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If the matrix L satisfies the condition

for arbitrary non-vanishing vectors ), then as in [5] onc can prove that
the cigenvalues of the operator P’ (8) are positive.
If the function W satisfies the relation

0* W (s Yien) 9 W (e s Yin)
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for all non-vanishing veetors A: () (kK =1.6), 7m = (%) (¢ = 1,8), then
the condition (2.15) is satisfied for cvery direction of propagation. From
theorem (.1 it follows

Theorem 2.2. At a point of a deformed hyperelastic Cosserat body,
for which the internal energy function satifies (2.16) and has continuous third
order derivatives, the operator P’ (0) has characteristic value of odd multis
plicity, the shock waves propagate in every directions. i
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] ON THE SEMILINEAR THEORY FOR MATERIA LS WITH
INTERNAL STATE VARIABLES

By

M. MIHAILESCU-SULICIU, I. SULICIU

Introduction. In the frame of nonlincar theorics for materials with
internal state variables. the acceleration waves are not. in 0('noral.(<;\l'm‘rm‘-
tric with respect to the propagation direetion and {heir synmri’otr is -o‘b'tfxi d
only under additional hypotheses. g e

The present work considers materials with internal state - ariables
in the framework of [1], attention heing focussed on the anndi.ttioom; UI.I-,
der which one ean obtain rcal and symmetric thetmomechanically cou sled
acecleration waves as well as certain consequences of these h-j.rpothlcqes
on the constitutive equations. Most of the introductory resulls arc rr\p;'m
duced from [2] (sce also [16]. ch. V). The semilinear theory and the case
of a material with no thermal dilatation (which easc. from the point( ;t)f
view of the propagation of aceeleration waves. may be ealled the weakl
coupled case). have not heen treated in [2]. The content of this work ]n)f:
(been partially presented in several lectures held by 1. Suliciu at t}(m
Suminer School in Jablonna. Poland. the 3 —8 mayv 1976, a

The main assumptions used in the paper arc the following :
] a) The quasilincarity assumptions (), leading to a quasilinear sys-
tem of partial differcntial equations for the unknown functions.

b) Symmetry assumptions 1 and II. for the case when the stress —
temperature moduli {or the thermal dilatation cocfficients) form a nonsin-
pular matrix (the instantancously coupled case) and an additional hypo-
thesis that strengthens the svmmetry assumption I1. when these moduli
W_ilmts};_(th)o weakly coupled easce or the case of a material without thermal
llatation).

¢} The assumption on the existence of strong cquilibrivm states.
d) The strong cllipticity condition. which represents here a natural
Xtension of that used in the putely mechanical case. J
. In the frame of all these assumptions, in the ncighborhood of a strong
mhln-n'un state, onc proves there are four real and symmetric possible
ceelomr}on waves and at least two of them carry both mechanical and
fiermal jumps {in the instantancously coupled case) ; four real and synime-
acceleration waves are still possible in the weakly coupled casc but
tec of them are mechanieal ones and the last is a thermal one : they are
ftoupled although the mechanical and thermal effects are not com pletcly

(]



S—
404 M. MIHAILESCU-SULICIU. [. SULICIU 2

uncoupled. In the same n{-iullhpr'}lood, heat flux' can be approximated by
a function that depends on the internal state variables (ll][)':

Another assumption concerns the internal st_alc vartables : they are
zhosen to be frame indifferent but at Ieast a r:ertam‘ nnmbel: of thcm are
not invariant under the isotropy group of the material. An illustration of
these results is given by means of the lincar and the semilinear 1Isotropic
€ases.

In the casc of the isotropie semilinear theory, the structure of acce-
leration waves is the same as for the linear ease. The heat flux constitutive
equation may he nonlinear while the evolution cquations for the scalar
and tensorial internal state variables do not depend on the temperatyre
gradicnt. '

If one assumes that internal state variables are b(..hm-l‘ng as the com-
ponents of a vector and a sccond-order tensor under the 1sotropy group
then. the isotropic lincar theory includes th:s I\I_a.\'wcll vnfc-ucla?tmlhec_try
where for heat flux onc uses Cattanco constitutive cquation. The semili-
near theory attached to this case will t.hen 111(:]1}(](2 the Sokolovski-Malvery-
Perzyna theory for clastie-viscoplastic materials.

v Symmetr}c aceeleration waves. 1. Consider a body 3. Its motion
with respect Lo a reference configuration @ is deseribed by t.}m functllon
x =5 (X, #) that gives the coordinates x at the moment ¢ of that point
which had coordinates X in the reference configuration.

Balance of mass, momentum and energy are then
pob = Po;\:’
ool - po (07 -+ 00) — §.F 4 Div q =por

where the notations are the following

(1) e = pj» Div § +

F =Grad 3, j =det F, x
(2) Y
S =T(FyT,

and p, and p are the densities in the reference and actual coilfigumtiogs
respectively, T is the Cauchy stress tensor, 0 is temperature, V' =e¢ — by
is the free Encrgv and e and » ave the internal energy and entropy rcspcz
tively, q is the heat flux, G =jF ' q while b and » are the body forces and
the heat supply respectively. o .-

The sccond law of thermodynamics is expressed by the Clausius
Duhem inequality

. . ~ 1 -
(3) —‘P'—n9+'1—S-F—-"Q-go?0
Fo PUO
with ) » a0
go=FTg, g—=gra ,(g, e

Constitutive equations arc assumed to have the form
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() ¥ (L0, ga), =5 (F. 0. goa). § - S(F. 0,2, a).

q =q(F,0,g.0), & —f(F, 0. g a).
where @ =(a,....,ay} is the vector of internal state variables and  the

functions ', 7. 8. q. f are as smooth as required.

The restrictions imposed by the Clausius-Duhem incquality on the
constitutive cquations (4) are the following (Coleman and Gurtin
[

A v -
5) T="T(F,8,2), n=—-—, §
( ’ 20

We now lay down two additional constitutive
leseu and Suliciu

o, O
"OF
assumptions (Mih 7 i-
[2]): called the quasilinearity assumptions

A

(6) % _,, f =A(F,0,2) g + b (F, 0,).
. A
Then. inequality (8) requires that
: A ar o
{7} q(F:0,a) = —p0A7 —, - bgo.
e da

The internal state variables « are chosen to be frame
but at least a certain number of these variables
the isotropy group of the material.

2. A regular surface ¢ (X. )

indifferent
are not invariant under

0 with X €@ and t € R is ealled
an acceleration wave if 2, F, 0 and « are continnous but their derivatives
 with respect to X and ¢ may have Jumps when erossing this surface. One
| assumes that b and r have no jumps across the acecleration wave,

In this casc. the geometric and kinematic compatibility conditions
will be (see for instance [3])

Qi‘{.‘fJ = Ugak, [S?_I—’_q] =a.nmn, . [af U"
ar: iX, a

~ Uan, ,

:(8) [@:’ e Uv , [—@—O_J ——= an ’
it 9X,
Ja, Ja
-1 = — U » — =Yy .
[ Y ] Yy an] Vit
where
dz do
(9) . X, at

h | Grad o | , B | Grad o |
and the vector a=(a, «. @3} is called the mechanical amplitude of the wave, the

sealar v is the thermal amplitude and the N-dimensional vector Y=(71s s Yoy)
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. - 3 e dn . 1 N B e 7‘.till”‘ now the d)’na-
is called the internal state amplitude of 11-1(, wave. Writing the
mic compatibility conditions and using (5), (7) and (8). onc obtains ([2])

(10) (Q —~Ua +Pv+Hy =0,
(p0UP + E)a + (L—Uv)v + (UG -+ K}y =0, My - Uy =0,

wheve the following notations were introduced

Aoy RS o
—— e B, V= — pal) . e el
Qu = GF” aF, gy U P 70 i 200 F,, J

% I SN B

(11) E; . Ny » ik oF Ja, i P 92,
o i g
—pf——— —pp— , L =—=n; M, =44 n,
G pnﬂ P00, Pnatxk 20 i k FAA

Since, for a fixed state (¥, 0,a) and a given dircction of propagation
n, relations (10) represent an homogeneous lincar system for the N 4 4
unknowns : a, v and ¥y, non-trivial solutions will exist if and ounly if the

determinant of the system vanishes. This condition lcads to an algebraic

cquation of degrec N + 7, for the speed of propagation U :
Ur-rf —oU® - wlU" + (vlg +2 + pbP-P) UC + [ —wly + P
(E —po0D) JU° — (vIIy +=Ip + D-E + podIo P-P— eOQP-P)U* +
+ [wlly -+ ToP-{(¢0D —E) + QP-(E - p0D) J U* + [vI1I4 4

(12) 43l 4+ I,D-E —~QD-E —01,QP-P + pB1L,P-P +
4 o 0Q P Pl U= + [ —wllly -+ I1P-(E -—,0D) + 1,QP -
< (pdD — E) + QP-(E —p D)) U —zI1I4 + I1,QD-E —

11, - E —(QD) - E}=o0,

H];)m D—-HM,z = —K-M, w =L —G-M

and I, 114 I11,, are the invariants of Q. . _
‘i?ron.; 1'thph\-'sical point of vicw one expects to obtain symmetric
acceleralion waves, i.e. one expeets cquation (12) to have s_\’mmrc.trlc rofots.
which docs not happen as our conditions are still too general. We therefore
lay down two new constitutive assumptions : o
Y Symmetry assumption I (Suliciun [4]. Mihiilescu, ant;
Sulicin [2]). For any {ixed state (F,U,a) and any fixed dlrectm(;lmt;tt
propagation n, cquation (12) for the speeds of propagation, must 2
symmectric roots. ' ' o y
! The symmetry assumption I is satisfied if and only if

w=0, P'(E "'an)D)= 0) QP‘(E ""PDOD) 20, QSP'(E—
_POOD) =0,

(14)

|
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for any state (F. 0, &) and anv ».

According to this hypothesis. equation (12) can he rewritten, if one

leaves appart the N —1 zero roots, as an algebraic cquation of degree
4 for Z = Uz,

Symmetry assumption II (Mihailescu and Suliciu [27).

For a real aceeleration wave that travels in the dircetion n with the mecha-
nical amplitude a, U is a possible speed of propagation if and only if —U is.

This assumptions is verified in the case of a nonlinear elastic ma-
terial and it is extended here for materials with internal state variables.

3. A state (F%, 0% g* =0, o") is called an equilibrium state if

(13) f* =f(F* 0, 0, «) =0.
An equilibrium state that satisfies in addition
_i\Ar* "\1};
(16) 2T, 6% a7 =0,
aack (jotk

is called a strong equilibrium state (scc Coleman and Gurtin [1),
Bowen [5], Truesdell [6]). In the following we shall use a star as
upper index to denote a quantity at a strong equilibrium state.

Relation (7), implies, at a strong equilibrium state

~  ~ g —s oq
* — F*, 8*, a* — 0’ e % ﬂaA-T e 0, e 3
q q ( ) 78 —+ Po =240 3F +
(17 . ) X
’)2‘-“-* aq* 82‘1“~
NI LI | 0*A*T — o.
P 92 OF 5 TP o

We now strengthen the above conditions with an elliptic type ine-
quality ( [2]):

The functions ¥ and J have to be defined such that the incquality

TR, 0, 2) — 0 (F, §.3) —(0 _6")%(1?,9,“) —

(18)

tr {{F—F)T %;(F’ 6? C-(-)] —(fx ‘—&) ?‘r (?- 69 &) == 0!

ot

be verified for any (F, 0, %) and (F, 0, ), with

1) (F, 0, ) = (F, 0. a),
F=F+a®hb, 6 —2 —|—6, a=o?+ f‘,(i‘,fs,a,a.')c,

Where a, b. ¢ & R and A € R satisfy the conditions

(20) (det F) det (F +a @b) >0. h ++ 0 >0.
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Suelr types of conditions have been frequently used in the ]itcrz_xture
for other classes of materials (sec for instance Trucsdell and N ol]
[7] for the cllipticity condition). o _

Two immediate conscquences of the strict inequality (18), are the
following : Q is a positive definite tensor and

(21) v >0,
At a strong equilibrium state. condition (18) leads to (see [2])
>0, o =0, A E"E" =0,
(22) o' dei

E'= —p 0D, P*.D* =0.

4. We state now onc of the main results obtained in {2] :
If one assumes that, for any strong cquilibrium state and any pro-

agation dircction,
pagatio Pto,

then, in the neighborhood of a strong cqu‘ili}?rium state. un'dcr the symmefcry
assumptions I and II and the strong cllipticity hypothesis, all acceleration
waves are real and symmetric and at least two of them carry thermal jumps.

In particular, under the above ('ondlpons there results that. at g
strong equilibrium state. the thermal amplitude has the same symmetry

roperty as the mechanical amplitude, ‘ ‘
prop Lgt us now consider the casc, that was not considered in [2], when

for any propagation direction n, at a given strong cqnillbnun}\ state,

If P* vanishes at a strong cquilibrium state. then ((?“l"')/OGOE: =0;
in the frame of a linearized theory in the neighborhood of the strong’equili-
brium state. this condition implics the fact that temperature variation
has no influenee on stress. In other words. the condition P* =0 describes
an instantancously un coupled phenomenon at the given strong cquili-

brium state. )
Let us examine the structure of the aceeleration waves at a strong

equilibrium state. when (23) is verified. One observes from (14) that symmes
try assumption 1 is not completely satisfied as o can remain different form

zero 3 hence, this hypothesis is still neeessary.
The system (10} becomes

v L]
(24) (v*U** —z)vy =U'E*.a, U'a —Q'a = _b_;l) ,

while the equation (12) giving the speeds of propagation, will be
V28— (0 g + 22+ [0 T e+ 2 g — g 0D D] 47—

(25) [0 1114 + 2" 1150 — g 0'D*.D* + 0,0'Q*D*.D*| Z + 2" I11o +
+ pol* 1o Q'D*. D" — 0" 11D D* — p,0°Q=D*. D" = 0,
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where Z = U2 In the proof of the above stated result (for P* = 0) one
finds. without using the asumption P = 0, that equation (12) for Z = [®
has real roots. Hence, it only remains to sce what conditions will ensure
their positivencss too.

Sincc v* =0, 3* =0, To = 0. at least one root is positive. For such
a root, the symmetry assumption 1! used in (24), leads 1o

(26) (v +9)D* 0, QUF —2) (v + ) =o.

If D* =0 for a given dircetion of propagation n. hence E* =0 (from
(22) ). the roots of cquation (23} will he: %, =% . i=1. 2, 3. where A are
the eigenvalues of Q* and Z, — 2*/v* and therefore all acccleration waves
are real.

If Z, = z*jo* is different from all three eigenvalues 2. the solutions
of the system (21) are: (a,, 0) for Z, =%/, i =1.2. 3, and (0. v) for Z,.
In other words. onc obtains uncoupled acecleration waves. three of them
being mechanieal waves of speeds U = 4 VY and amplitudes (e, 0),
¢ =1. 2, 3 while the last onc is a thermal wave of speed -4 [/ ¥ o" and
amplitude (0, v).

It P* = 0. the quasilincarity assumptions together with the symme-
try assumptions and the strong cllipticity condition do not generally lead
to the conclusion that D° = 0 [or any dircetion of propagation n; on the
other hand. if D*s=0, it does not generally follow that equation (25) has only
positive roots. This time. the symmctry assumption Il is no more sufficient
to ensure the positiveness of the roots since it refers to the mechanical
amplitude only while the condition P* — 0. as we alrcady pointed out be-
fore. deseribes an instantancously uncoupled phenomenon 3 therefore the
symmetry of the thermal amplitudes will no more follow. But, if we strengthen
the symmetry ascumption I by requiring that thermal! amplitude be

- symmctric too (.. v = v) then D* must vanish for any propagation di-

rection and onc reaches the above result. This analysis shows that symme-
try assumptton 11 is properly chosen. Morcover. it represents another argu-
ment that the whole assumption frame js a natural one for the wave pro-
pagation problems in materials with internal state variables,

Let us remark that P* =0 does not imply a eomplete uncoupling
of the mechanical and thermal effcets as cou pling is still performed by means
of the evolution cquations for the internal state variables ; however. acce-
leration waves propagate in an uncoupled way.

Heat flux in the neighborhood of a strong equilibrium state. If one
applics the principle of frame indifference to the heat flux constitutive
equation, onc obtains at a strong cquilibrium state ([2])

oq*
27 94 _
oF
Thus, we can state another important result of [2):
In 2 neighborhood of a strong equilibrium state. heat flux can be

pproximated by a function that depends on the internal state variables
only.
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Conversely, if at a strong cquilibrium state, the partial derivativeg

of q with respect to F and 0 arc vanishing. then. for that strong equilibrium
state, the symmetry assumptions I and I are satisfied.

The linear theory. Lct s consider. as an illustration to the ahove
results. the isotropic lincar theory for small deformations.

We did assume from the beginning that at least some of the internal
state variables are not invariant under the isotropy group of the material,
In [2], the isotropic linear case is freated under the assumption that « —
== (&, » ... » 2y} contains two groups of components:

«=(p a),

where 8 = (x,, o5 %) is behaving as q and a = (xg ... « ay) are invariant
under the isotropy group. One will consider here that the vector of internal
state variables contains three groups of components with respeet to their

behaviour under the isotropy gioup: 1) a group @ = (a0 ... » %y} contai-
ning scalar variables, 2) a group B = (2,: «,, «,) that behaves as a three —

dimensional vector and 3) a group « = (% ... » &) of six components that
bchaves as a symmetric second-order tensor, i.e.

(28) o =0 %, w) .
Let (F =1,6 =0, g =0, x =0) be a strong equilibrium state
with the property
(29) ¥ =0, 4 =0, §* =0.
One assumes that
(80) (egegy)f2 <1, |81 <1, |[a] €1,

where & = (0 —0,)/0, and ¢ =1/2 (F 4 FT —2I) is thc symmetric small
deformations tensor.
The principle of frame indifference requires that ‘¥ (F, 6, a}) =

=¥ (C, 6, «), where € = F7F and, according to the lincarity hypothesis,
€ is approximated by its linear part, that is I -+ 2c. On the other hand,

isotropy will require ¥ (C, 0, ) to be an isotropic function of two tensors :

C and « and a vector p. Then, the hypotheses (30) together with the repre-
sentation theorem for isotropic scalar functions (sce for instance Wang
{20], [21], [22]). lcad to the following cxpression for the frec encrgy, in
the neighborhood of the considered strong equilibrium state : -

Pol‘;. (5; 1‘-}’ ﬁ! &’ d) = ;(tl‘ E)z + “ tr (sa) — i) (tl‘ 5) + Ai“itre + i |
(81)  + A'tr(ea) + A" (tre) (tra) + A’ (tra)? + A" tr(2?) +

4+ T tra 4T, + A, tra —-% 0,9t + LB . B + Quaay.
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In the expression (81). % and 1 are Lamé constants, %/0, is the stress-
temperature modulus, vfa, is the heat capacity and A’, A”, A", A", I, t,
A T'ys Ay and Qy are definad as follows

E P W A L PP 24" 88
kT g .= = ' ¢ =
‘ 0 aﬁk 0[3; £ 0 = 0% [FiarT
ae* 1, ) R
= Po d—-—(:):"“ P A (8113_.: + 3u8,) + A 8,,8,‘, = Po “‘-‘-"i— '
|'32) a”f}a,,, 2 (’}auaFﬂl
(’)za* a:A* 0’-4:*
Ty =pfo =", Ay =po—mm, A, =ps —ot _,
T ame T Y TR ar, T T TR
g
Q =po—te
“ B f)aka&x,

Relations {5}, , will dctermine the stress and entropy
(33) SU -— 7\ (tl‘ 5) Sij + 25.15” —'-)’.IQ'JSU - ‘{)\k;ksi,’ + .{\'(;'U + A” (tr ;) 8”
1 (31) o, =wn(tre) —Ttra + 00,0 —I'a,,

while the internal energy is given by

A ~ -~ ~
r Pt =§ (tre)* + p tr{e?) + A tre + A'tr (ex) + A7 (tr e) {tr o) -

(85) A (tra)e 4 A tr (@) + Agotra + LB B+ Qa4

1 = -
+§U003(2+8‘) +Ktl‘e —Atra '—F‘U-‘.

.. A previous result stated that in the ncighborhood of a strong equi-
librium state, the heat flux can be considered as depending on the internal

statc variables only. Since q is an isotropic vector funetion of a vector g
and a symmetric tensor «, in the present lincar frame one gets

—

{36) g = ~yB, y = const.

According to relation (36), q would obviously be identical zero (i.e.
the material would be a nonconductor) if among the internal state variables
there were only sealars and tensors.

Let us now consider the evolution cquations (4);, written as

(37) ;-_—'T(Ss ¥, Lo+ ﬂ’ ;3 _05-)1 {3:?(5; i, oo B’ ;, ;)’ ;=F(5: B, Eo» B’Es;)v

where £, f aqd} have to be isotropic linear scalar, vector and tensor fune-
tions respectively, of two vectors and two symmetric second-order tensors,
Then (sce [20]),
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g o Aitre - Bra + 439 4 Aha. B— Ag, + 88
(38) o N L
a=lie + A.x - (A9 4+ Ajtre + Agtra - Ayx,) . T,

where A, 8, A(i =1,....5). du(k =10..... N). A%(p =1, 2,3, =
=10,.... N) and A4 (f, & =10..... N) are scalar constants.

Let us remark that the temperature gradient g, is no more present
but in the evolution equation of f. which contains neither the strain nor the
temperature and is completely decoupled from the evolution equations of
2 and «. Thus, if the veetor « of internal state variables is considered to
contain only, two groups of components. i.e. a = (f, «), the two corres-
ponding evolution equations will be completely scparated. as the evolution
equation for B does not depend on o and the evolution equation for « does
not depend on B. .

This result is obtained here as a conscquence of isotropy and linearity
(compare to Kosinski [17], sec also the semilinear theory scction).

One can casily sce that (86) and (37), lead to

1= &~
(89) —'“q=Ago‘—"q ’
Y Y

which is nothing clse than Cattanco’s heat conduction cquation. Hence
in the frame of an isotropic lincav theorv, heat flux is an internal state varia-
ble and its evolution cquation is given by Cattaneo’s equation. I'or the one-
dimensionat case, Suliciu [4] has rcached similar conclusions by using
another hypothesis instead of that requiring the existence of a strong
equilibrium state. .
Let us observe that the restriction (22), as well as the condition

92
t'JFU(?a,.
(see [2], relation (5.8)) are satisficd in the linear case.

The linear constitutive cquations (88) are gencralizing most of the
lincar rheological models (sce for instance Reincer [23], ch. B).

We will describe the way one may obtain what in rheology is known
as the linear standard model. Let us suppose A, =0 in (83) and 4y =0
in (88), We also assume that relation (83) is invertible with respeet to a,
that is

A;k =0, i,j, k=1’ 2| 3!

& =L(S—, €,y 8)'

where L is a linear function of its arguments. If (33) is differentiated with
respect to t and & and « are replaced by the expressions (38), and L (S, ¢ 9)
respectively, one obtains the lincar standard model. _
We present in the following the restrictions imposed by the C]ausmsi
Duhem incquality as well as by inequality (18) on the numerical coeffr
cients (in this case) that enter the constitutive equations of the lincar theorys
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The Clausius-Duhem inequality requires that relations {7) be satisfied.
Condition (7), leads to
(+0) v =20, 4L,

while (7). leads to the following incqualities

I A} 4 8T4,= 0. 5 < 0. 3[A A + 4, (A 4 A")] < 20 A, < o,
GO 8 [AB 4+ 24,(0" + A7) < 447 T < 0. 20, Ay 4+ 8A Ay = ok ).
Inequality {18) requires that
(41,) >0, 042 >0, =0, ¢ >0,

where the last restriction. according to (41),. leads to § < 0.

The semilinear theory. The semilinear theory is a theory that leads to
a semilincar system of partal ditferential cquations for the unknown fune-
tions. One of the charaeteristics of such a theory is the property of having
constant speeds of propagation for acecleration and shock waves.

Such a theory is experimentally  justified in the domain of small
deformations (i.e. £,5;; € 1) {or certain materials as metals for instance.
Thus. if a stress pulse is superposed over a constant state of strain and tem-
perature, in the plastic domain. it will propagate with the elastic wave speed.
This kind of behaviour has been shown to be present for several metals,
for tension and compression as well (sec Bell [9]. Sternglass and
Stuart [10], Alter and Curtis [11], Bell and Stein [12),
Fokuoka and Masui [13)).

These experimental resulls have beenused by Suliciu, Malvern
and Cristescu [14], Suliciu [15] (see also Cristescu and
Suliciu [I6]) in order to formulatc a constitutive assumption contni-
ning two parts : the speed of aceeleration waves at a given equilibrium state
is path-independent and. the time a state with constant strain and tempera-
ture needs (from the moment it has been achicved) to reach an cquilibrium
state. is finitc ; this time has been ealled the relaxation time. They have
studied the conscquences of these constitutive assumptions. for the one-
dimensional ease and quasilincar rate type constitutive equations. In connec-
tion with the existence of an ,absolute platcau” in plasticity. K u k u d ] a-
nov [17} has underlined, by assimptotical methods. a large class of semi-
linear ratc type constitutivc equations that satisfy the finite relaxation
time hypothesis (sce also Suliciu [15]).

A similar study can be performed for materials with internal state
variables. In the one-dimensional case of a semilinear theory in this frame
Szmit [18] has shown that. in the thermo-mechanically coupled case,

| the finite relaxation time hypothesis is verificd even if one uses a linear

evolution equation for the thermal internal variable. Therefore, one can
describe thermoplasticity by means of Cattanco conslitutive cquation for

- the heat flux hence, from this point of view it is unnecessary to consider a

semilinear constitutive cquation for the heat flux.
In order to obtain a semilinear theory for isotropic materials, it is

| sufficient {0 maintain the assumptions of the first scetion together with

(81) and with the following additional constitutive assumptions
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o == (ﬁ, &y;)s ';4,- = fi.;.:.-go.c'f" au {e: 0, “) s Bi = Aixgok +
+ b; (Ey 0, a)y ;m = ;l_mk goi— “i—ﬁm (5! 0, 0:) ] ‘;Tij.k = COHSf.,
V.

The {functions b,. b, and b, 4.7 =1, 2. 8. m =10,..., N are
assumed to be continitous of their arguments in a neighborhood #* of the
equilibrium state (¢*, 0°, g =0, «*), which also contains the strong equi-
librium state (o, 6°, 0, 0) and

b =by (e 0% @) =0, b =b, (c% 0%, a*) =0 b, =by (', 0%, a*) =0,
i5j =1, 2, 3; m =10,--- 3 N

Let us now consider the following process in the body B, with the
reference configuration @

(44) e(Y, ) =¢* 0°(Y, 1) =0" 4+ g, (Y—-X). YeR, t 20
(where X e 2 is fixed), that starts with

(45) 2 (0) =a".

Then, at X = (2 and ¢ =0, onc oltains

(46) ;U (0} = zfj,tgor’ 6: (0) = dydo OTi (0} = A;'gﬂk’

that is, (A dou) $i=1. 2. 3, (Aygo)i=1.2. 8 and A Gor m=
=10, ..., N have to be isotropic tensor. vector and sealar funetions respec-
tively of a vector variable. Ilence

(42)

Ay = const., H,,,t =const., 4, j, &k =1. 2,83, m =10, ...

(48)

Aik =Aik’ "‘TU,A‘=0’ jmk=0’ 'is j, k=1s 2: 3’

(47) » N, 4 = const.

m =10, ...
and therefore _ B
‘;-“ L 5{’ (55 'Bg Q)s Bf b A‘Igm + b; (E; e’ a). oy = bm (E, B, a)

i.j=1,2,8m=10,..., N

(48)

which are similar relations to (38). The form of these evolution equations
is close to that of the cvolution equations used by Kosinski [19]. The
main difference consistes in the fact that, considering only the case « =

= («, B)»» Kosinski postulates two evolution equations for § and z
independent from each other which, gencrally. docs not follow from (48).
For instance, if one assumes that in the neighborhood of a strong equil-
brium state (¢, 6%, §*. &*), onc can approximate b, (s, 0, a) i =1, 2, 8
by linear functions of ¢ —¢", 0 — 0", « —«*, B — B then due to isos

tro
(39) be =8 (B — B} !

with 8 =const. and the evolution equation (
of (48), but the latter one still contains 8.

i=15 25 3,

48), becomes independen

T s B

. 8. Truesdell C, Toupin R. L.
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The semilinear theory deseribed by (48) and (49} may lead to a finite
rclaxation time, in the coupled easc, if b; verifics ecrtain conditions of the
same nature as those discussed by Suliciu [15].

Let us now remark there exists a conneetion between materials with
internal statc variables and rate type materials (for a more detailed dis-
cussion see Cristescu and Suliciu [16]).

In order to describe a purcly mechanical behaviour, let us consider
the scmilinear rate type constitutive equations

{ Su = Cyu en + by, (e, 8),

where Cyy 4. 4. &, 1 =1, 2, 8 is a non-singular constant matrix. For any
given strain history on a time interval [0, 4,], ¢, > 0, one can write (using
Lagrange method of variation of parameters)

(51) SU s Cijk! (55-1 —‘E“) H

where € remains to be determincd such that {51
(50), that is

50)

) be a solution of equation

(52) = —Cahby (e CE —¢)) %y(0) = — C7h, Y.

¢ is usually interpreted as the viscoplastie part of the strain and ¢, =

=&, — &g as its elastic part. Therefore, there is an internal tepsor state
variable € that corresponds to the stress tensor S.

In this way onc obtains an interpretation of the internal state varia-
bles in terms of the rate type constitutive cquations. Such an interpre-
tation has been used by Sulieiuin [4] for the one-dimensional case and,

it explains why the assumption (28) has been laid down.
Reccived 1.X1. 1976 INCREST
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RECENZII

ARPAD SZABO: The Beginnings of Greek Mathematics. Akadcmiai Kiado,
pudapest, 1978, 360 p.

Este o carte cu totul remarcabild de istoria matematicli scrisi de un autor
cu o foarte solida pregitire ca matematician, filolog si filozof. Cartea analizeazi
o perioadd istoricd velativ restrinsd (sccolele 6—4 fen) asigurindu-si astfel uni-
tated. Buna pregilire de filolog a autorului a permis o analizi extrem de atenia
a izvoarclor istorice; prin analiza detaliatd o intelesului fiecarui cuvint o serie
de texte adesea cilate capdtd un sens nou, profund si corect. Remarcdm, de ase-
menea. analiza aprofundatd ce o face autorul relaticl matematica-muzicd (pentru
perioada mentiionata).

Cea mai importantd parte a cirtii {a ireia) analizeaza evolutia conceptului
de demonstralie malematicd, a delimitarii matematicii ca stiinti. O serie de con-
ctuzii formulate in paragraful 3.30 scmnaleazi citeva opinii inedite ale autorului,
in opozitie cu teeriile anterioare, dovedile eronate. De exemplu apare clar, ca in
afara constructiilor efective ce pun in evidentd uncle entititi malematice, existd
in matematica grecvased o secelului 4 ien. st demonstralii neconstructive de

“exislentd.

Dan Brinzei

VLADIMIR G. BOLTIANSKII: Hilbert's Third Problem. Translated by
Richard A. Silverman and introduced by Albert B. J. Novikoff. Scripta Series in
Mathematics. V. H. Winston & Sons. Washinglon, D, C. 1978. X-+298 p. Dislri-
buled by Halsled Press, John Wiley & Sons, Inc.. New York, London.

Dinire cele 23 de probleme cnuntate de Hilbert in 1900, problema a treia
esle singura avind un enuni elementar. In acclasi timp. este prima cdreia i s-a
dat un rdspuns (rdspunsul negaliv dat de Max Dehn chiar in 1900). In capitolul
1 al cartii, autoru] prezinid axiomatica legald de notiunile de arie si volum. 1In
capitolul 2 se demaonstreazd tcorema lui F. Bolyai si P. Gerwien : doua poligoane
au aceeasl arie dacd i numai dacd sint echidecompozabile. Urmeaza exlinderi ale
problemei la cazul necuclidian si la cazul euclidian relaliv Ya un grup de miscari.
Problema echidecompozabilitatii poliedrelor esle discutatd in ecapitolul 3. Se da
solutia negativd o Jui Dehn. In conlinuare, se demonstreazd icorema lui Hadwiger
| §i teorema Dehn-Sydler. Dupd studiul echidecompozabilititii in raport cu un grup
| de miscdri ale spatiului, se delinesc invariantii Dehn-Hadwiger si se demonstreaza
teorema lui Jessen, Carten se incheie cu o anexd asupra conceptului de lun-
gime. Jack Weinstein

IMRE RUSZA : Die Begriffswell der Mathemalik. Volk und Wissen, Volks-
.Ieigi'rer Verlag Berlin, 197G, 471 p.

Cartea se adreseazét unui public foarte larg fird pregitire matematicd supe-
rioard. Se realizeazdi o introduccre corecld si accesibild (dar nu pedanid si teh-
nicdl) in teme fundamentale, ca: formarea notiunii de numar, multimi finite st
infintte (cap. 1). dezvoltarea noliunii de numar, numerc irationale si nume reale
$i prima initiere in analizd (cap. 2), funclii reale, limitd, derivatd, integrald
{cap. 3). geometrie cuclidiani, geometrii necuclidienc {cap. 4). multimi infinite,
cardinate lransfinite, antinomii, axiomaliziri ale teoriei multimilor (cap. 5). lo-
BicA matematicd, teoria demonstratiei (cap. 6). Titlurile meciaforice ale capitiolelor
§§ subcapitolelor stimuleazd atentia cititorului, iar cxemplele judicios alese, cla-
Matea expunerii §i stilul curgiilor fac Jectura anirenantd. Un indice de notiuni
ft unul de nume completeazit lucrarea.

David Rimer
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