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Proof: Since u® = ®° (2°), the rank of the matrix M at Pt is 4. They
in the equations: b'E* (% u®) =0, b"y, (2% u®) =0, 4 of the b's are
expressible linearly and homogencously in terms of the remaining 12. Hence,
there are 12 lincarly independent transformations of order greater thap
zero at P° Each of such transformations leaves the point Po invariant,
Consequently, all these transformations generate the subgroup of stability
of IJU.

In order to find the opcerators of this subgroup, we obscrve that
the minor of M formed with first four rows is different from zero, that is .
det || €3 (2% u®), 7y (2% u°) || 520 (p==1,4). Then, it comes out that the
subgroup of stability of P°is generated by the operators :

Ue = —(u —u®)dp I° = (t — ) T -+ (2 — a3 X,s
(8.16) Li=(ay —a) T + ¢t —1°) Xyy RI=E,; (0 — 2D X,
Py [—ei(tr — %) 4+ oy —a52f] T + 2%t — 1) I 4 2¢tel,

= — % [—ei(tr —t°2) + oy, — 2%l X+ (20 —aD T + 2%,

Remark 3. The points P (2°, %9} for which u° = ®°(z°) are ordinary
points. The subgroup of stability of such a point is of order 11. itis gencrated
by the opcrators (8.16) without the operator U® and where I is replaced by
I+ U.
Remark 4. The group G° is transitive.
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SHOCK WAVES IN NONLINEAR MICROPOLAR ELASTICITY

BY

I. NISTOR

§ 1. Introduetion. Propagation of shock waves in the classical non-
lincar theory of clastic bodics was considered in [6].

In this paper we investigate the propagation of the shock waves
in the nonlincar theory of hyperclastic Cosserat bodies. The amplitude
of the wave must be an cigenvector of a nonlincar operator P. while the
speed of propagation is the corresponding eigenvalue, We prove that the
cigenvalues of the operator P are positive and the corresponding cigenvee-
lors are real.

In the following JI will be a covex subsct of a real Banach space
and B a nonlinear mapping from H into E. The zcro element of the Banach
space will be denoted by 0.

A number p, is said to be a bifurcation point for B, if for every € = 0,
§ >0 there exists a characteristic value p and an cigenvector v (v
=p B (v) such that | u— o | < e. || v = 3.

The sct of cigenveetors is said to form a continuous branch passing
through an cigenveetor v, if every bounded open set in E containing v,
possesscs an cigenvector on its boundary,

We quote also a theorem which will be of interest for us.

Theorem 1.1. If B is a compact and continuons operator and B (0)=0
then cvery characteristic value of odd multiplicity of B (6) is a bifurcation
point for B, corresponding fo a conlinuous branch of eigenveclors passing
through 6 ([3]. p. 199).

§$2. Shock Waves. We consider an anisotropic homogencous Cosserat
medium. The motion of a continuum with microstructures is represented
by the mappings

(2.1) Yo =¥ (2 s1)s Ry = Rij(x . 1),

where o, and y, are rectangular coordinates of the place occupied by the

_Mmaterial point in the reference configuration and in the configuration at

time ¢, respeetively ; R, isa proper orthogonal tensor which detormines the
Position of dircetors at time ¢ (sec [2]).
We consider as strain tensors

1
(2.2) €= Yi By;»

Ty = 5 Eimn Rim ka,i ’

‘ond the angular velocity vector
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1 55
v, = ;Efﬂc I\llk I{nj-

(2.3)

The deformation tensor vy, and the angular veloeity veetor v, may
be represenied in the form (ef. [4})
vi=1Ily; ¢;,

(2.4) vig=H ;o1

where
o 28_1-11 + sfmﬂ @n
2 (1 + /4 op 94}

and the functions o; arc the components of the microrotation vector,
A propagating surface Z (¢) is said to be a shock wave if the functions

#: - @; are continuous cverywhere. while their first order derivatives have

jump discontinuitics across Z (f) but are continuous functions everywhere

else. The jump of a functions across Z (1) is denoted by [¢] =27 — 2%, where

zt is the value of g immediately ahead of the wavefront and 27 1s the value

of z immediately behind 1t The conditions of compatilibity for shock waves

arc ([1], Sect, 189)

(2.5‘ [Z(,J]';Sf Nj 3 [Z'f]=_G31 ’ 8= [Z{I’Nj]g

where @ is the speed of propagation of the wave, N, are the components
of the unit normal of X (7).

We assume that at time ¢ = 0, the wave has been propagating into
a region which is at rest in a deformed configuration. Let the tensors
Yl . R characterize the deformed configuration.

As in [1] (p. 543) one shows that the momentum balance law and
the moment of momentum balance law lead to the following jump condi-
tions across the wavefront :

(2.6) [t:J Nil=—¢G [y)]s

where f; i 7;1,-, arc the components of the stress tensor and couple stress
tensor at the point y; measured per unit arca in the reference configuration.
We have the relations [2]

im

[“”’;U Ni}=— oG [GJ}’

{iJ=RJktik! mgk=Rk1ﬂlUp Gi*—"RUIjk Vi oo
(2.7) ) 2
fy=— Wt s Yin)s My=-—W (> vs)s
Ciy Yis
where I, are the components of the material tensor of inertia density, W
is strain cnergy per unit volume in the reference configuration.
From (2.2) and (2.4), we obtain

(2.8) lee]=a;Nis [ri)=a,Ne, [v]=—Gay,
where
(2.9} a;= Ry [yx N1, av=HY (o5, Nl
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| Taking into aceount the relations (2.7),
| conditions (2.6} beeome :

(2,10) [t_'k N.] = sz [ Ijkl [??!u- N‘] = PGE (_l'_u ’

The vector A - (.}, (k = 1.6} defincd by the relations 4,=a,, 4

=y (1 = 1_,5) will_ be called the amplitude vector of the shock wave.
We may write the relations (2.10) in the form

(2.11) P{4) =pG24;

in the above relation P is a nonlincar mapping P: E - E, where E is
6 — dimensional real Kuelidian space.

The operator P is determined for caeh value of the unit normal of
the wave by the strain energy of the material and by the deformation
tensors ¢y v From (2.11) it follows :

Theorem 2.1. The amplitude vector of a shock wave travelling in the
direction of N is an eigenvector of the operator P corresponding to the eigen-
valiee p G*.

From (2.10) it follows that the opcrator P vanishes at zero.

The Lagrange formula implics the existence of €t s Yi; such that

(2.8) and (2.9; the jump

i+37—

Oty (i, vt AR
[t(j} — _‘-{.((.:En ’ Y”-‘) a;p Nk _!_ at“ (cqn’ Yrs) u]; Np ,

2.12) 0¢kp F¥ip

] ¢ y n . N
fin] = _??_?_'L(_{:Q_”__"’_’)..ap N, + dmy; (Cqas Yrs)
Mip

Assuming that the second order derivatives of the function W are

bounded and continuous. then from (2.12) it follows that the opcrator
P is continuous and compact.

If the function N has third order continuous derivatives with respect
to ¢;; and v, we have

ap N, .
Cip

Oty (et ¥4 & s YR -~
[tij} s (1( an TR) (lek"f" tu (ano Yrs) {Ika'-}- T{j:

Crp 0Yip
[ dingg (et v d T Y ~
(2.13) [me,] = 15 {C8n s Y a, N, + M (s Y1) ay N+ My,
Cip Yip
lim ! Tul g Ml _,
il A || lifi=0 || A4 |]
‘nfhere

—
| Al = V Y 43,
k=]
From the relation {2.10) and (2.18) it results
2.14) P(0) =KL,
Fhere (he matrix K= || K, lsxe L= L;|sxes are defined by

Ll a .
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Klj’“—” 81; s Kepay=0, Kf:l-Hl =0, Kiizpa= I._jl
L.= af'k( (C;n ! Y!—";) Nk N R ‘L‘:q:3 o atkf ((';n o Ylt!) N Nk ,
1 I ] j ?
deyy Oz,
dmy (ef, v Omy (dns v
Li+3:1= MN:: Nps L1+3:J+a=—-‘—“i(-iY—s)Np N,;.
ey, 8Ys,
If the matrix L satisfies the condition
(2.15) L2 >0.

for arbitrary non-vanishing vectors . then as in [5] one ean prove that
the cigenvalues of the operator P’ (0) are positive.
If the function W satisfies the relation

0° W {cins Yila) . 9% W (i vita)

N Np Ay hgss +
Oeq; Ovyq 0¢y;0 vy,

t Np )\J )\a + 2
(2.16)
8% W (et vih)

N Np Aja Ages >0y
9 Y130 vpq

for all non-vanishing veetors A: (%) (k =1.86), = {7} ({ = 1,8}, then
the condition (2.15) is satisfied for cvery direction of propagation. From
theorem (.1 it follows i

Theorem 2.2. Ai a point of a deformed hyperelastic Cosserat body,
for which the internal energy function satifies (2.16) and has continuous third
order derivatives, the operator P’ (0) has characieristic value of odd multis
plicity, the shock waves propagale in every directions.
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ON THF. SEMILINEAR THEORY FOR MATERIAL 5 WITH
INTERNAL STATE VARTABLIES

BY

M. MIHATLESCU-SULICIU, 1. SULICIU

Introduction. Tn the frame of nonlinear theories for materials with
: arc not, in general, sy -
tric with respeet to the propagation dircetion and iheir synllllr?c(at“ror‘ilj ’o?)}tg}mct'l
enly under additional hypothescs. y e
The present work considers materials with internal state - ariables
in the _fmmowork of [1], attention heing foeussed on the c'rmdi.t;uons UI;-’
der which one can obtain real and symmetric thermomechanically céLplcd
acceleration waves as well as certain consequences of these bypotheses
on the constitutive equations. Most of the introductory resulls arc ropi*o-
duced from [2] (sec also [16]. ¢h. V). The scmilinear theory and the case
of a material with no thermal dilatation (which casc. from the point( of
view of the propagation of acecleration waves, mav be calicd the weakl
coupled ease), have not been treated in [2]. The content of this work 1n§
(been partially presented in several Ieetures held by 1. Suliciu at tfle
Summer School in Jablonna. Poland. the 3 —8 may 1976, ‘

The main assumptions used in the paper arc the following :

a) The quasilinearity assumptions (6), leadi ili

Vv ass wling to ¢ $ - SyS-
Ltem of partial differcntial tons 1 g o know Mmooy mear sys
! partic cntial equations for the unknown functions.

b) sSymmetry assumptions 1 and II. for the case when the stress —
temperature moduli {or the thermal dilatation cocfficients) form a nonsin-
gular matrix (the instantancously coupled case) and an additional hypo-
thesis that strengthens the symmetry assumption I1. when these moduli
vanish (the weakly coupled ease or the ease of a material without thermal
ilatation).

¢) The assumption on the existenee of strong cquilibrivm states.
d) The strong cllipticity condition, which represents here a natural
Xiension of that used in the putely mechanical case,
; In the frame of all these assumptions, in the neighborhood of a strong
_mi]ln-n_rm state, one proves there are four real and symmetrie possible
hei (‘I’.'ll.t‘lon waves and at least two of themy carry both mechanieal and
ma s (i instant: shy «l case) ; .
o Jlicl:n]t)s {in 't.h(? i_n.t‘.tftnl‘.u.]couslv\ _coupled case) ; four real and symme-
¢ Acoeleration waves are still possible in the weakly coupled case but
eec of them are mechanical ones and the last is a thermal one ; they are
oupled although the meehanical and thermal cffects are not completely



