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1 If X,...., X, is an i.Ld. scquence of random variables in R® with

continuous density f >0, Loftsgaarden and Quescnberry
[8] proposcd estimating f(x) by

Jo (@) =k (n)/n Vol (Skimy)

quence of integers satisfying k (n) — o0, k (n)jn — 0, and
st sphere with center at « containing the & (n) values of
X, nearest to z. They showed that f {z) is 2 consistent estimate in proba-
bility and under mild conditions on fand k (), Wagncr and Devro ye

[4] showed that in fact ]f: () — f(x) | - 0 uniformly on R* with proba-
bility 1. On the basis of some non-rigorous caleulations Fuk un a ga and

Hostetler [2]claim that generally E [ﬁ, (2} — f(2)PP =0 (n~dle+0))
when k (n) ~ Cnt®*¢ and that this is the optimal choice of k {n) having
he form Cn* In this note we consider instead the error criterion,
, = F [,/A}. () — f(2)™)* and prove that for k (n) =n?'3, D, =0 (n3)
inder some mild explicit conditions on f, indcpendently of the dimension
d. We give an example to show that this cannot be improved in general,
Let || « || denote the Euelidean norm in R% and ¢ the volume of the unit
ball. Let E;, be the % (n)-th order statistic of ella— X, %...,
lz— X, | % so that f,, {2) =k (n)/n€). For convenience take 2 — O,
f X has probability distribution P with density f,
* f(0) =lim P (S (0;7))/Vol(§(0; r) = lim (cr")‘lgf(m) dr —
(5O ; )

=0

(1)

where L (n) is a se
I §,(x) is the smalle

=0

= lim ¢! Sf(_?;)dw

t—o R
SO (e,
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where §(0; 7) ={y:|llyll <7} Thus f{0) =G (0) where G () is the
distribution function of ¢ | X i{| “ and G' (0) is the derivative from the right
G has a continuous density g > 0 (right continuous at é) and f(0) =g (0):
We make the assumption

(4) E|| X ||** < oo and g has a continuous, bounded derivative in som

open interval {0, €).

For 0 < 3 < 1 let 05 = I (8) where H is the inverse of G, and jet :

3, =k (n}n. We have
(2) D, < [ [E (& 8270 ~ 65, 8712152 | 05, 8,7 — g (0)2 | Ja,
First, the mean value theorem applied to I shows that for § sufficiently

06 BS z
small, 0 < 23¢ (0)". Since 3 ={ ' g = g(0) 0, + ﬂo ‘Og’ (t)dtdz we haye
0 » -

(8) [ (05/8) —g(0)7* | < M6:2¢ (0) & < M3fg (0)>

where M =sup |2’ (¢) | in a suitable interval.

1s o » Un are the order statistics of # independent r.v.'s uniforn.

ly distributed on [0, 1] then H (U,,)} has the distribution of &, and

85, — Exem is distributed as H (3,) — H (Uyn ). Now
(4¢) E[H@) —HUwn) * =E[(H () —H(Uiwy) ) Ui <
<1/2] + E[(I(8;) -~ H (Uyn)) )% Usimy 2 1/2].

For 0 <s,t<1/2 we have |[H(t) —H (s) | <M, |t —s | where M, =
=sup {|g()|2:0<t< H(1/2)}. Using the mean and variance of the
(Bcta) distribution of Uy, we sce that the first term on the right in (4) i

smaller than
(5) M; [var Uym) + (EUpny— 8,021 < M (n — k) kn=® + k72 n).

&

1 L2 4
Thesccond term is smaller that S H {1} (f) di for 3, < 1/2 where
12
B (), the density of Uy,) is decrcasing for large % and ¢ = 1/2. Since H
1
is inercasing this integral is majorized by S H(ty dt. P{Uyn > 1[2)‘.
12

1
Let M, = S H (1) dt, then since E || X [|** < 0,
12

o

1
M, < RH(t)"dt = g z'dG < . Thus for 3, sufficiently small we get
0 +'0

P (U.(») < 1/2) < 5 Var U, ,, by Chebyshev’s incquality. Combining thi
with (2), (3), (4), and (5) we find that for n large and hence 3, small,
is smaller than the square of !

(6)  (n/k) (M2 - 5M,) (k) (n— k)n® 4+ M2k ne]vs 4 Mg (0)°2 (kin)
g6kt —n ) e {hjn) € ek - eikin
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after consolidating some constants. Putting k ~ n2/* we have
Theorem. Under assumption (4), D, =0 (n72f%) if k ~n3js.
The cstimates above arc admittedly erude but we have the following
Ezxample. Supposc G(2) =1 —¢5, £ >0 so g(z) =e™*, o >0.
Then

a = E[ (nE/k) — 1} = Var (n€,/k) + [E (nE,/k) — 1] =

= (k) (E %) + [(nfk) (2 i77) 1]
n—k+1 n—k41
(SceDavid [1],p. 39).

An integral epproximation to the sum in the first term and some
manipulation shows that the first term is k4o {£~*) recalling that kjn—0
Similarly [(n/k) (Zi7!) —1]= — §,"tlog (1 —3,) + o (%73) which by Taylor’s
formula bceomes 8,/2 + 0 (8,) + o (k7). Squaring, we sece that the second
term is 8,54 + 0(8.%) + 0 (k™) so D,=1/k + kt/an? + o (k*n*)+o (1/k).
Thus for & of the form 2%, 0 <« < 1, D, > €C,~* for some ¢ =~ 0, for B =
=min (&, 2 —2x) and § < 2/38 for « 5 2/8.

We now show that Ef, (0)* - f(0)2 Let H(t) be as above. For given
£, 0 < e <@ therec is 2 § = 0 such that (a —e)t< H()<(a+ ¢)t
for 0 < ¢ < & where @ =f(0)%, We denote by B the density of U,
as before. Then

Efy: —(k,.-wgu H (1) B (1) dt < (kjn)? SO (@ ~e) 1B () at +

1
+ (kim) H (0 B (2) .
8
A simple manipulation of beta integrals a shows that the first term approa-
cthes (¢ —¢)* as # — o0 and k/n — 0, while an application of Chebyshev’s

inequality and the fact that 1/H (z) is bounded for ¢ > 8 shows that the
second term approaches 0. Similarly

-~ g !
Ef > (kin) 50 (@ + )22 B () dt + Ss () —(a -+ &) t72] B(r)ae

with the first term approaching (e + )72 and the sccond, 0. The conclusion

follows. Notice that no moment assumptions arc necessary here.

Now by the Cauchy-Schwartz inequality we have
Elfi(@) ~fl@) | < {E oty — @) EQh(@) f@) 1} 2

If assumption (4) holds, then, combining this with (6) allows us to esti-
Matc the speed of convergence of E | f, (#) — J{x) | to 0 for a given choice

of k(n). For example with k (r) ~n?/? we get E If:. (&) —f (2} | = O{n=1)%).
or large d this cstimate gives a faster convergence than what s
Ob’uimed by applying the Cauchy-Schwartz inequality to the estimate of

E[f, (z)— S (}]? stated in [2] with the optimal choice of k {n) stated there,.
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1. Intreduction. The Saint-Venant’s problem for inhomogeneous
and anisotropic cylinders in Cosserat clasticity was solved by D. Iegan
in [3]. In this paper, following [4] we extend these results to the case of
loaded cylinders. A Cosscrat elastic eylinder acted by body forces, body
couples and surface loadings is considered.

2. Statement of the Problem. Throughout this paper, Q denotes
the interior of a right eylinder of length ! and with generic cross-section
X, B is the lateral surface of the eylinder and L the boundary of X. A ree-
tangular Cartesian coordinate system, Oz, (k = 1, 2, 8) is used. We assume
that Ou; is parallel to the gencrators of Q and z,0z, plane contains one
of the terminal scetions, Let £'9 be the cross-section located at z, = 0
and X"’ the cross-scetion located in the plane z, = /.

We shall employ the usual summation and differentiation conven-
tions : greck subseripts are understood to run over integers (1,2); latin
subscripts are understood to run over integers (1, 2, 8) (unless otherwise
is speeified) ; summation over repeated subseripts is implied and subseripts
preceded by a comma denote partial differentiation with respect to the
corresponding  Cartesian coordinate.

In this paper we consider the linear theory of Cosscrat elastic solids.
The basie cquations of this theory are {1]:

~ the cquilibrium cquations

{2.1) eyt fo =0, myy sty + 1 =0,
—the constitutive equations

tyy = Ay err+ By wps

(2.2) My = Bt“} e‘-["“ CiJk! Ko

— the geometrical equations
§2‘3) €y = Ups + Epx Pi, Koy = Pyiv

where we have used the notations : #; — the components of the displace-
ment  vector, g,-components of the microrotation veetor, ¢, and x-
kincniatic characteristies of the strain, fi-components of the stress ten-
8OI. m-components of the couple-stress  tensor, e,,-alternating
symbol. A ,., B,y Cix-characteristic  coefficients of the material,
The elastic coefficients satisfy the symmetry relations

.



