VASILE POSTOLICA

8
———

BIBLIOGRAPIY

1. Bréanis II. — Operatewrs marvimaue monolones ot semi-groupes de contractivns dans Jg
espaces de Hithert. Math. studies, 3, North-ITollund, 1073,

.Gheorghiu N, Preeupanu I — AAsepri functiitor en p-variatie niirginita. Co,
mupicare la Ses, st. Uneve asi, oct., 1965,

8. Haimovici A. — Hewatei diferenfiale cu functii de multime ca neennoscule, cap. 1, Eq,
Aead., Bucuresti, 1976,

.Hardy G, Littlewood J., Polya (. — Inequalities. Cambridge, 1952,

.Precupanu A, — dnatizg mulematicd. Functii reale, 1d. diddacticd si pedagogicd, Buey.

resti, 1974,

F.,, Nagy L.

1965,

7. Saks 8. = Theory of the integral, cap. +. Hofner Publishing Company, New York, 1087,

8. Upton C. Riesz almost perindicity, J. Londou Math. Soe., 31, 956, p. HIT— 120,

[ 3]

[

6. Riesz Legons danalyse fonclionelte. Akudemini Kiado, Budapest,

Fuaculty of Muathematieg
University of lag
Tasi, R. 5. Romanig

Received T.X1.1977

analele stiintifice ale Universitatii (Al L Cuza® Tas
Tormul XXIV, {2, s 1a. 1978

MAXIMAL ELEMENTS IN PARTIALLY ORDERED
TOPOLOGICAL SPACES AND APPLICATIONS

BY

MIHAL TURINICI

The aim of this note is to give a class of sufficient conditions for
the existence of maximal clements in a partially ordered topological space.
The rcsults obtained here represent a partial refinement of those esta-

plished in [1] for uniform structures.

I. Throughout this note, we shall use the following notations :

)P =Y e XV EgLPE) =Y ePX); XNYF T
F(X.Y)={/i/: X~ T},
R,=[0, + o [.R.=]}—00, 0]
O(X)={< ePXY; <

It < e0(X), <==A(X), then the relation <& P(X?) delined
by » < yiff @ < y and @ 3=y is called the nonrcflexive order induced
c@(X) and ¥ e P(X). let us denote

x <y} Ve elX,

i) is a partial order on X}

by <. For every <
iv) Y (. <) ={y e¥Y;a<yh ¥Y(z <)={y €¥;
v)
vi)
ii) LY, <) ={L eP(¥Y); L is < — totally ordered}.

b(Y,<) ={r €X;xis an £ —upper bound of Y},

m(Y, <) ={z eX;zis a £ — maximal clement of Y},

Remark 1.1. Let <, <, €0 (X), < finer than <,. Then, for every
EP(X). a) LY, <) = LY, =). by m (Y, <) = mlY, <1):

b(Y, <) c bV, <)

Remark 1.2. L e £(X. €)= m (L. <) =b(L. <) n L.

Remark 1.3. Let L e.£(X. <) be such that m (L. <) = &. (res-
etively. b (L. <) = @) Then, o) L (2, <) # &, Vo €L. by m (L{r.<
<) = @& (vespeetively b (L(z, <). <) = @), Vo L.

2. In this paragraph. (X. 7) is a given topological space and <
(X) is a partial order on X.
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Definition 2.1. Tet I e 2(X. <) m (L. €) = . We say that I, e N} f L with the ]n-opcrt':('s a) @ (0) < @ (1) = s by d (e (n) ) ﬁ 1/2%,
converdes to s € X (und we indicate this by Lo~ %) if YV e@ (=), 3 ¢ vy eda(e(n). o). ¥n eN. It casily follows that ﬁi"(”);" el‘.,r 15 a
e L such tha L(x. <) e V. ' . canchy sequence and therefore. o (1) — = as 7 = o, for som” 2 eX. We

' (ain that -z Indecd. let ¢ ~ 0 he given. There exists n () €N such

Lot us denots — c
that Dboth o (» (n).2) = &2 and 120 < /2. for every w2 n (). In this

N ML) = eX; Loz YL eL(Xo <) m(lg) = & B e (¢ (n () <) = d (7)< AL (u (e )+ d (e (ule)).2) <
y g . Loy g2 g2+ 22 = i.c.. f. = = as claimed. Q.1.D
B Temma 2.1 ’I:z! L ef(X-5) mi.d z X be such that m (L. <) = Now. we present o metrical® version of theorem 2.1.
gt and L -z Then L (v: <) = 2. for esery clement @ € L. Theorem 3.1. Let < €O (X) and Y e P(X), satisfying:

Prroaf, Tet o € Lobe fixed. If Ve@ (3) is piven. then. by hypothesis |
ther exists n ¢ €L sueh that L (y. <) e V. Now. if y<a L g (3.1) Y (@ <) is d-closed, Y& eV,
(e =) = L(u. ) Ly <) c . (for o given w €L {x. <)) and if}

= a (e y e L(r <) L{ee <) (e Y=Ly <) = V. QLD ) L el(Y.<)m{L-s) =@ =Lia Cauchy net.
The main rosult of this note may be siated as follows, Then. Yo €Y. e Ysuchtheta) @ < 2. b)Yz < yis felse, Vy € Y.
Theorem 2.1. Let © €O (X) and ¥ & P(X) satisfying Proof. Sce theorem 2.1 and lemma 3.1. Q.11

Remark 3.1, A sufficient condition for (3.1) is

(2.1) ¥ (e <) iv <-closed, Ve €] , (3.1) X (@ <) (Yo eX) and Y arc d-closed.
L) Lep(Y.<)hmLos)=@g=1I)+F ) Remark 3.2. As in the remark 2.2, a sufficient condition for (3.2) is:

(32) L €L (V. <)om (L. <)) = @ = Lisa Cauchy net (where <, €0 (X)

Then. ¥ €Y, 3z eY srchihata)x £ 2. b)z < y is false. Yy eV, Tiner than. <)

2y Iosap it Wit "'.'.“ i .1 "- = ). " = e = B 1 ; ‘ A r Ao
o Prooj. ROl the B I_EI (1 ):Vebl f) &. From§ Corollary 3.1. Let < €0 (X) and ¥ e P(X) satisfying (3.1) -+
(2.2)and remik 1.2, L — zforsoms 2 e Xand from lomna 2.1 T (v <)o 4 (3.2) and suppose T e F (V. Y) satisfies (2.3). Then, Ve eY, 3x €Y
o Vo e L But then. from (23). = € L(x, <) = ¥ {a. <) = V(2 <l guch that. ) @ <2 b) 2= Tz, ¢) z < y is false, Vy €Y.
:1 L. ez ey nb (£ <). a contradiction. Phercfore. ¥ 0 b (L, <} &, In this paragraph. by a speeification of the partial order on the
=@ VELoe L (. <) *““(} s0. Zorn’s theorem [4. p. 19] is applicableg ghove metric spaces, we shall obtain sone vseful porticular results.
completing the proof. Q1.1 1 Definition 4.1, Lef (X. =) be @ topologied space_and S o noncmply

Remark 2.1, A sufficient condition for (2.1} is sl A function [ € B (X2.8) is said to be P-ciosed (P € W (S) if {y €

2.1y T (e <) (Yo €X) and ¥ are 7 - closd. eX: fle.y) €P}is z-closed, Jor coery x € X.
@1 Y (%) (Yo €X) and 258 e ; Definition 4.2. Let 8 be a nonempty seb. A function g €F (L, X R,
is swid fo be P-admissible (P €% (8) if satisfics

g(1:0) e P =u =0; g(u.v) eP=2v20

Bemark 2.2. A sufficient condition for (2.2) is
(2.2 Lef(¥, <) m{L.<))=& =h (LY== &.

where <, € @ (X) is finer than < {sec remark 1.1). .
Corollary 2.1. Lt € €e0(X) and Y e P(X) satisfying (2.1) + (%
and suppose T e F (V. Y) satisfies !

(2.8) e< To, Ve €Y

$2) g(u.0) € P. g (v b) eP: |u —vl < wsnw+v=g{ma+l) cP,
{4.8) Ve > 0. 33 =0 such thet. 0 €0 < 5. g(w.v) eP=u <=

Theorem 4.1. Let {(X.d) be a completc wmetric space. Y e PAX) 5
ponempiy set. ¢ € F (R x K, 8). ¢ eF(X.R). P eP(5) e such thut
4.4} the map (e y) = g (2 y) 9 (@) — @ ()} is P-closed,
3) Y s d-closed.
L6) ¢ is P-admissible.

Then. Yo Y. 3z eY such that, a) g(d(r.2), ¢ () — »iz) el
g{d(z ). o(2) —o(y) eN\DP: Yy € Y. ou# oz

Proof. Let us define a relation < e W (X*) hy

M) 2 <y iff g (d (@), 9 (@) —oln) el

Trom (+.1) + (4.2) it casily follows that « = @ (X). Furthermore,
arly. (4.1) -+ (1.5) = (3.3} Now. It L e.2{Y.<) be such that m (.
= (. Suppose ¢ >0 Is an arbitrary Fixed number and let 8 > 0 be

ined 1y (4.3). Donote « =inf {pla)s e €L} and let 2 e L satisly

Phen. ¥r Y, Iz €Y such thet, a) 2 <z b) =2 = Tz e) 2%
is false for ecvery element y €Y.

Proof. Clearly. = em (Y. oz Tz=z =Tz QED.

3. In this paragraph. (X.d) is 2 siven metrie space, and € 0
is a partial order on X.

Definition 3.1, Let L el (X. <) m((l.g) = . We say that
a Canchy nel.iff ¥= = 0. 3r e L. auch that, y.z e L (2. <) = d (4:3)

Tn what follows. (X.d) is a complete metric space.

Lemma 3.1. Let I € £{X.<). m(l, <) = @. Then, X (L} #
and only if L is a Cauchy nel.

Proof. The nceessity is obvions. To prove the sufficieney. let L
Couchy nct. From definition 8.1. we can construet a scquence {w (n)s



il

MIIAL TURINICL 4

—— |

e <o) -« 8 Let ¥.3 e L (v, <); without loss ol gencrality  we
may suppese 3 < 2. Le. g(d (s 2y @ (y) — () €P. From (41). 0
o) —o@N<o@) —ok) <+ 5 —a = 3. and this implics (from
(1.3)) d (y.2) < 25 Lo (3.2) holds. too. Thercfore, theorem 3.1 is applica.
ble, and this completes the proof.

Corollary 4.1. Let (X.d), Y, 5, &,
and let <, €O (X) be such that:

(4.8) X (2. €,) is d-closed. Yo €X,

@. P, satisfy only (4.5) + (4.6

(+.9) my eX, <,y =gy o) —el) I

Then. Yo €Y, 3z €Y such that, a) 2 €,2; h) z <,y is false, for
coery Y Y.

Proof. Sce remarks 8.1 and 3.2.

Corollary 4.2. Suppose that again
(YV.Y) be such that

(4.10) g(d (z, Tx)s ¢ (@) — o (Ta) eP, Vo €Y

Then. Vo €Y, 3z €Y such that, a) g{d(x:2), 9 (¥) — e (z)) P,
by z =72 ¢) gld(zy) olx) —p(y) eSNDP» Vy Y. y#z

5. By a specification of the clements involved in the statement of the
above results, we may obtain some known results, as well as some inte.

(4.4) — (4.6) hold and let T &F

resting applications.
Theorem 5.1. [1]. Let (X, d) be a complete melric space and let ¥ €9
(X, o e F(X,R ), be such that 9
(5.1) o is d-lower semicontinuons on X,
(5.2) ¥ is d-closed. §
Then, Yo €Y, 3z € ¥ such that. a) d(x,z) < o(¥) — 2(2). b) d {29}
> @ (2) —o (i) for ecvory y €Yy y# 2. i"
Proof. Take in theorem +.1, § = R, g2 {u,v) =1 —v. Yu €R
Vo € R, P = R_,and obscrvethat (5.1) = (+.4). Q.E.D. |
Corollary 5.1. Let (X, d), Y. ¢, satisfy only (5.2), and let <, €0 (X
be such that :

(5.3)
(5.4)

X (2, <y) is d-closed, Yz € X,

my eX, x <, y=d@y < o) — o (y),

Then. Yu €Y, 33 €Y such that,a)a <,2: D)z <<, y 18 false, Yy €
Corollary 5.2. [2], [5]. Under the h ypotheses (3.1} and (3.2);
T e F(Y.Y) satisfy

) diz, Ta) < o(x) —o(Tx). Yo €Y.
Then.¥o €Y, 3z e Y such that, a} d{a.2) < ¢ () —a(z); b)
p=Tri ) dzy) >0 —e(y) Yy €Y. y==2 '

Let (X.d)and (X', d') be a complete metric spaces. Let / e F(X,
be a closed mapping [8]. [6]. and let ¢ > 0. 1t is casy to prove that
the map ¢ € I'(X% R,), given by e(@:y) = max {d(eey); od (f

ot

(5.
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fly)- V. y € X, is a metric on X; b}(X.¢) is a complete metric space;
¢) ¥ e P(X). Y is d-closed = Y is e-closed; )y il & e ' (X'« B,) is d'-lower
semicontinuous. then ¢ =g of €l (X. R,) is e-lower semicontinuous.

Theorem 5.2. Let (X.d) and (X', d') be complete metric spaces, f € F
Y.X') a closed mapping, ¢ >0, and let ¥ e P(X) 9o ¥ (X, R,) sa-
tisfy (5.1) 4 (3.2). Then. Yo € Y, 33 €V such that, a) d(z,2) < 9(x) —
—o (s ed (f (@) fRY) <@ —9 (2); b) for cvery y €Y, yF13
dither Az ) > 0 () —o () or ed ([ f(5) > 2 () — o)

Proof. Clearly, (5.1}: (3.2) and the above conclusions imply ¢ 1Is e-
Jower semicontinous and Y is ¢-closed (where ¢ is defined as above). So
theorem 3.1 is applicable (with d replaced by e) Q.Y.D.

Corollary 5.8. Under the same hypotheses as in theorem 5.2, let T €
eF (Y,Y) salisfy
(5.6) d{w: Te) < o (x) —@(Tz), Yz €V,

(5.7) ed (f (@) f(T2)) € ¢ () — @ (T2), V& €Y.

Then. Vo ¢ Y, 3z e Y such that, a) d (z.2) < ¢ (¥) — 9 (2) ed (f(z)»
flzN <9 (r) —o(z); b) 2 =Tz; ¢) for every y €Y, yFEz either
Loy = o @ —o(y) or od (fRL] ()= o) — oly).

Remark 5.1. Suppose that, in the statement of theorem 5.2 (respec-
tively. corollary 5.8) ¢ is replaced by yof, where ¢ eF (X', R,)is d'-
jower scmicontinuous. Then. clearly. conclusions (a) and (b) of theorem
5.2 (respecetively. conelusions (a) + (b) + (c) of corollary 5.3) hold, with ¢
replaced by & o f. Note that, in this way, we have obtained (from corollary
5.3) the main rcsult of [31.

Let (X.|]]) be a normed space. For 4,B e P(X), r = 0, denote

diam (A) = sup {d(z. y); @ y €4}, hd (4) =the boundary of A, dist
. (. B) =inf {d{v.y}s @ € A.y eBL S{d,r) ={z X} dist (z, 4) <

<t Let C e P (X)beabounded, closed, convex subsct of X and @ € X\
C. By a drop {a, C] we mean the convex hull of € U {a}. It is casy to
prove that [a. C) is also a bounded, closed, convex subsct of X.

Lemma 5.1. Let (X.||. 1) be @ normed space. C a bounded closed con-
gex subset of X. and x e X\ C. dist (2 C) > 3 =diam (C). Then
(3.8) | @ — y| < ({dist (z. C) + 3)/(dist (z, C}— 8)) (dist (=, C) — dist (¢, C))
for every element y € [@ C).

Proof. Let y €la, Cj. Then, y ={1 —2)a + ke, for some A €
ef0d) and ¢ €C. As |z —ci< @ —c ||+ ¢ —elly Y& €. we get
lz — ¢ < dist (z. C) + 3. Now, [y —c'l =(1 — N —c¢)+ re —¢)
and thus. |y —¢'f < a—nlze —c|+ rlc —¢' s ¥¢' e C. which gives
dist (1, €) < (1 — ») dist (2, C) + 23, and this implies 2 < (dist (2, C) —
— dist (y. CY)/(dist (z, C) — 8).Now, flx —y =afle —el < ({dist (@, C)
— dist (y. C))/(dist (x. C) — 3)) (dist (x, C) + 8) which is just (5.8), com-
pleting the proof. Q.E.D.
Theorem 5.3. Let (X. | .1) be a Banach spacc, C o bounded closed
conver subset of X. and D a closed subset of XN\, with o = dist (C, D) =
>3 -~ diam (C). Then, va €D, 3 €D such that 2) b €la. Cl; b)Y b €
€hd (D); ¢) [b. C} n D ={b}

Proof. Let @ €D be fixed. Denotc o —dist (0. C), ¥ =8 (C,0} N
D{clearly, YV isclosed). Let o € F (X, R, bedelined by o (2) =



2t

=((o + 8)i{p — 3)) dist (z,C), Vi € X. 1t is a simple matter to verify
that ¢ is continuous on X. Define the rclations € and <, on Y by

(5.9)
(5.10)

w< yiff y ela,C]
r <,y iff e —yl< o) —9(y)

Tirstly, < and €, arc order rclations on Y. Moreover. Y (2, <) is
closed. Vo €Y, and (by lemma 5.1} <, is finer than <. So. corollary
5.1 applics (for other details see [1]. (7. Q.15.D.

Again, let (X, [} ||) be & nonmed space. Forevery a- y €X, ¢y
denote [z, ) = {to + (1 — )y ¢ €[01]} Lyl = [z y]\dabs [2 9] <

2 N oyl =T g\ {2 4l

Theorem 5.4. [6]. Let (X. || .||) be a Banach space, @,y eX, a4y
and T € F ([x, y)» X) a closed mapping. Suppose there cxists k > 0. such
that, for every w,v €[z yl, u # v

(5.11) inf {| Tu — Twllflew—wl; w €] w, v} < k.

Then T is k-lipschitzian on [asy), ico §Tu — Toff < Kliw —df
for every u,v €l yl

Proof. Let w. v € [a. yl. Without loss of generality we may suppose
4 =z, v =y Define ¢ el (X, R,) by o(u) =lw —yll, Yus X and
observe that theorem 5.2 applies (with (X.d) and ¥ € P(X) replaced
by fa. yl. 011, (X5 d) by (X0 1) and ¢ replaced by 1/p, where p >
= I is arbitrary fixed). So, for & € [, y] there exists z € &, y] satislying
{a) 4 (b) of the quuted theorem. Suppose that z =+ y. Forevery u € 2 g,
the relation Yz —u| >z — gyl —llu — gl =iz —ull is impossible.
Therefore (from conclusion (b)) we must have (1ip)\| T
—yl —ljuw — gl ie, 1 Tz — Tulj > pllz—ul, Yu €} z y], which con
tradicts (3.11). Thus, & = y; from conclusion {a), we get (p|l Tz =

- Tyl <l —ylls i.c. ITwe — Tyji<plle —yll. As p =Lk was arbi-
trary,thisimplies| Tz — Tyl < k|l2 — y.proving our assertion. Q.E.D. i

Received 12.V . 1977 Faculty of Mathematics

Unicersity of Tasi ks

lasgi, B. 8. Romania i

REFERENCES

1. Brordsted A. — On a lemma of Bishep and Phelps, Pacific J. Math., 55 (1974},
335—3:41. ]

2. Cartisti J. — Fived peint theorems for mappings satisfying imcardness conditions,
Amer. Maih. Soe., 215 (197¢), 231251,

. Downing D.oand Kirk W, AL i

Tran

A generalization of Caristi’s thearem with applicati
1o nonlinear mupping theory, Pucifie, J. Math., 69 (1977), 330316,

4, Kelley J. — General fopology, Van Nostrand, Princcton, N.J., 1055.

5. Kirk W. A, — Curisti’s fixed point theorem and mictrie convexity, Colloguium Math.,
(1976), 8186,

6. itk W, A.and Rav W. 0. -
Soe., 66 (1977), 279--283, 4

9. Ursesen C. — Sur le contingent dans les espaces de Ranack, Proc. Inst. Math. Togh,
183—184, Ed. Acad. R.8.1R., Buecuresli, 1976. ]

A remark on directional contractions, Proc. Amer, Mat!

MITIAT TURINICI [3

— Tu|l > fz—

analele gtiintiiice Ale Universitdtio WAL L Cuza® lasi

Tamul XXV, .2, s Ia, 1098

REGULARLY NONEXPANSIVE MAPPINGS
BY

K. GOEBEL and M. KOTER

The class of nonexpansive mappings in BBanach spaces has been lar-
oly investigated reecntly. espeeially in context of fixed point theory [sce
o [l 2}, (51 [71 [9]. The main problem in this ficld is to characterize
the class of sets having fixcd point property with respecet to theese mappmgsi
Qur aim here s to dofine a family of transformations which we shall cal
regulatly nponexpansive OnNcs. We will also investigate some of their pro-
crties. i
p Notations and definitions, Let (X, 1)) be a B’mmch space a_nd letbC
be an arbitrary noncmpty subs.t of X. A mapping T:C — X is said to be
nonexpansive iff | Ty — Tyl < lla —yll forany & Y = C.

Definition 1. A mapping T': C — X is said to be regularly nonexpan-
sive iff for axbitrary @, 1 < C the function

(1) = Bpy () 1 =D (@ — 1)+ (T2 =TI

is nonincreasing with respect lo L on the interval < 0, 1>, .

Obviously any regulatly nonexpansive mapping is nonexpansive
but not viee-versa. Also it is casy to see that for any @, Y the function ¢ (f)
is convex on the real line, lim G() =+ wife —y =+ Ta — Tyand )

¢

ek m

¢ g

is constant otherwisc. ) .
In view of that, the regulatly nonexpansive mappings can

lently defined as those satisfying
i Te — Tyl <1 —0) (@ —3) +t(Te = TPl

frallz, y = C, t = <0,1>. . )
Let now J : X — 2 be the duality mapping. So

J(w) = {w e X' (w, w) =lofr =1w i)

for all 1w = X. The following teehnieal lumma is closely Qatterncd on results
fKato [4JandMartin [81 (sec also [10]}. s0 we skip the proof.

Lemma 1. Suppose z, w € X. The following stafements are equivalent
D fwl <l —Hz -+ tw] for all t & <01

R L LR L TR P
11—t

be equiva-

11



