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AN ATTEMPT TO A GENERAL THEORY OF ALGORITIHMS
BY

C. CAZACU and M. CAZACU

1. Introduction. The algorithms present both structural and functional
sdcs. Structurally. an algorithm is a system of rclated components. The
relations between components determine the running of the algorithm.
Functionally, leaving aside its structure, the algorithm may be considered
as & function allowing, given a state. to computc a new state and take a
Jecision. The components of an algorithm arc in fact algorithms looked
functionally. The functional and structural points of view arc relative :
sometimes we look the algorithms as functional things, other times they
are structural things (flow-charts cte.). In Computer Science we mect frequ-
ently the above situation (sec the coneept of subroutine or structured pro-
gramming).

Starting from these gencral ideas we introduce the funetional and
structural algorithms as mathematical notions. Some closure properties
and simulation relations between sets of algorithms arc emphasized.
Finally. the universal algorithms and some of their properties arc presented.

3. Preliminaries. Let M and N be scts. A function f: M - Nisa
subset f « Mx N so that

¥ mymang e (M my) € f Al ) € fAm =ma =0 = ).

The scts Def(f) ={mfm € M A In (m,n) € fyand Val(f) ={n/n = N
A Am (m.n) = f1 arc the domain and the range of f respectively. The function
fis total if Def (f) = M, finite it Def (f) is finite and onto it Val (f) =N.
If there is n = N so that f(m) = n (that is, {(m, n) €f) then f is defined
inm (f{m) 1) otherwise [ is undefined in m (f(m) 1 ).

An cquality ¢, = 0, between two objects which may be undefined,
for exemple f(m) = g (m) where f and g are functions, means that both
0, =_1nd 0, are defined and equal or both o, and o. arc undefined. An object
built by total defined means, using, for this, partial defined things, will
%e considered defined iff all components of the construction are defined.
bor example. the pair (a» f (b, g{c, d))) where f and ¢ are functions, will

e defined iff a, b, ¢»d,g (¢ d) and f{b, g (¢, d)) are defined.

3. Functional and struetural algorithms. Lect § be a set of states
-ﬂSnd D a sct of decisions. 4 functional algorithm on S is a function 4: § =
1)( D for which the set fd|d e DA 388, 4 (sy) = (845 d)} is finite. The
gorithm A defines a transformation function A™: 8§ — S and a decision
unction A5: S — D as follows. If A (s) { then A7 () | » A8(s) | and
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(AT (s)’ AB (S)) =4 (S)' Otherwise, A7 (S) l a‘nd Aﬁ (.S) T . By de““ition' | (S' dﬁx): (Sl.- Ul):--.a (Sm Un)
the set Val (4% ) is finite. The elements of this sct are the deeisions of 4, L ‘ . o
A structural algorithon is a T-uple defined by 4 and 8 (ya) = d e D, then A" (s) = (sn2 ). Otl1crujlsc,.A (#)yr.
Further on, we supposc all structural or functional algorithms having
A = (X,D.a,S,o{.B,m,) the dceisions in @ fixed sct D.

. .- . .. Let of be a sct of functional aleorithms on S. By 8. (of) we denote
where X is a finite sct of addresses, D is a set of decisions, w: X X ) ~ ‘ o : e ) S )
is a finite function, § is a set of states, A is a set of functional ulgorithn‘?; the set -O.f lall ?tm;cmll;d :ngorlt?mi b oﬁr Thﬁ al%o ?tginbb‘d ’tjg = 6./:*(.02)
S B X oAU D is a total function and @, = X is the initial addres arc equivalents (A ~ B) if fu (4) = fa (B). Let Fod (of) be_the PErb i

The algorithm A will be said to be structural on of. The functiona of bfA l(d) ge‘::m.c!_‘ated hb{ t:]“’ cqlpvalcpcc -1_clat110 n.ch' tl}dcnt:fyf_cvgrybc asﬁ
algorithms and decisions of the finite sct Val (B) are components and decisiong o .1,;1"5 pg;_ étm,r]; WItF] { ‘;“!“q“c ¢ up;tmr;:?o ﬂlgfi:‘: r]‘:;lll " N lxngtruci):ruraal
of 4. Sometimes we shall use the nofation B, for the component or decision algorithms of €. Taus. & (ct) 15 a set ol futc nal algorithms.

algorithm A will he considered as representing fa ().

7). The address x is algorith mie or decisional according t = .
B (x) il ding to 8, < of o 4. Examples. a) Turing algorithms. Let B = {Dos bys.os ba} bean unvoid

B, D. . q
* = The structural algorithm 4 may be represented by a finite oriented fimtle sr}t of symbols ealled alphabet. =% & Band let § be the sct of states
of the form

graph G = (X, U) with marked nodes and edges as follows. The set of
edges is the sct § == ... Bsfyfo ¥ ColiCs «ee

- = = _ where a. ¢, € B and all but finitely many a. ¢, arc b,. Let us consider
U={zylay=Xr3 d(d sDnolrd Y} the functional algorithms L, B and T on § defined as follows, for every
To every node 2 € X is associated B,. To every cdge (z,4) S U's statc s of above form:
associated the set of decisions D (2, y) = {¢ | de DA w(z.d) =y} Weob- :
;‘erve that lif(:::, 1) (s Yo) € U and 3, = y.then D (2, y) 0 D (x, yo)= @ L ($) = (+:8z G 7 ReCalyCares o)
or example, in fig. 1 a structural algorithm is ve resented by a graph. ) "

This algorithm has the addresses &, ai,...- an (7 11;:, the initial adgregs], R () = (.o GaltsfiaCo 3¢ €rCares €2) 20A
the components Ay, dzs.es s and the decisions 2 and 4. We have B(a,) = 4,
B (z5) = 4 cte., « {2y 1) = @, (2, 3) 1 cte.

Roughly speaking,a structural algorithm s a flow-

= ¥ chart whose components are functional algorithms or
Noaghs decisions.

T () = (.. 020,83 CoC1Caees € o)

thrc b; =b1_1 fOI' i == 0, 19 2: nred n—“l and b;‘ sbo.

The algorithms of the set T = FA({L, R. T}) are called Turing
(functional) algorithms. In the same manner Turing algorithms with k tapes

i For astructural algorithm A in this representations £ or with left-bounded tape can be defined.
ot {n 4 @ (_'_” $ 010 Ay 3 0) ‘a‘”% denote an C‘%{:’C (¢, y) so that B, = b) Recursive algorithms. Let & be the sct of states having the form
T g 1 01y 1 = ‘}2 i?.‘“ (z,y) = A. nor exam:ple_. for the 8 = (@os ;s @as..) Where @, arc natural numbers and all but finitely many &,
i i algorithm of fig. 1 wc have (2,3 Ao {1, 2} @20 dib are 0. Let P, and M, (i = 0,1,2...) the algorithms on § defined by
[‘1, 4 " & ;l': (m4 5 Ad! {3}, i3 A-;) ete.
1-‘ig_."1 ~ Every structural algorithm A defines the following = P, (s) = ((dor @yoee Bi1s Bei1s Gyy1se--)s 1) and
ObJCCtS N " ]‘14 (S) — {(ﬂ»m yseae a{ 17 @y — 1! Giyn "')’ sg (ai = 1))’

i) 4 set €=5 x X of configurations
i) A function A": € — @ defined as

A (s, x) = (Bi(s)s a(er BZ(s)s

if B, € oy Ba () Lol pE (s)) | and undefined otherwise.
iii) 4 set of processes. A process defined by A is a finite sequen

] where 0 =1 =0, (@ + 1)~ 1 =a, s¢g(0) =0 and sgla-+1) =1 for
all natural numbers «. The recursive algorithms arc the algorithms of the set
R — Fd ({P, M,. Py, M,....}). These algorithms are useful tools in the
theory of effective computability.

¢) Operatorial algorithms. S ‘s the set of natural numbers of the form

9s 9b 5¢ and M., Mj M, and @ arc defined as
M, (s) = (s = #.1) for 2 =2,3,5 and
(5/30.1) if 30/s,
! QW) ={(s, 0) otherwise.
The algorithms of O = Fd ({3Ms Ma M., Q}) are operatorial [2].

(So. Ho)» (510 Yr)reeos (Sns Un)

of configurations so that ye = 2, A" (800 y) L and A" (80 yi) = (8121 Y
for i =0, 1,....n —1 and y, is a deeision address.

iv) A functional algorithm 4" —= f @ (A) defined as follows : If th
exists the process 3
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d) Markov algorithms. Let B = {bo bys... b,} be a finite unvoid
alphabes and let § = B” be the sct of all words on B. Let, forallu,v & §,
the algorithms T,,,, be defined as follows : Let s = 8. If u is a subworg
in s then T, (§) = (s', 1), where §' is obtained from s by changing the first
left subword % by v. Otherwise, Ty, (8) = (s, 0). The algorithms of the set
M =FA (T, 'u,v = S}) are Markov algorithms [1].

5. Closed sets of algorithms. Let us assume that of, B and € are
sets of functional algorithms on the same set of states.

Theorem 1, o C FA (cA).

Proof. Let A = of and d,, d.,....d, are all decisions of 4. Then the
algorithm B of fig. 2 is in S4 (cf) and 4 = fa {B). Therefore 4 & FA (A),

Q.E.D.
Theorem 2. If B C FA (cf) then FA (B) C FA (o).
Proof. Let A € FA(B). _
/d)\ Therefore it must exist 4 € S4 (B) so that A=
O/d _ O — fa (A). Let B,, B.... B, = B be the compoenents of 4.
- Since B (C FA (cf), there are the structural algorithms
ig.

us consider B, as flowecharts (represented by means
of graphs). We suppose that the scts X, X:..., X, arc disjoints.

For every B, and for every edge vy = (z:C, A, y:d) of B,, where ¢
is an algorithm of £ and d is a decision, let us perform the following trans-
formations :

= fa(B,). Now, let

{a) 1f 4 has an edge (u: B, Z,v: Bj)sothatd < %, we change the

edge y by the edge (z: €, A 240 By {251)) 3

(b) if 4 has an edge (s : B, Z,v:d') so that d = Z and d' = D, we
change the decision d in v by d'.

(¢) Otherwise we eliminate the edge v in B..

Thus, we obtain a new structural algorithm 4 on of with initial
address z,, and 4 = fa (4). Therefore 4 € F4 (of). Q.E.D.

Corollary 3.

i) If ot C B then FA (o) « FA (D).

ii) If B C FA (cf) and ot C FA (B) then FA (of) = FA (3).

iii) FA (FA (o)) = FA4 (f). 3

A set of of functional algorithms is elosed if FA (of) = of. By corolla
8, FA (cf) is closed. The sets T, R, 0 and A considered as examples a
closed. A subset B of the closed set of is complele in of if FA(B) =
A subset @B complete in of is base in of if there is not a proper subset .
@, complete in of.

Corollary 4. If B is complete in of, €C ot and B C F4 (@)
€ is complete in ot too.

Proof. By theorem 2 and corollary 3, Fd (B) C FA (€). )

By hypothesis of = F4 (B) and therefore of C FA4 (@). The inclust
% % Se implies FA (€) C FA (cf) = of (ot is closed). Therefore of = FA(

E‘ = (X“ D, oy S, o, BQ,‘ wn) (2 =1,2,... ’ﬂr) so that B‘=-. ;
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For example, let T be with the alphabet B = {0.1}. The sct {L, R. T}
is a base in "T. Now, lct Ly be the functional algorithm represented by the
algorithm of fig. 34). We obscrve, the algorithms L. R, T are 1"cprescnt.ed
by the algorithms of fig. 3h), ), d). These arc St!:llct;llral algorithms with
components L and K. Therefore the set {L,, B} is complete (base) in C.

&

I'ig. 8

6. The simulation of algorithms. Let S, and S, be sets. Kvery onlo
function o : 8, — S is a code of the set 8, in the set Sy If ¢ (51} = 82 then
s, is a p-code of s.. The set 7! (5.) is the sct of all -codes for ..

et 4 and B be functional algorithms on the sets of states 8, and
S, respectively and let ¢ S, —» 8, be a code. The algorithm A q:;szmu-
lates B if for s, € §, and ¢ (s,) | we have pd® s, = BT s, and A° 8, =
= B% 0s,. Let us denote this relation by 4 > Borby B < A. The algorithm

k4 P
A simulates B (4 = B or B < ) if there exists a code ¢ so that A % B.
If 4 > B then for every 8. < S,
s o (85) C 9 B(sy) and A% g7(ss) = {B® (o)}

ie. .47 (for every g-code of §3) is a g@-code of BT (s.)* and ,the decision
A? (for every o -code of s.) is the dceision B® {82)". _

Let of and @B be sets of functional algorithms on S, and S.ﬂ respecti-
vely and let ¢ : §; —» S; be code. The sct of o -simulates the set B if

VBe® 14 € (4> B).
:’ a
Let us denotc this relation by of > @ or by @ < oA. The set of simulates

]
the sct B (cf = B) if therc is a code o so that of > B.

Q
The rclations = and 2 are reflexive and transitive. If of = B then

@
o < B.
Lemma 5. The relation oA 2
@

s G(4) =B iff 4> B.
Proof. Let S,, 5, ‘Ee the scts of states for of, B and let Az B, 4 > B:

) ®
g (s,) = 5. Since Bf ¢ 5, = A% s, and B} s, =A%s, fori=1,2, it
ollows B, == B,. Therefore § is a function. From definition of the relation
> B it follows that & is an onto function. Q.E.D.
L4

B induces the code G: cf - B defined
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The scts of and @ are similar (cf =~ B)if A 2 Band B 2 .
Theorem 6. If of > B then Fid (o) = FA(B).

» 9
Proof. Let o, B be on Sy, S, respectively and let B = FA (B).

Thercfore there is B & 84 (B) so that B = fa (B). Let B =(X,D,«,8» 3,
8, z,) and let B,, B...... B, € @ be the components of @B. Sincc A 2 3

it follows that there is A, ,4; ..., d, = of so that 4,2 B, for 2 =
&

= 1,2,..,n. Now, let us consider the algorithm A=(X,D,a, 8,4, B,
z,) where, for all z = X, B, = A if B, == B, and g, =B, if B, €D,
Suppose s, € 8,,9(5) L2 = X and B, = B;. Then B’ (s, &) = (B} 93,
o (z. BY gs1)) = (@47 100 (2, 47 8)) and A (8, 7) = (4] 81 a (2, 4} 5y)),
Therefore B (o5 » @) = (s, ,a') iff 4 (s,,2) = (s; -a’). That is, B
defines the process (ps: 5 1) (92 » To)rews (98, + @) iff o1 defines the process
(81 5 @) (Se s Tedseers (Sn s 2q). Hence, @A™ s = B* s, and 4% s, = B,
and therefore 4 > B. Q.E.D.

Corollary 7.@ Let oA and B be two sets of algorithms, of being closed:
i) If ot > B then o > FA(B).

it) If B is closed and of simulates a complete sel in B, then of > 3.

iii) If of =~ @B then B = F4 (B).

Using this corollary, we may give simple proofs of the simulation

or similarity for diffcrent sets of algorithms. For example, let us show
that T > 0. Let S, be the sct of states for T (with the alphabet B =

= {0,1}) and S the sct of states for @. For every state s, = % 01¢ 01° 01° '
(here 1" means the string 11...1 where 1 is n-times repeated) define ¢ (s,) = =

_ 928 5° and consider o (s,) 1t otherwise. The function ¢:8, - 8, is
a code. To prove that ‘T > @, it will be sufficicnt to prove that the algorithms
M, . M, , M, and Q which form a base in @ are simulated by four algorithms

of . We see, the functional algorithms represented by the algorithms

of fig. 4 have these propcrties.

In an analogous way it is possible fo prove other simulations and fi- =

nally to prove that T=0 ~R~ M {with appropriate alphabets B

for “C and _M). [ .

7. Universal algorithms. Let of be a set of functional anorithn!;'s
on § and let S =cf X 8§ U S x D. (Formally, suppose of X SnSX
x D = @&). The algorithm U on S is basic wniversal algorithm for of )
U(d,s) ={A(sH1) for 4 =d,s = S and U{d4,s) T otherwise. T
algorithm Vis ¢ -untversal for of if V > Uand universalfor Aif 39 (V>

®

If V is g-universal for of. 4 = of a;d s = § then , V" (for cvery ¢-c0
of the pair (4,8)) is a g-code for A {s)*. If W3 Vand V is untver
for of thenlV is universal too for of.

Theorem 8. If of > B and U, V are basic universal algorithms for
and B respectively then U 2 V.

Proof. Let S, and S, be the sets of states for of and @. Let us consi
the code
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RGL0N0

pRNorotorcantedoto

Scrotegogotorone

L].v:ofXS,USIXD—rOB)(S,US,XD

defined as
"l"(.A’Sl) =(§ (A), 931) if A e d,sl = S1 and

lb(sl,d)=(q2(81),d) if 5 ESI,dED.
where ¥ : of » B is the code induced by ¢ (see lemma 5).

Let (a,b) s oA X S1 U S w D and (e, b) {. .
a.)c ngappgse a =A IEdla.nd b =s, =5, Hence, there 1s B=3d

and s, € S,. so that 4 > B, ¢ (s,) =s, and ¥ (4,8) =(B; §,). We obtain

N t — A 5 = { Ats
V‘ ! flgs - VT Bg 8qy) = B (Sz) -_—'(B quBa 32)-—(B @Sl L] B @81) q) 19
A2 ;)( = d:)(A' $ ,513 s.))-—— LA(s) =¢U" (d,s) and VY (Ad,8) =
=V? y Sz} = 8(A4,8). .
! é)BS‘s;lg)poseUa(= sl)E S, and b =d = D. Hence, there is s, S, 50
that ¢ (s,) = s,and § (5, ,d) = (8,5 d). We obtain V: b (8 ,d) = Ve{s. .d)t
YU (s, rd) 1, V34 (sy,d) =Vo(sa:d) 1 and U (s,,d) 1. B
Hence, for all {a, b) € of X S:UJ 81 X D, if ¢ (a,b) J,ﬂthen Ve d (as
B) = U" (a> b) and V® ¢ (a,b) =U® (a, b} 1.c. Uz V. QED.

¢ . »
Corollary 9. If Vis universal for of and ot > B then V is universal

or 3. . ,
Proof. Let U, and U, be basic universal algorithms for ot and 3.
y theorem 8, U, > U, But V2 U, and therefore V= U.,.QED.
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Th . . . . . .

_— e set of is universal if there is an universal algorithm for of contained
Corollar‘y 10. If o is universal and oA =~ B then B is universal

_ Proof. Suppose U, , U, be basic universal for of. B. and let Vi b
u}rluversal fqr oA and V, = of. We have V, 2 U, and since of 2 @1 be
theorem 8 it follows U, = Uz- Therefore V, = U,. On the other handy
since B> of and V, € of it must cxist V., & B so that V, > V.. § ]
V,2 TIJIZ' and hence V, is universal for B. Q.E.D. 7 T 0

sing some known constructions one can show that C i i

Hence, O, (2, M and all sets similar with T are universal tool.S untversal
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ON SET FUNCTIONS OF BOUNDED p-VARIATION

BY

VASILE POSTOLICA

The concept of p-variation of a real function defined on a real compact
interval was introduced by F. R iesz and it has Leen used to characte-
rize the primitives of the p-absolutely integrable functions ( [6], p.75). Thus,
there is a strong connection between the space of functions of bounded

_variation and the space of almost everywhere derivable functions with
_absolutely integrable derivative, space of functions with applications in the
theory of distributions [1].

On the other hand, the p-variation leads naturally to the p-absolute
continuity ; but as shown by the investigations of C. Upton [8] and
N. Gheorghiu, T. Precupanu [2], for p > 1 these functions

" coincide with the functions of bounded p-variation.

In this paper we extend the notion of p-variation to set functions,
studying in the same time the connection between the sct functions of
bounded p-variation and the p-absolutely continuous set functions. To
this end, we establish an integral representation of the sct functions

of bounded p-variation [Theorem 1.6).
1. Set function of bounded p-variation. Let GF be a c-algebra over a
ace X. p a finite measure defined on (F and F:(F »R a set function
with F () =0. We consider a non-void sct 4 = (F and we denote the
¢-algcbra induced by F on A by (F 4. Throughout the paper we make the
following calculation conventions:
{1.1)

0o=00=0, 0=1, g —=oo for every @ > 0.

Definition 1.1. We shall call ¢ F-partition of the set A any finite family
(B,) -iw of disjoint scis B¢ € (F which covers A i.e..\U Bi=4.

=1
For p > 1 we define the p-variation of F on 4 with respect to @
(F-partition A= (A)i-im by

(12) o (Fy D=1, ———or

n ‘F(_Ai)lp }np
& [P

d we denote



