2k MIIiAT TURINICI . L]

= ((o + 8)/(p — &) dist (+,C), Vo cX. It is a simple matter to verify Analcle stifatilice ale Univer it wAL 1. Cuza® Tasi
that ¢ is continuous on X. Define the relations € and <; on Y by fomul XXIV, f. 2, s 1a, 1978

(5.9) x< yiff y ela Cl
(5.10) r<,yiff o —yll <o) —o)
Firstly, < and €, arc order rclations on Y. Moreover. Y (2, €) i RECULARLY NONEXPANSIVE MAPPINGS
closed. Vo €V, and (by lemma 5.1) <, is finer than <. So. corollary ) o '
5.1 applics (for other details sce [1]. [71). Q.L.D. BY
Again, let (X, [ . [|) be » normed spacc. For every @ y € X, x4y ], GOEBEL and M. KOTER

denote [z, yl =t + (1 — 8 y3 ¢ e [0l [yl =[a yI\dab [ y] = |
= [ g1\ {yb Jos yl = 2.y {2 g}
Theorem 5.4. |6]. Let (X, |l. 1) be @ Banach space, 2.y € X 2 sy

and T e F ([ y], X) a closed mapping. Suppose there cvists k> 0. such The class of noncxpansive mappiigs 1n Banach spaces has been lar-

% " Jv investioated reeently. especially in context of fixed point theory [sce
that, for every w,v & [z yl, w# v, %%]f;, 1. (23 (53 (71 9] 'l'hclnm.in probiem in this ficld iE to charac{e&ize
(5.11) inf {| Tu — Twlflv—wl; welwol} <k the class of sets having fixcd point property witl respeet to theese mappings.
. \ .. . Qur aim here 1s 1o define a family of transformations which we shall call

Then T is k-lipschitzian on [z, yls ie | Tu — To < kilw —of | regulatly nonexpansive oncs. We will also investigate some of their pro-

for every w,v €[z, yl.

Proof. Let w,v € [2. y]. Withont loss of generality we may suppose
#w =, v =y Define o e (X.R.) by o(v) =iu —y|, Yues X and
observe that theorem 5.2 applies (with (X.d) and ¥ € B(X) replaced
by ([@. gl )l 1) (X' d) by (X[ ]])s and ¢ replaced by 1/p, where p >
< k is arbitrary fixed). So, for @ € [z, y] there exists z € [2. y] satisfying
(a) 4+ (b) of the quoted theoren. Supposc that = = y. Forevery « €z 4],
the relation |z —ul >z —yll —ilw —yit =z —u] is impossible,
Therefore (from conclusion (b)) we must have (1/p) | Tz Tul > |z21—
-yl —lju — yll ic. | Tz — Tull >pllz—~ul, Yu ] 2 #]. which con
tradicts (5.11). Thus, z = y; from conclusion (a), we get a/p) | Tz =
— Tyl <lle —yl e, |Ta -=Tyll<ple —yl. As p >4k was arbi
trary,thisimplies|| Tz — Ty < k|jz — y.proving our assertion. Q.E.D.

crtics.
L Notations and definitions. Tet (X, [ ]]) be a Banach space and let €
be an srbitrary noncmpty subsct of X. A mapping T: € —» X is said to be
. poncxpansive iff || Tw — Tyl < llx —yliforany &, y < C.

Definition 1. 4 mapping T : C — X is said o be regularly nonexpan-
sive iff for arbitrary z, v < C the Sunetion

O () =Dy () (0 =0 —y) + 8 (Tz — Tyl

is nonincreasing with respect to ¢ on the tnterval < 0, 1>.

Obviously any regularly nonexpansive mapping is nonexpansive
but ot viec-versa. Also it is casy to sce that for any z, y the function @ {1)
is convex on the real line, lim*(l) () =+ wife —y+Te — Ty and @ ()

[ £

is constant otherwisc.

In view of that, the regularly nonexpansive mappings can be equiva-
lently defincd as those satisfying
oy

: | Te — Tyl < —0 (2 —y) +t(Te — Ty

Received 12.V.1977 Faculty of Mathemalics
University of st
Iagi, R. 5. Romania
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(iii)
This allow us to writc the following characterization theorem
Theorem 1. Let T:C — X. Then the following stalements are cqui.

there exists § € J (w0) such that || ¢ || < (2, J).

valent

(a) T is regularly nonexpansive,

) | Te — Tyl < (1 —D@—y) + t (Te — Ty)ll for all & y=g,

te <0_~1:.'-'-'
. 1 —1)(z— Ta— Tyl —¢t|| T — T
© im0 e Ten TH I T Tyl | 7o 14}

Jorall z, y = C
(d) for any @, y = C there exists § & J(Tx — Ty) such that
N Ta — Tyl < (@ —y. 9)

Especially if X is a Hilbert space, then T is regularly nonexpansive |

iff || Ta — Tyl < (Te — Ty, @ —y) which holds iff T' =1/2({ -+ Q),
where @ : C — X is a nonexpansive mapping. The properties of such map.
pings were deseribed in details in [117.

Finally let us call T: C — X regular isometry if it is isometrical
and regularly nonexpansive, what mcans that for any z, y the function
@ () is constant on <0,1>.

Some properties of regularly nonexpansive mappings.

Theorem 2. Suppose X is a strictly convex Banach space and THE

C—X is regularly nonexpansive. If for some z, y < C. |Te — Tyl =
|| 27— y > then x—y =Tz —Ty. i
Proof : We have :
| Tz — Tyl =1 —8) (@@ —y) + 1 (Te =Tyl =iz —7] -
for t & <0,1>, meaning that the segment joining Tz — Ty and @ — 4§
is laying on a sphere. It implics our conclusion. 4

This theorem implics that in the casc of strictly convex space X
any regular isometry T :C — X must be of the form Ta = a + w with
fixed 4. That is not true in arbitrary Banach space, even if T': C - Cyt
the following example shows.

Ezample : Let X = R* and | {x, y) || =max (zl iyl Put C
={(z, y):y =tg .z € <0, n/2)} and let '
T(x, ¥) =(are tg (y + 1) (y + 1))

Theorem 3. Let T:C — C be a regular isometry [C C X, X is
arbitrary Banach space]. Then for any & < C

lz —Tr2|| =nlle — Tz forn =1, 2,..

q REGULARLY NCONEXDPANIIVE MADPINGS 267

.. Obviouslyllz —

Proof : Let || T'a — Tl =d. ¢ =0, 1. 2,..
Suppose for any

_ Tz < nd. For n =1 our conclusion is true.
y & Cwehave ||y — Ty || =kd for k =1, 2,... n.

Then

: LARTFUI S A -
ad = Te — Tz =um+ e = Tj Ti<12le — T tal +

2
2 12| Te — Trz)l =12\ 2 — g+ 12 {n —1)d.
S0 Hm-—T“"‘mH;2nd—(n—1)d=(n+1)d.

which ends the proof. It implics that if C is a bounded set, then identity
s the unique regular sclf isometry on .

Some fixed points theorems. Theorems 2 and 3 allow us to state
the following

Theorem 4. Suppose C is a compact set and T :C — C is regularly
noncxpansive. Then T has a fized point.

Proof : 1t is known that the set D = n T (C) satisfies 7' (D) = D

a=1
and beeause it is compact then T is isometry on D (scc [8]). Hence Tz =z
forw €D

This shows that the class of scts having fixed point property for re-
gulazly nonexpansive sclf-mappings is wider than the class of scts having
this property for nonexpansive mappings. Examples of noncompact sets
of this type can be given too. -

Suppose X is a Hilbert space. Then each regularly nonexpansive
mapping T': C - C can be represented as T = (I + Q)/2, where Q:C-X
is a nonexpansive mapping. According to [6], [9] @ admits a nonexpansive
extension @ : Conv € - X such that @ (Conv C)C Conv Q (C). SoT =
—(I +Q)f2: Conv €~ Conv C.

Theorem 5. Suppose C is an arbitrary nonempty sct in Hilbert space
such that for any z € Conv C there exisis ye C (not necessarily unique)
such that ||z — y || = dist (z, €). Then each regularly nonexpansie mapping
T:C - C has a fized point.

Proof. Let T be the described above extension of T. Then there
exists z « Conv C such that z = T ([ 11, [2]). Take y according to the
assumptions of our thcorem. Then

dist (z, C) <1z — Tyl =1l T2— Tyl <z —yli_=dist (= C).
Hencs || Tz — fi‘y | =z —yll what implies ¢ — ¥ = Tos —Ty =2—Ty
and y = Ty.

) Notice that any weakly compact sct C satisfies assumptions of the
Theorem 5 ; however not every such sct has fixed point property for non-
expansive mappings. Also the unit sphere is an example of not weakly
compact sct satisfying assumptions of Theorem 5.

Finally Jet us prove the following for arbitrary space X,
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Theorem 6. Suppose C is nonempty. closed and convex. Then for every
nonexpansive mapping 1T : C — C there ervists a regularly nonerpansive
mapping F : C — C with the same set of fixved points (may be cmpty).

Proof. To prove it we shall construct the whole family F..a e (0,1)
of such mappings. Take « = (0.1) and for any fixed 2 & C find the
unique y satisfying = (1 —a) & -+ a«Ty.

It is possible by using Banach contraction ptinciple. Denote such y by
F So F,:C - C and satisfics F, & = (1 — o) x 4 «TF, 2.

Obviously mappings I, are nonexpansive for cach « < (0,1). Moreover if
we take p = (1 —{) x - tF, x with ¢ = (0,1)

then in view of

Foo=(1 —«)z + aTF, o = (1 —a) !u‘_ttrf;w i 1"1_7”) + aTFz
we sce that
F.x =(1 @ —t:x)p +a — ix TF, z
1 —ix I —ia
o

showing that Fsz = Fip for § = T
1 —to

Analogously for ¢ =(1 — ) y + tF,y we have F,y = Fyq.
Hence

| Fox —Foyll =1 Fap —Fegll <llp —qil =111 —8){z —y) + t(Fox —
- ay)u-

So all F, are regularly nonexpansive and obviously their fixed points are
exactly thosc of T.

_ This theorem docs not bring much to the problem of existence
of fixed points for nonexpansive mappings on convex domains, but it show
that the closed and convex set has fixed point property for nonexpansive

mappings if and only if it has this property for a narrower class of regularly
Nonexpansive ones.

Added in proof. We learned thut regularly nonexpansive mappings has been already
introduced by R.E. Bruek {,Nonexpansive projections on subsels of Banach spaces’
Pacific J. Math. 48 (1873), p. 341-357) and cailed , firmly nunexpansive*. Especialy
Theorem 6. is known. i
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