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Th L . . . )
o e set of is universal if there is an universal algorithm for o# contained
Corollar‘y 10. If oA is universal and of = B then B is universal.
_ Proof. Suppose U, , U, be basic universal for of. B, and let V; b
1tl}rl11versal fqr A and V, € of. We have V, > U, and since of 2 Q}l be
heorem 8 it follows U, = Uz. Therefore V, 2= U, On the other han({
since B> of and V, € of it must cxist V, & B so that V, > V.. § '
V.2 gz_ and hence V, is universal for @. Q.E.D. vy
sing some known constructions one can show that T 1 iv
Hence, @, 2, M and all sets similar with C are univcrsé.l tool.S untverseg
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ON SET FUNCTIONS OF BOUNDED p-VARIATION

BY

VASILE POSTOLICA

The concept of p-variation of a real function defined on a real compact
interval was introduced by F. Riesz and it has been used to characte-
rize the primitives of the p-absolutely integrable functions (6], p.75). Thus,
there is a strong connection between the space of functions of bounded

_variation and the space of almost everywhere derivable functions with
_absolutely integrable derivative, spacc of functions with applications in the
theory of distributions 1]

On the other hand, the p-variation leads naturally to the p-absolute
continuity ; but as shown by the investigations of C. Upton [8] and
N. Gheorghiu, T. Precupanu [2], for p > 1 these functions
comeide with the funetions of bounded p-variation.

In this paper we extend the notion of p-variation to set functions,
studying in the samc time the connection befween the set functions of
bounded p-variation and the p-absolutely continuous set functions. To
this end, we establish an integral representation of the sct functions
of bounded p-variation [Theorem 1.6].

1. Set function of bounded p-variation. Let (7 be a E—algebra over a

ace X, u a finite measure defined on (F and F:(F »R a sct function

with F (&) =0. We consider a non-void sct 4 € (F and we denote the

s-algebra induced by F on A by (F 4 Throughout the paper we make the
following calculation conventions:

0o=000=0, 0°=1, g=oo for every a > 0.

Definition 1.1. We shall call ( F-partition of the set A any finite family
(B,) (-1 of disjoint scts B, = F which covers A i.e..\U Bi=4.

i=1
For p > 1 we define the p-variation of Fon 4 with respect to a
(F-partition A= (A)i-in by

(1.2) o ,(F> A)= { 5 _‘f‘_(_A_f)_lf_Yl”

& ey
nd we denote
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(1.3) sup o, (F,AY= V, (F, A).
FAN

Definition 1.2. We say that the function F is of bounded p-variation
on the set 4 with respect {0 1, if there exists K = 0, such that

(1.4) o, (F, A) < K.,

for every (F-partition A of A.

We denote by B V, (A) the class of functions of bhounded p-variation
on the set A with respeet to .

Theorem Y.1. If F & BV, (A), then there exists M > 0 such that

\F(B)| <M, VB & (F,

Proof. 1t is sufficient to observe that for every B = (F, the famil
{B, ANB} reprcsents a (F-partition of 4. ! : s

Theorem 1.2, If F = BV, (A), then F = BV, (B) for every non-void
set Be (F ..

P.rc_tof. Let B = (F, be anon-void sct and let (B;) ;.75 be an arbitrary
(F-partition of B. Then (B.):_iai> Where By, = AN B, is a (F-partition of
A. The result follows,

(1.5)

Theorem 1.3. If F is countable additive and i 4 = CJ A;, where

(Aidien CFa is a sequence of non-void mutually disjoint sets, the;t-Fl‘ €BV,(4)
if and only if

(1.8) Z Vo(F, 4,) < + .
i1

Proof. Let (4))ier; be a (F-partition of the sct A, for each i = N.
Then((4);_17, ;e ANA,) where o= U U 4], is a (F-partition of 4 for
imliEL,
every n < N. ‘
Hence, if F = BV, (1) we have
| F (A |F (A5}
an % gap A Ly

JEI igd,

+ F(dj)»
— &
:'2";” [o (40)]P

= Vz (F- A)’ Yn e N,
which implies

(1.8) Y, Vi, 4:) < Vi (F, A).
=1
Before proving the converse, we note the following inequality :

lud pf n 1-7 n
(Eac) (Eb:} N
i=1 f=1

i=1

(1.9)

whenever a;, b, = 0 and p > 1 [sec [4], p. 61].
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Suppose now that F satisfics (1.6) and consider an arbitrary (F-partition
(A= of A. Taking into account (1.9) we obtain

I,w( C) (A0 A,‘_)) . {i F(AT N Ak)[]
h=1 A E =1 o

1

4

" __IF.(_A;)_I_"_ _3 | m |
a 10).._,[%,,;)],.1 \M(U(A A Ak))\' A}S]I;L(AIHA,:)]

@ m |(A‘.ﬂAk)|?’ =
= L ' RN s_ pr (F, A _).
kgl i-n[;x(FAtﬂAk)]" : kgl L k
Remark. Trom the above considerations 1t follows that if 4= EIA,,

where A; € (F 4 arc non-void mutually disjoint scts. then

$ Vo(F, ) =V (F. ).
i=1
Theorem 1.4. A countable additive function F: (F — R belongs to

BV, (A) if and only if it may be represented as the difference between 1wo
positive monotonous of the same sense set Sfunctions of bounded p-variation.

Proof. From Jordan’s theorem ( [5). p. 198) it follows that F =
= F* —F~, where
Fr(M)=sup {F(E); E€{F and EC M}

(1.11)

(1.12)
and
(1.18) F-(M)=—inf {F (E); E € (F and EC M},

for every M = (F. We shall now prove that Fe BV,(4) implies F~,
F-e BV, {A). )

Indeed, by hypothesis, there exists M > 0 such that

{ n |F(At)|:v}l.fps M
Sp4

for any (F-partition {(4;) i=ix of A. We can assume without loss of gener-
rality that F* (4> 0, for all i=1, n.

From (1.12) it follows that there exists a set E; C 4, such that

Fr(4,) < 2F (E): yi=1,n.

We now remark that u (4;) > 0, because. in the contrary case 4, D E,
implies  (E;) = 0 and taking into account (1.14), which remains vali
if we replace each 4, by the corresponding set Ey, it follows F (E;) = 0,
‘hence F7 (4;) < 0, which 1s 2 contradiction.

Then

(1.14)

() _2IF(EN 2P EN
(@ (e @)p (e (B
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from which we obtain Theorem 1.6. The function I belongs to BV, (Y) (p>1) if and only

if there exists a function fe L7 (Y) such that

(1.15) l's: [ERL A }Ms oM,

LS (4] (1.19) F()={fdu, vdeF.
< .. 5 ¢ & H & 7 B . . pe
and this shows that F* < BV, (). Proof. Let fe L?(Y¥) be the function for which {1.19} is satisfied

In a similar manner it may be proved that F- = BV, (4). Conversely, | .4 let (4,)if; be an arbitrary (F-partition of ¥ By virtue of Hsélder’s

let us suppose ¥ = F, + I, where K, F, = BV, (4)and consider (4,} (13

an arbitrary (F-partition of 4. Then inequality, we have

s FAP o B () FA)l \Rfdu]” (Smd u)p
Ay & w0 2 (F (AP _ &y 3 _
Ale ™ ~ A ars Sl oy

s A F(A) I L (A7

277 g1 T2 (F , A Vol , A1,
ETuanm & [u(Ar)]”“} (V3 (Fy A) 15 4] By
and the theorem is proved, (\‘ f [”dp.)mmm s
Theorem 1.5. If p>1 and if F = BV, (4), then for ever | » N 3 N \ , =& ,
there exists 8 = 0 such that . Jor every = >4 < -;1 [ (A1 N ﬁgl. s J BA
A, Y
E \F (Ai)f =€
e Therefore F e BV, (Y).

for all finite familics {4} ¢, of disjoint sets A, = (F 4 such that

i€l
Proof. From F = BV,(4)}, it follows that there exists K>0 such that
F(4)” mpg .
liEI[.U- (Ai)]p !
The inequality (1.9) leads to

AEM, *VE-

(1.16)

(1 17) ZM> | (A ! A e
' Elad (g7 ) (g uta0) ™ (1.20) F(d)={fdu. vASF.
a: . A
from which, by {1.16) we obtain We shall prove that f « L? (¥). By [3] we have
! =1 b
\F 7 i ' dr
(1.18) 3 IFI<K]S, u(At)] : | I (o) =1 @) e

which proves the theorem.

For our further considerations, we suppose the following hypothe- Let us consider the sequence f,: ¥ + R defined by

F(M) .
FIM) i wan o,
T p (M) 0

{1.21) ful@) = \ ¢

ses !
L
(4,) X is a metric space; .
(A) YT X isa separable subspace 3

(4;) F = B(Y) is the c-algcbra of Borel subsets of Y3

(4 F:(F——R is a countable additive set function with F (F)=0;
(d;) p:(F ——R, is a measure.

4+ oo if p (M) =0andF (M) > 0,
—w if p (M) =0 and F(M) <0,
if 2« 3, where the set 3 runs through M.

Before proving the converse, we shall make some preliminary consi-
derations. Following [7] we call network in Y any finite or countable family
Y op(d)= 8 of disjoint Borel sets which cover Y. A sequence (I,) of networks is called

’ regular if each sct of M,., is containedin a sct of M, and 8 (M,)—=0
as n—- 00, where 8 (M,) =sup sup {d(z, )} It is known that the
4

|\ separability is necessary and sufficient for the cxistence of a regular sequence
of networks in ¥ (sce 7], p. 158). Let M= {9, } be such a sequence. If
Fe BV, (Y) it follows that I is absolutely continuous with respect to p
[Theorem 1.5]. Hence (ef. [5], p. 198) there exists a function f: Y—= R,
(Fmeasurable and determined up to a set of null mcasure, such that
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By virtuc of the above considerations it foliows that
(1.22) lim f, (@) =f(2)n a.c.

fi-e x

By Fatou’s theorem, if I, = {Yn, ¥1,.., ¥ bowe obtain
= n

(117 ap < lim inf (f,17 du,

¥ y
which, combined with
[FYDIF

L1 d =°"S|nwd oy (PP g,
§u " wa v= X s
k

implies
firirde <+
¥

as claimed. It is clear that this conclusion remains valid if the network is
infinitely countable.

2. Set functions p-absolutely continuous. e now introduce the con-
cept of p-absolutely continuous set function,

Definition 2.1. We say that the function F is p-absolutely continuous |

on the set A with respect to p if for every = O there exisls a 3 = 0 such that
i [P YU
(2.1) { -i(i‘)——} pc:: €
el (4
Jor all finite families {A}ier of disjoint sets A, € (F 4 such that
Z wid,)< 8.
i€l

By AC,(A) we denote the class of all p-absolutely continuous set fun-
ctions on A.

Theorem 2.1. If F e AC,(A)(p> 1) then for every >0 there exists
3= 0 such that '

3 IF (4] <,
{€r
for all finite families {4 Jier of disjoint sets 4, < (F 4 such that
Y u(d)< 3.
ier

T he proof follows exactly the same line as the proof of Theorem 1.5.
denote by

(2.2) AC: (4)= {F s AC, () F finitely additive }.

-
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Theorem 2.2. If the set A may be represented as « finite disjoint union
of sets with arbitrary small measnre then

AC (4) C BV, ().
Proof. Indeed. F = :AC, (A) implics F' < AC, () and taking =1 in
definition 2.1. it follows that there cxists o 3, = 0 such that
Al ~ lp 3 lll
sa) PRIz
~ & Tu (AP
for all {inite families {dbier of disjoint sets A, € (F 4 such that

E M (Ii) < 8.
gl

the

m  ———
By hypothesis, we have A= U B, with g (B;) = 3, for every i=1. m.
el
Henee Fe BV, CL)(i=1, m) and taking into account the Theorem 1.3 we
have I'e BV, (A1)
Finally. let us eonsider a separable metric space X and Lot B(X)
denote the class of Borel subsets of A Tt o B(X) — K, be a measure.
We denole by

(2.4) BV (X)= {F:B(X)- R ; F countable additive and F = BV, (X)
and
| @25) AC(X)=1{G:B (X) - B ; G countable additive and G & AC(X})}.

Theorem 2.3. If X can be represented as a finite disjoint wnion of
sefs with arbitrary small measure and p > 1, then

BV (X)=AC, (X).
I’yoof. From the preceding theorem it follows that
AC, (X) CBV (X).

Let be Fe BV (X). By virtue of Theorem 1.6 we have the repre-
senfation

(2.7) F(4)={fau vA=@X)

R
ith f = L7 (X).
It {d}ics is an arbifrary finite family of disjoint sets 4; e B(X)
hen, using Holder's inequality we obtain

|F (-’[i)lp

2.8) :
ver (v ("tt)]p !

< g\ du
ief
4
ince the integral is an absolutely continuous sct function from the above

equality it follows that £ = AC, (X), therefore (2.0) is satisficd.

— Mitemzalica

gniver. .t 202
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MAXIMAL FLEMENTS IN PARTIALLY ORDERED
TOPOLOGICAL SPACES AND APPLICATIONS

BY

MIHAI TURINICE

The aim of this notc is to give a class of sufficient conditions for
the existence of maximal clements in a partially ordered topological space.
The results obtained here represent a partial refinement of thosc esta-
plished in [1] for uniform structures.

I. Throughout this note. we shall use the following notations :

) PX) =Y =X Y £ gL P =Y ePX); XNYF D)
FX,Y)={/:/: X > Y}
R,=[0, 4+ o[, R. = ]—c0, 0]
OX)={< ePX?); <

e (X), < = A(X), then the relation < & P(X?) defined
by » < yiff a<y and » == y is ealled the nonrcflexive order induced
by <. For every € €0 (X) and ¥ e P (X). et us denote

y={y eV;ae<yh Y(e. <)={y €Y; 2=y} vz e X,

is a partial order on X}

Il =

iv) ¥ {x, <
b(Y,<)={x eX; =z

m(Y, <) ={z eX; zis a < —maximal clement of Y1,

is an € —upper bound of Y},

LY, <) ={L eP(¥Y); Lis < — totally ordered}.

Remark 1.1. Let <, <, €0 (X), < finer than <,. Then, forevery
eP(X), a) LY, €,) « L(Y, €)» by m (Y. <) < m(Y, <,),

b(Y, <,) « b(¥Y, <).

Remark 1.2. L e £(X. €) = m (L. €) =b (L. <) n L.

Remark 1.3. Let L e .£(X. <) be such that m (L, <) = &. (res-
ctively. b (L, <) = @&). Then. a) L (2, <) & &, Vo €L, b)Y mn (I{v. <
» €} = & (respectively b (L{z, <). <) = @), Vo el

2. In this paragraph. (X, 7) is a given topological space and <
(X) is a partial order on X.



