa=(ioi)oa =io(ao(iod)) =iofaoi),
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8
hence S0 B
(i1) ioa=(£oa)oi=io(in(icrz)).
henee a =tofica)
(iii) cofach) =cola o{iofioh)))= (e c(iob))oa

in particular

and tn pe ic(uob)z(io{iub))ua=bca.
] Too) i Ward quasigroup,

Theorem 7. If {(G.8) is a group, then (G. o) is a . '
where operation .o 18 defined by oy =x Syt If (G, $) is abelian then
(G, o) i subtractive.

Proof.

6 If £ is the identity of (G.$), then

agoa =a8al =1

for all a6,

Gy ao(coliob) —a8(c8(iShm) )T —aS(c8h) =
=a$(p18c7) =(@ShY) 3 =(acb)oe.
iy If (G,S) is abelian then

ac(bocy =aS(h8e)” =a${c8b)} —c$(asb?) =co(boa)

3 i ) | is its right identity,
Theorem 8. If (G. o) is a Ward quasigroup and 1 15 ils rig niit
G is a group relative (o the operation defined by 8y =2 o(t oY)

i $) and the inverse of isioax. If

The right identity © is the identity of (G
(G, o) is subtractive then (G, 8) is abelian.

E;Mf'a$i =ao(ioi) =aoi =6 ~iof(ioa) =i$a.

(i1) (a$b)$c=(a0(50b))0(ioc) ~gof(ioc)ob) =
—aofiol(bolioc)) -a$ (b3 e
aS$l{iou) ac{iod a))=aoca =1
(ioa)Sa:(iou)o(ioa)=i.
(iv) If (G.o is & subbe.ctive yuasigroup then
a$b=ao(iob)=bo(ioa)=b$a.

(i11)
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