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THEORY OF LOADED COSSERAT ELASTIC CYLINDERS

BY

GI1. RUSU

1. Introduction. The Saint-Venant's problem for inhomogeneous
and anisotropic cylinders in Cosscret clasticity was solved by D. Iegsan
in {3]. In this paper, following [4] wc extend these results to the case of
loaded eylinders. A Cosscrat elastic cylinder acted by body forces, body
couples and surface loadings is considercd.

2. Statement of the Problem. Throughout this paper, Q denotes
the interior of a right eylinder of length [ and with generie cross-section
L. B is the lateral surface of the cylinder and L the boundary of Z. A ree-
tangular Cartesian coordinate system, Oz, (b = 1, 2. 8) is used. We assume
that Oz, is parallel to the gencrators of Q and x,0z, plane contains one
of the terminal sections. Let 2% he the cross-section located at Iy =0
and X' the eross-scetion located in the plane z, = /.

We shall employ the usual summation and differentiation conven-
tions : greck subscripts are undcrstood to run over integers (1,2); latin
subscripts are understood to run over integers (1, 2, 3) (unless otherwise
is specificd) 5 summation over repeated subseripts is implied and subscripts
preecded by a comma denote partial differcntiation with respect to the
corresponding Cartesian coordinate.

In this paper we consider the linear theory of Cosserat elastic solids.
The basic cquations of this theory are [1]:
~ the equilibrium cquations

(2.1) Loy +Sfi =00 myy + ety + L =0,
- — the constitutive equations

- ';'.:'.L.-’.LI l" Py

:'(2 2) ty = Aipr e+ Biggy xyps
My = me €t C(Jk.‘ Hip

—the geometrical equations
£2'3) €y =gy + Ejp Qx, Xy = P

where we have used the notations : u; — the components of the displace-
ment vector, gi-components of the microrotation veetor, ¢, and Hygm
kinematic characteristics of the strain, fyy-components of the stress ten-
0T, n-components of the couple-stress  tensor, eyr-alternating
ymbol. A, By, Cip-characteristic  coefficients of the material,
The elastic coefficicnts satisfy the symmetry relations
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ijtt = Crm -

(2'4') Al."k.! - Ak:’U’

We consider the following conditions on the lateral surface of the
cylinder:

(2.5)

where n; are the direction cosines of the outward normal to B.

Let the loading applied on £ be statically equivalent to a foree
R (R;) and a moment M (M,). On T there are applicd tractions and
couples in a way which satisfies the equilibrium conditions of a rigid body,
Thus for z, = 0, we have the following conditions :

t“n, =1, My Ry = My,

(2.6) g ta.fl da' - ""Ra,
«Z
(2.7) g tag dd = “'Rs *
A3
(2.8) S (g tas — €agg Mag) do == £33 Mg
=z
(2.9) ( (coua tog 70 + Moy do = — 0.,

We assume that the bedy forees, the body couples and surface loa-
dings are polynomials of degree r in the axial coordinate

r r
(2.10) f| = E Fu» (n’L‘p d?g) m§ ] li = Z Lu (-1';, n'L':) ﬂ’:'§
k=0 k=0
— ’ — r
(2.11) ti =Y Pu(znx)al, m = ¥ My (21 @s) 25,

k=0 k=0

where Fyy, Ly, Py, M,; are given.
In that follows we assume that 4,,,, B, C., are C~-functions
on z, and z, in Q an dZ is C=-smooth (Fichera [2]).
The problem consists in the determination of a solution of equations
(2.1) —(2.8) which satisfies the conditions (2.5) —(2.9), where A;n
Cipp fis 1y 4 my are given by (2.4}, (2.10), (2.11) and R, M are constants,
Denote by (4) the problem of determination of a solution of equas
tions (2.1} — (2.8) with the body forces and body couples given by

(2.12) Ji =Fu (@, 2:) 235 Iy = Lin (2, 22) 23, _
which satisfies the conditions (2.6) — (2.9) on 2, =0 and the conditioﬁ:
(2.13) M, (z, x;) 2%, on B, I
where n is a positive integer or zcro.

We denote by (B™) the problem (4) forn =0 and by (B®) (s 21
the problem (A) for n =s and Ry = M, = 0. To solve the initial proble

bty = P (2, 22) 23 myn,
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we use the method of induction : first we solve the problem (B®) and then
we shall find the solution of the problem (Bt 1) assuming that the solu-
tion of the problem (B™) (n > 1) is known.

3. Auxiliary Plane Strain Problems. Saint-Venant’s problem for Cos-
serat elastie solids was solved by mecans of some gencralized plane strain
problems, The basie cquations of a gencralized plane strain problem are

— the equilibrium equations :

(8.1) ta,a + Js =00 Mot o+ einly + 4 =0, in Z,
— the constitutive equations :
ta = Ayl + Bugpepss tay = Agepen + Baapings »
(8.2) tss = Asspen + Baggnyy

Mo = By + Coypikpy » May = Baen + Csiampg »

— the geometrical equations
Ext = Ugrq + CqaPr »
Hat = Pirg >

The involved functions depend only on 2, and x,.
We consider the boundary conditions

(3.3) €30 = E¢aPi s
Hyy = 0.

(3.4‘) tag'n“ =P on L,

where pg , ¢, are prescribed functions of z, and z,.
It is known that a nceessary and sufficient conditions for the exis-

MMy = Gy s

.~ tence of a solution of problem (8.1) - (8.8) with boundary conditions (3.4)
- are (see [2]):

S fdo + S pds =0,
b L

(8.5)
g (€3ap o fp + &) do + g (€30p2apg + ¢a) ds = 0.
.Z oL
We denote by v, 9, the solutions of four plane strain problems
P¥ (5 = 1,2,8,4) corresponding to the following systems of loadings :

S = (€sapd izay, — Big) o,

S = (euﬂaAvfsaa’ﬂ - Bvias),v, fO = 2133 a ,

lim e (EﬁmﬂBﬂavfma. - Cvf:!a).v + e (EsaﬂA.ﬂtmma — Bas)s
153’ = (Eaﬁaanima - C\.HS),V + e (eaﬁsAJkSa.‘TB - Buaa)s

(8.6)
”4) = B.‘!aaha + 3”.&‘4}&33 s

pgﬂl = (SﬂaﬂAvH-’lwa - Bvlsﬂ) nv, 9‘38) = - (SGVBBM'ximu - Ca‘(i[i) Ny
PP = — (SaﬁsAwaamB — By3) ., P = — (EvﬁﬁBSvaf‘Tﬁ — Casas) Tras
PP = — Ay, g = ~ Basun,.
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It is easy to verify that there are satisfied conditions (8.5) for existence
of solutions of the problems P& (s =1, 2. 8, 4). In what follows we assume
that the funetions " and ¢{” (s = 1.2, 3,4) are known.

4. Uniformly Loaded Cylinders. In this scction we solve the problem
B, We assume that the body forces, body couples and the surface log.
dings have the form

ﬂ =G¢ (fl’lg CCg)o
te =go(@ s @),

where G,, L;, g; and k are prescribed funections.
We look for a solution in the form :

l, =L(x, » Xz)

(4‘1) 1:}:: = h( (w] r ﬂfz) ]

1 . 1 1 1
U, = Caps (‘--2-' aply + Q¥ Ty —E bB(Eg -+ E bsmﬁmg S 2'—4’ CQ:'L'; -+

1 L 1
+ (—;cgwawg) +y; (a, 4 by + 5 csazﬁ) ve + @5 vy (20 12} + w, (2, 3,),

§=1

1 o 1 1
(4.2) Uy == €y, [aﬁmmm:! + 5 brvgry + 6 Cg-’fumg)-i‘ (a,,m, -+ Ebamg i

4
+<l? e’ ]+ ) (a, + b, -k %c,w%)v{,” + 2@, (@15 22) + W (2 4 22)
=1

1 4
P = —(mws + 2 s + % eyl )+ Y (a. + buxg +;— ;3 @“")-I—
i=1
+ 12734-'[ (2'31 ’ mz) ‘*" y-l (w] b a’r’g))

where v{" , of” are the displacement and microrotation components from
the auxiliary plane strain problems considered in scetion 8, z,, w;, §;,
%, are unknown funetions and a,, b, ¢, (s =1, 2, 8, 4) are unknown con-
stants.

Using (2.2), (2.8), from (4.2) we obtain :

4

1 .
tyy = E (as + by + é'csm‘é]ck}' -+ Sums -+ Nu +- UE?)'}‘ U}})ms

g1
(4.8) .
1,
My = Z (ac + bz, +§ cswé) pi 4+ Pox, -+ R -+ Wi?"i' Wﬁ’ Ty
=1
where :

. { - 3} .
G(ie) - tfjﬂ, + EsuaAUSuma o Bj;ua H O',‘:;’) — SaBJA”;mmB Lo Busa + téj) H
4
alff = t};J + Az s ¥
/ . (3) .
ki =m@ + eanpgBaanmy — Cipps Ul = eupaBaasy — Cigsa + ms
ng} - m:j -+ Baau ’

), m{f’ (s = 1,2,8,4) being respeetively the components of the stress
tensor and couple-stress tensor of the problem P, and

(4.4)

- (4-1}) U\I:i)nu + S\;jnv =0I
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o

Su =dAy om0+ By Py = By + Cranpss »

4.5
(+5) Mo =iy + € r Py = Yug»
(4.6) Nii = 4,50, + Byjupye s Ry = B8y + Crygalrge s
' 011 = W,y + Egnhe v Mg =Hig
4
Ul = Ezb' (Aiitl® 4+ By bl”) + (Ayjave + Bipabo)s
=
4
Ul = ch' (Aeav® + Bipadf?),
=
(4.7)

4
I’Vl(c?) = g]bx (BHH'U!(') ’f" CHN‘HEJ) + (B:Jlnvd + Cﬂaiq’c) ’

4
‘«Vﬁ) = E Cy (Bsmvw + Cttssq’sn) :
=1

Taking into account the equations satisfied by the functions 6,
p (s =1, 2, 8, 4}, the equilibrium equations reduce to
4
U\i??v -+ ij.v+ Elbsca(a? + Ss; 4 Ué}} + Gi =0,
=

4.8) !
( I'V\(g)v + sjtrUig:?-) + va .V + Sn,Nh + Elb-!is;” +

+ Py 4+ Wi + L, = o,
4
U\l:fl.v + Suw + X 08 =0,
(49) ‘
‘V\(;lj,_v -+ Egr Uﬂ’ + Pvi.vsnr +Sl‘r+ 21 CSP“:(S? =
=
Similarly, the conditions of the lateral surface B become
“r{.?ﬂv + Ryjnv = h; » on L,
I"r\[;_lj)nv ‘+"' Pyjnv == 0, on L-

Let us consider the gencralized plane strain problem (4.9), (4.5) and
boundary conditions (4.11). The necessary and sufficient conditions for
existence of solution reduce to:

(#10)  Uiny+ Nun, =g,

(4.12) Ec,g ofds =0
=1 T
- (4.13) gc, gz[saagwa oft) + pi¥lde =0.

Analogously as in classical theory, {8] we can prove that
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5
1 In [4], it was proved that
q ) ) I . det Dy > 0 so that the svs
(4.14) Szcu de =0, (s =1, 2, 3, 4). (.‘1.13‘)}ﬂ.nd (4.20) uniqucly dctcrminc;‘.} the constuntslc (;,\:shl‘m‘) (g.li%,
| 'Ihutl, the coudltxon§ (8.5) are satisficd and in what follows we a:.s’ur-n’e éhat.
From (4.12), (4.18) and (4.14) we obtain : T t’)fp’l o Py Sy Py UL TP, WO and WP are hnown
n ¢ remaiming condition from (4.17) leads to .
(4.12") Y, Dyye, =0, ; "
= 4-.22 D b = —-g r g L y y Fi1
; | (4.22) ):; "y \ Godo ), guds =\, G+ U do,
e El D.c, —o0, | Taking into account that
=
where (
st D% 5 = o [(5a0%) — 017
(4.15) D, =§ o do | (+.23) Hol g 058 [(@U %)y — 3,0 do =
Je | '
=\ e4,p2, 0% ds—\ £a,5 U1 d
(4.18) D =:§ [caxp®aoll + g do. ) o B
) S MR 33 (¢.18) reduces to
For the generalized plane strain problem (4.8), (4.6) and (4.10) the i‘l D &
necessary and sufficient conditions for existence of solution become s=1 s o b Sapal Sag + Ui + C) do g (W50 +

4
(4.17) R}: El bsO’é‘;] + Ssj 'i‘ Ué}’]dﬁ + RE GJdO’ + g gjds =0,

WL

+ Pt W Lydo —\ [ergen (g — U8y 1

« L
+ (ke — Win) ds.

Thus t 4 e
sume that zilc f;ond;)tmns (8.5) are satisfied and in what follows we as-
_ tr % Uy oy, Nypoand R, are known functions,

It remains to satisf: iti
. : ¥ conditions (2.6) — jsi ilibri
equation and dlvcrgence theorem, we f(:)btézin :(2.9)- Using the R

4
L ewsre 080+ B buoly + S1p + U 469+ (Wt
JE =1
{4.18) 4
+ sskrU;:c;')) + Zlbay-:{!? + PSS + n":(]!} —l_ LS] (ZG A5 g![ssaﬂmu (gﬁ -

— Uny) + (hy — Wiin,)1ds = o.

Using the equilibrium equations, the divergence theorem and (4.8)
we can write

SE t,, do = SE (113 — Myay - lz) do L-S [tw + 7 (t”,‘ + Ga) .

¢
SE[Z b,cg‘;’ + Sﬂa: + U‘a’i] dO‘ = g: (tila(,!!),n,o d’c = Rzm“t”'“ dG’ - a 7";2 r8oh 12] dG =SZ [(wltﬁa)’ B + (ﬂ"j tss)y 3] dc — Szmn,}dc_}_

=1 . o

{¢.25)

4
(4.19) — Eaup ngm,-ﬁ,‘a do = S &, t33,33 do — S3ap Zl (‘sgz‘uf,g’dc =
. z §= .

:f SE(wIGa t L) do :SL(wlga + ko) ds + S (Tit3s — mgy) s do +

=

]
— c,g 2,08 — e3,508)) do.
sgl .E( a3 a BP'SB) 4 gz (.’I.‘IG;, + lz) ds.

Thus the first two conditions from (4.17) reduce to »‘\nalogously
4
4.20 Dass=—§ G ——R 1008
( : .‘E : - ’ 'Lé " S:tEZdG - S (tea + s, o + L) ds —_R [t + 24 (i + G;) +-
Whel‘e 4-26) £ Je ' 3
(s.21) Do = § (aoty — crugus) do. o+ 11 <\ Lot 4 (@ o +



386 GH. RUSU

+g‘(m203 L)) do ~{-g My 6 = (X:8: + h)ds +

(4.26) d ) \
+ Kz(:cltﬂﬂ | 77131)‘3 dc 0 \E(sz3+ il) dc

From (4.3), (2.6}, (+.21), (4.25) and (4.26), we obtain :

. .
% Duby = = B~ (s — b ds =\ (26Gs+ 1) do —
(4.27) *7 o -
a S [ (S + UR) -~ (Pae + Wi)] do,
4 4
“Zl Db, = — R, "'RI (@es -+ M) ds — )‘_ (@G + L) do —
(4.28) i

e (S + UR) — (P + Wi do.

The system (4.22), (4.24), (4.27) and (4.28) uniquely deternines the con-

StantS b' (S - 19 2, 3! 4).
¥rom (2.7), {2.8), (2.9) and (4.3) we have

4
(4‘.29) Z Dasas S R3 - S (N33 + Ufsg)) dG 3
LEN] b5

4
(4-30) ggl Do, = 5313]‘19 SE [(Ua (Naa T U:{!‘:)!J) — E3ap (R3B + H'E’UF‘!)] da,

4
81) XD = — M, \ Ceuust, NVeg + UG + Bas + WEY o

Thus a, (s = 1, 2, 3, 4) arc also dctermined from the system (4.29), (4.80).

(4.81) and B problem is solved.

5. Recurrence Process. Let us establish the solution of the problem
B! assuming that the solution of the problem B™ (in which R, = M, =
0) is known. As the solution of the problem B™ is known for any body
forees. body couples and any loadings on the lateral surface, we can kno

the solution %], 57 of the following problem :
(5.1) tye, 5 + Fignsn) (&1, 2) @5 =0,
mye, g + el T Lien (215 @) 23 =0,
(5.2} ty = dyaenr + By, my = Biysers + Coyptpa »
(5.3) €y =51+ Ex Prr Kig =Py e
with boundary conditions on the lateral surface

(5.4) tiny = Py (@1, 22} 28, myny = Myniy (1, 22) @3
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and with the conditions on the a; =0 end of the eyvlinder

L . Z

(5.5) gvtmdc =0 E (Tolay — sa,9mag) do =0 ; \ (asglont's + 2n4;) do =0
L Lo danly 3 = V.

.l

Let u; « o; be the solution of the B+ problem
5‘(‘, riA (i » 11
(8.6) Loy + Finoyy (21 20) @3 1=0. Myi, 5+ Cindye + Lyga,ny{y, 20) @21 =0,

] ‘::H: lt).l';in{ilo;)stitutlv'c'equations (5.2), gecometricaly cquations (5 3) and
v ry conditions on the lateral surface of the evlinder |
L4 ‘.

(5-‘) tjjnj e Pi(ﬂ+1) (‘7:1‘ IEE) J’g“ H 7.”_“?1-} = ‘?‘Ii'n-é-l} (ﬂ-‘l’ ‘Ta) .’l"g{ '

On the @; — 0 end of the evlinder we have

t.de = , g =
S‘-. xalto 0 ztagdc 0, g (matga Co E;aﬂTn;;B) do =0,

. o

Ev(sﬂaﬂtﬂﬂ‘ra + my) de = 0.

We look for a solution for B+v problem in the form

‘:l
%3

L (5.9) U =(n + 1) [ So ujdr, + U‘J s b =(n + I)H oidr, 4+ %]
L0 ’

- 1> ¥ being unknown funetions.

The components of the stress and couple-stress tensors are

ty = (n + 1)[ “ldes + vy 0 J
(5.10) So 3§ 3 I i)

m,; = (n + 1) [ go m:idws + vy + *15
where

= A 0
il ks + Bi}kl.u-kl 3 Vi = B.\-nfﬁu + C'Uh‘y'kl;

Ry = %, i
Oy = Aijses (21 @20 0) + By} (21r 705 0),
Kig © Bauﬂt: (:r,, Loy 0) + Cin P (5’31' Zs, 0).
By using (5.10), the equilibrium equations reduce to :
Tis + (05,5 + 5(2y) @25 0)) =0,
Vi s T ST+ (%5, 5 4 2150, + my (s 2, 0)) =0, e
nd the conditions on B beeome :
5.13)

(5.11) N =4 + gl

(5.12)

Ty = —
147y 0“71-1 s Wity = —xun;, on L
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On the end of the cylinder lieng in the plane @; =0 we have the cop.
ditions

Told = — 1 g Oghflﬂ'!

(5.14} |5 3o n+1 )

LI S
(5.15) S: Taafle = —"n Ti) 33 (UG

-1

_— T 9 Tyt 3 dG
(5.16) Rz(mﬂ..g:] —_ anﬁvnﬁ) do = —— Sg(la 33 3al™3 )
— a0, + n3;) do

{5.17) gv(Eaagwa’-as 4 v} do = i SE(EMG Tolap 31)

; ;o the loadings on the lateral syr.
‘he body forees, the body couples. the o lhun
face (;1i‘htilc (-\-‘}lin(l(-r and the loadings on the elnd ofxth.c c_\lut]d(;l of th}?
& e . . and a.. As in seet. 4 a sue
blem (5.11) — (5.17) dgpengl only on @, an As m sed
Eigblem g\'as 2;01\'0(1, the considered problem is entirely solved.
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THE EQUATIONS OF RADIATION FIELD. INVARIAN

BY

CE GROUrS

-

GIL PROCOPIIUC

1. Introduction. Ip (1]

Pomraning shows that under certain
rather unrestrictive conditions

» the thermal radiation in a medium ean be
characterized by a function. named specific intensity, which depends on
time and point, but also on the freeveney and the dircetion of propagation
of the radiation. and which satisfies an integro-differential cquation, given
in Scetion 2. In hydrodynamic problems of interest, there are three integral
quantitics which characterize the radiation ficld at a given time and point.
These correspond to the first three angular moments of the specific inten-
sity. In Section 3. we write the equations these quantitics salisfy, equati-
ons that are used in radiative magnctohydrodynemics (2], [3]. Here, how-
ever. they appear as a separate system. uncoupled with hydrodynamies
equations. In the present paper. we show how the coupling appears., fin-
ding out the effcct of the medium motion on the radiation ficld. In Scction
4, we introducc the parameters which are usced to characterize the intcrac-
tion between the radiation ficlds and medium and we cstablish the consti-
tutive cquations. Since the angular dependence of the specific intensity
s generally very complicated. we give the simplest approximate descerip-
tions of radiative transfer, in Scetion 5. The quadridimensional form of the
fadiation ficld cquations is deduced in Section 6. and we analyse the radiation
field dynamics for the media in motion. in Section 7. Finally, in Scetion
§, the invariance group of the radiation field equations for a medium with
homogeneous absorbtion is derived and some of jts properties are given,

In this paper the indices i, 7, & — 1, 2, 3 and % B v, 8 =0,1,2,38.
€ summation convention will alays be used unless the contrary is stated
explicitly,

2. The equation of radiative transfer, The &
alled transport equation. is the mathematical st
ion of photons.

At any time t. six variables
he photon in the phase space. namely
® denote by the vector r (.
Istead of the latter ones we us
! the photon Q (it requires tw
on of radiative transfer has tl

quation of transfer or so-
atement of the conserva-

arc required to speeify the position of
three position variables, which
@z 23)s and three momentum variables,
¢ Irecvency v and the dircction of travel
0 angular variables to specify ). The equa-

ien the form [1] ;



