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1. Introduction. In the worksof I. Bar balat and A. Halanay

). 1. Barba lat [3] generalisations of the frequency conditions for
the dissipativity for general non-linear differcntial equations are given.
ons of the gencralisations were given to certain third order equa-

Applicati
tions with onc non-linear funetion.
We shall consider here the following cquations of the third order

with two non lincar functions :
" 4 ax’ g @)+ h(@) =p a2 @)
" +ar’ + g @ +h(@) = (t, @, v ')
g, and h are continuous functions and g,k and Sz g1 (s) ds are

where g5
0
t linear” in their arguments. Using the generalised theorem and
d (1.2) are uniformly dissipative.

Lalmos
choosing paramcters, we shall that {1.1) an
e shall state the following version of the genera-

For completness w
ized theorem as given in 1], which will be used.
Theorem {Generalised Yacubovich). Consider the real system

(1.8) ?i;: — Az — By{s) + pt 2), 6 =C'z.

(1.1
(1.2)

A4 being an man stable matriz, B and C are n x m matrices, ¢ (o) =
=col (9;(6y)) (j =1 2500 m) and suppose for lal>To
0< ag, («) < paz, —o < gjla} < ol W <o a2 05 Ip(t @}l < po
or all (i, ).
If there exists diagonal matrices D, >0, Dy D20, such that
1.4) {Dy 4+ Re [[D, diag (pd) + i0D:16 (i @)] + o [Re [Di(I +
diag (o} —«f) G (i &)} =6 (—iw) D, diag («f ad) G (iw)] >0
or all @ < @, where I is the unitn 2 n matriz, G (o) = C* (inl — A)? B.

uppose further that

15 . 1, ¢

5) Hm Dz——zdlag ‘ g, (a)de —Ere (M) [> 03
1]

A= w A .

the system is uniformly dissipative.
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The following definition will also be uscful 00 ;:)(z, Tys Tas ;n‘.,)\
Definition : Under the frrqumzcy-dmnain eriteria (1.4) we shall say C =11 01 p (6 ) = 0

that the system (1.3) has the dual system 01 o

{1.6) g Az — Cola) + p(t, @) 6 = B z, A

dt P " :Ug i g (ml)
and ¢ =| z, }; thus giving ¢ =C'2 = J and ¢ (o) = .

where A*, B* are complex conjugates of maltrices A and B and C is given Iy Z3 h (23)

above,

It must be remarked that under the {requeney-domain criteria if g | Now

system satisfies the frequency-domain criteria, so is also the dual (see i io

[4; pp. 166 —167]). _ A A
2. Main Results. Theorem 1. Suppese we have in (1.1) G(i w) =C' (o] —A4)* B =

1 1
(2.1) a >0, and A A
. t’ Wy "’ & g_ . . . [ . -

(22) FAUES AR A where A is the determinant of (iw] — A4)givenby A={c—ae?) + io (b —o?).
If there exists siricily positive numbers b and ¢ such that &b > ¢ and The condition (1.4) becomes

positive numbers Ly Wy Stch that for |22 %

(%) (2.8) t{w) >0
(2.8) b= bt b<g @ b A where 1 (0) = (T (@), T ()
/ - z
(2.4 e <MD cop s ek @ e d B9 (e —aot) + 5 (b — o)
2 (231 [A ]

. . . . . with m, (0} = .
then the equation (1.1) is uniformly dissipative. 1[{ra _ m*s‘T‘) e _hT
2|la A A A )

Proof : Let g(z) = bs + £ (2) and k() = ez + b (2).
For convenience we shall use the following equivalent, to (1.1) system

A . N l T2 _co*s,'r, + i Ty 1,7y
gy b o B ) @) 4o a2 @o)» s\ A “la _h‘_&“n
Ty =T ATy Ty = Lo S (m) - Ta Ta b ’
R R v — PR — 2 2 e 2
where p is defined by p (& 21 @2 aq) = p & @ + awgs @ @), In utilis - + IAI’[(c aw?) + @ity ( w?)]

sing the theorem in section 1, let

v on putting &, = 87, and &, =if*».

oo Zoo . . In order that (2.8) be satisfied, the first element of =, {«) and the
D, =| ; D, =™ ’ determinant of 7 (@) must be positive.
0 it 0 i " Choose $,€ (1/a, bjc) and
{2.6) T3 Ta 1 1 [w? (1 + ( b
- . . 0 | (2.9) 1 >m [ ___--as.) (8.6 — )]_
s ={ \ and diag (p) = ] ’ : 1 (¢ —ow?)? + (b — o) ®
0 0 0 e

) The first element of i
where 1, > 0, 7. > 0 and s and ¢ are paramcicrs to be determined. Fro ™ () gives

(25) we have
0 b —¢ 1
1 —a o); B =(o :
) 1 0 0

l-l_tIZ:-l-l—’ o+ wifad —2b —p, (1 —as)]+w? [62 —2uc—u, (5.6 —8)] + €%
1

2.7 A - sy,
(2.7) vhich is positive for all o = @.

=
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In addition to {2.9), choose #, > a/b and T, . é ()
= » hence o, = C,"z end g(o) ={°" 1.
(2.10) 1 w', + o? (e —bt) —¢ and z =\ z, . ) . : K
. — | ' hy (®)
£ — 1\% 2 b — )2 r 1
wto (e —eat) m_(_ ,m ) comparing with (2.7), we have 4, = A B, =C, C, =1,
The determinant of = (@) will be positive if This shows that (1.2) is the dual of (1.1) and theorem 2 follows from [4].
2 ) Remarks. The result of theorem 2 compares with the boundedness
— et [p.l {as, — 1) — p:ly —-I'l—'—}zfi-—] + mz[p., (bt, — )+ resultsof Ezcilo [5]and S wick [6] wich were shown by specific cons-
jA ) A 4 tructions of unbounded positive definite Lyapunov functions, with negative
(2.11) s Jefinite derivatives with respect to &
4 (b — 8:0) —H—’ﬁ’()\ —1,)2 ———’—E‘—Ef] -+ [pgc —w]}-l- 1>0 In (5], Ezcilo used the function
4\ 2 4% z z
. _ 2V - 2a hsds+2ssa(sds+aaa: — 2 82,6, (@) +
where A = 1,/7, (2.11) will be true if So () . ) (@) 1Gr (@)
(2.12) B <4_[!J-x (w8, — :) — by + 32t + 2% + 224 (x,) + 2 [G, (7)) — 3z, )y —
de Hataf] 2Dz, ¥, (x5 + G, (z)) — 3z,) + Dz, ¥ .5 (2)
Hence the conclusion follows. where Dy = D, + A,, D; arc constants, while in [6], Swick used the
Theorem 2. Consider the system (1.2). function .
Suppose V ={ [aG,(s) —h () )ds + qu (20 200 )
(2.18) « >0 and ot .
(2.14) [ps (b @ & &) | < o | with ¢, & quadratic form in 2,, 2, ; and G, (z) = Sog, (s) ds in each case.
If there exisis strictly positive numbers gy, s such that for | @ [ > N These Lyapunov functions go in the line of the theory of Frequeney —
. domain criteria which though narrow in its scope of applicability, remains
S &1 (s) ds very powerful and an alternative approach when the Lyapunov funztion
(2.15) b2 < b+ u; in mind is a quadratic form plus integrals of the non-linear parts.
= z h e ' Acknowledgement. 1 am grateful to Professor A. Halanay for his in-
B troduction and suggestions of the subject.
(2.16) c<MBD ot ps ek @ <ot ne

&

then the equation (1.2) 8 uniformly dissipative.
Proof. It is enough to show that (1.2)is dual to (1.1). ]

Let S g.(s)ds —=bz + £1(2) and hy (2) =cz + by (2). Choose an

(1]
equivalent system to (1.2) as
Zp = @ &z = — by —e®s+ T3 — £ (22)s @3 =—cxy —
A A
e h; (_m,) + y 4% (t: Tys T2 ﬂ'.'s) ’

“, &yr T2r wa) =" (t} Lyy Tas T3 ""_b‘rl — 0¥y _gl (wl.) )'
} we have (1.2) in the form (1.8) with

(2.17)

where ;;1
From (1.17

0 1 0 00 11
Ay =] —b —a 1} B, =|10]: Ci={0 0)
—c 0 0 01 o0
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