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THE NUMBER OF PRIMT IDEALS OF A p-RING

BY

ALEXANDER ABIAN
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Proof. We construct the above mentioned representation from whj nich is homomorphic to E. However, this }_mmomorphism is an isomorphism
the proof of the Theorem follows directly. ccause from (10) and an earlier remark it follows that the zero element

Let R = {0,4a,b,¢, ..., 7, ...} be the p-ring under consideration gpdof R is the only element of B which is represented by the zero sequence

let {Po Pi, P2y P,,...} be the (not necessarily denumera type a).
the prime ideals P; of ‘B with i(e . Y R i -(Of "'II‘hus);, the Theorem is proved. o
On the topmost horizontal row we linc up the symbols P, P.P In view of our construction, the elements of any prime ideal or any
and on the leftmost vertical column we line up all the elements 0, a”b e gtrafilter of R can be determined readily from inspecting the columns
s (8). Indecd, the elements of prime ideal P, are all those elements

= o

of R. Thus: A table
of B whose representing sequences have 0 in the i-th column. Analogously,
B P D P, PP, PP P . © [ipe clements of ultrafilter R — P, are those elements of B whosc repres%ntmg
' in i- . ngly, w ve :
olo o o 0o 0o 0 0 0 .0 spquences have a nonzeroentry themnz? th columr:J Accordingly, we ha
{ = ool = {0, a, sy T
alm 0 o I ¢ n n m .k Po={0¢oh B t e Th
b = ‘j) P( = {0, c ,‘..},
(8) n 0 m- ¢ m wm 0 g .. R_P ) R P { b |
- S VN JU g & — P,=1{a, b,y T e
cle ¢ 0o 0 0o 0 m 0 .0 = 7ok ‘ e
Lemma 1. I the scquence
S r — (m, 0, m, 1, 0, m, ks 05 ko
s lm 0 m n 0 m & 0 Lk iff re [R]/P, .[13) S o , )
' ' R o row in table (8) then so are the finitely many sequences :

— TR 0 5 ? 01 0 geery O wes fs
et any of the letters oo, 7. g o «tanel for any of the intege P 7= . O, B -
2 L, p— 1
Tn view of (5), we fill in table (s} as follows :
(0) AL the interscction of the r-th row and the i-th column we put k if
only if v is an clewment of the cosct (k] of the quoticnl ring RIPy
) Thus, if p = 5 then R/ has five cosets [0] = Py, [1]?[‘2] 3
Now, if #=[3] in the quotient ving R[P. then at the inl'ersectic;n
»-th row and the 2-nd column we put 3.
From (9) we have:

7y = (0,0, 0,7, 0, 0,0,0,...0 yeurhy
v, =" (0,0, 0,0,0, 0,k,0 irey T e )s

¢ the only nonzero term of sequence T is the integer © which appears at
those cuordinales of 7 wohere © appears in sequence T _

Proof. Since sequences appearing in table (8) arc closed under coordina-
wise addition and multiplication modulo p and since sequence 7 given
(13) appears in table (8), we see by (5) that each of the following sequen-

(10) At the interseciion of the r-th row and the i-th column we put 0 4 .3150 must appear in table (8)

only if r € P FPY = o 1, 1,0, 1, 1,0, o0 1y o)
Ag;}.ig, g'rom (0) it follofws (as claimed) that every element 0 _ Jr? = (B, 0, k, ko0, &k iy O s K )

represented by a sequence O type « whose terms are integers 0, 1 = 1= —k — &
p—1 For instance, as {8) shows: 3 : =7 — P =(m— 1k O m—k, n—Fk, 0, m E, 0,0,..,0, -)
§P1 = (1, 0, 1, 1,0, 1, 0,0,..,0 "")

0 is represented by 0, 0,0,0,0,0,0, 0B - n—kysPr=n—k 01— k,n—k,0n—k 0 0 ,0ry 0 500)
--(n——k)s”“:(m—n——Qk,O,m-—n-——%,O, 0, m—n—2k, 0, 0y «.s 0, ...)
pa— (@ o0 1L, 006 L 0,0, ernr 0, o)

T = Mt = (m, 0O, m, 0,0 m, 0,0,..,0 yoes)

a is represented by m, 0,0, k, ¢, 1, 7%, T yers k..

(11) b is represented by n, 0, %, g, By My 0, § 5005 M 5o

-----

r is represented b , 0, , .
P y m, 0, m, 1, 0,7 K, 0 ey By h shows that sequence rp gIven by (14) also appears 1o table (8).

' In o similar manner we show that SeqUEnces 7a and 7; given respectively
15) and (16) appear in table (8).

From (5) it follows that the set of all the sequences thus : - i
Next, we introduce two distinct notions of covering.

under coordinatewise addition and multiplication modulo p, fo
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Definition. We say that a set S of rows (i.e., sequences ) of fable (g
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— 3

Now, let a set S = la, by, v, 30 oboof rows of table (8) cover

coters the nonscro entries of a row (i.c., sequence) v of table (8) if and ¢

if cchencver v has a nonzero entry at the i-th coordinate, there ewists a ke
(i.c., sequence) of S which has a nonzero eniry al the i-th enordinate A
we say that a set Q of rows (i.e., sequences) of table (8) covers the zero 'entr'o
of a row (i.c., sequence) v of table (8) if and only if whenever r has a zero en

at the i-th coardinute, there cxisls a row (i.e., sequence) of Q which has oy
entry at the i-th coordinate. “

For instance, as table (8) shows:

:I:hc set {a, b} of rows covers the nonzero entrics of row 7,

r]‘hc sct {a, b} of rows does not cover the zero entrics of row 7

rI‘hc sct {a, ¢+ of rows covers the zero entries of row r, ,

r‘I‘hc set {a, ¢t of rows does not cover the nonzero entries of row

rl‘hc set la, b, ¢} of rows covers the nonzero cnlrics of row r

Fhe sct $a. b, ¢} of rows covers the zero entrics of row r.

Lemma 2. Let S be a sct of rows and v a row of table (8). In the rig
(coordinatewise addiion and maultiplication modulo p} R aof «ll the I‘owsl
table (8) if r is an cloment of the ideal generaled by S then a finile subsel i
S covers the novwzero entries of 7. - i

Proof. Let row r be an element of the ideal (of the ring R) genera
iy thesct S = {u, v, w ....; ol rows of table (8). Thus, r is equal to a f?nite s
((-p()l'(lxl‘.:\.t(:\\'isc: modulo p) of finitc products (performed coordinatewi
of u, %, @ ... and rows of R. Let in this finite sum of finite produets i
finitely many elements v, v ..., ¢t of Sheinvolved. But thenif rhasa nori
entry at the i-th coordinate, clearly, at least one of %, v ... 1 must l
4 NONZLTo entry at the i-th coordinate. Ience, indeced, thc’finite sH
[2, 0 e £ 0§ covers the nonzero entrics of 7.

Temark. Based on Lemma 1 one can prove the converse of Lem
however, this 1s not needed for our purpose. '

Lemma 3. Let @ be a set of rows and v @ row of table (8). In ihe
(coordinatecise additton and multiplication modulo 1) R of all the rod
table (8) if v is an element of the filler generated by @ then a finile subs
Q covers the zero enlrics of 1.

Proof. Let row ¢ he an ¢lement of the filter (of the ring R} gene
by the set@ = {v. L. ¢ ...l of rows of table (38). Thus, ris cqu!z-ll toa pIE
(coordinatewise mwdulo p) of finitely many clements s, ¢ ,..., @ of @
Tien il » has a zero entry at the i-th coordinate, clearly, at least:
8, L oo it Miust have a zero entry at the 4-th coordinate (because i
modulo p form a ficld). Henee, inded, the finite subsct {y, £,.., @
covers the zero entries of r. M

Next, we prove that table (3) is compact in two distinet way

Theorem 2. Let @ set S of rows of table (3) cover the nonzero cng
a row v of table (8). Then a finite subsct of S already covers the nonzero
ar .

i

we use lhe same letters 0, ¢, b ...
ring B and their respective representing seg
1) as constru

Proof. As always,
for the elements of the p-
{of type = whose terms are integers 0,1, 2,..., p
table (8).

pat 10 Finif

fgut 1his contradiets the fact that the sct

e noNZCro entrics of a row r of table (8). We show that o finite subset of
alrendy covers the nonzero entrics of r. Let us assume {0 the contrary
o subsct. of § covers the nonzero entrics of r. But then by Lemma
at r is not an element of the ideal [S] generated by S (in the
by (6) the ideal [§] is a subsct of a prime ideal, say, Py
Consequently,

we see 1h
P.rim_{ E). Hence,
o I which also excludes .

S

¥
.

Ha, by U Uy W vt Py oand 7 & P,

7 %
! From (17) and (10) it follows that the i-th coordinate of every one of
e scquenees @, D yerey Uy Uy 10 5eee is 0. On the other hand, from (}7) and
i-th coordinate of sequence 7 is o nonwero Integer.

it follows that the

S = fa, b, .00 Lo} COVETS

and the Theorem

¢ nonzcro entries of 7. Thus, our assumption is false

roved.
p Theorem 3. Let a set S of rows of table (8) cover the
 of table (8). Then a finute subset of 8 already covers the sero enlries of 1.
* Proof. Let o set S = {1, Dyoves S0 T 5oen) of rows of table (8) cover
e zero cntries of a row r of table (8). Let us assume to the contrary that
C finite subset of § covers the zero entries of r. But then by Lemma 3
Jiee that 7 is not an element of the filter I gencrated by § (in the p-ring
8 Henee. by (7) the filter F is a subsct of an ultrafilter, say, R — P of
B which also excludes 7. Consequently,

)

zero endries of @ row

19 = {(l, b yosry 3y t, ] 5,,.} [ (R . I)I) a?ld re P;.

 From (18) and { at the i-th coordinate of every onc of the
is a nonzero integer. On the other hand, from

Lenees (. 0 ey 83 8,0 50 b r _
i-th coordinate of r is 0. But this contradicts

)and (10) it follows that the i .
Tfact that & = fa, b ,.., 8. 4LV yeee) COVETS the zero entries of 7. Thus,

P assumption is false and the Theorem is proved. )
Remark. Let us reeall that a finite p-ring has p" clemients and n prime
als (where # s a positive integer). In fact, o {inite p-ring with p” clernents
sonorphic to the direct product of » liclds I (p). On the other hand,
is an infinite p-ring then, as shown below, J2 has at least as many prime
ali as it has clements (for the special case p = = (i.c., for the case ol
lean rings) this is shown in [1]). Denoting by « the cardinal number
the scl of all prime ideals of an infinite p-ring R, we observe that there
perings R with z = I and there arc perings R with a > R In accor-
e with Thoorem 1, we also observe that in general, R is tsomorphic
Lto 1 subring of the divect nroduct of =« fields I (j)-
We next prove our main "Iheorent.
| Theorem 4. Let R be « infinite p-ring.
8 s il has elements.
Proof. Denoting by 2 the cardinal number
s of 1, let us assume fo fthe contrary that

9) it follows th

Then R has as many prone

ol the set of all prime

x < R.
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From (19) it follows that in table (8) there : initi 1
are o columns and mg,, In view of our definition of g;; we see that &, covers the zero entries

than « (ie., R) rows L
ideal of R. Thu;” By (8) every prime ideal P; of R is also a fﬁaxiﬂ of ¢ Whereas the 1-st coordinate of e, and that of every element of §, 15 1.
' jloreover, S, covers the zcro entries of e, whereas the 3-rd coordinate

(20) (P — P)# & # (Py— Py for every i#j < a. of tm and that of every element of S;is 1. In seneral, In (24) we have:

F 9 . ) P R ) i .
rom (20) and (9) it follows that for every i< « and every js (""’) S;fc"efﬁf;’,},”,',}(.,",::,zfﬁ}"{fs ?: {1'" whereas the hih coordinate of en e
z 28 B LRy D .

with ¢ # 7 there is a row gy |
ok b the 7-th coor l-g‘, in tabl{: (8) such tlgat the i-th coordinate i
in the field I (p), the ((?:n(—q“i)(.){lgu is @ nonzero integer, in fact, is 1 (sincer-.‘! By Theorem 3, there exists a finite subset £y of Sy 52y,
Let the sot G piven by 1 power of every nonzero clement is | ) F {g a o
3 X (‘lﬁ 'h = a s B7.B 20t BTRE?

Wb (in view of (25)) we have:

2 .
(21) G=1{gy; |i<aand j €a with 1 # j}
whereas the h-th coordinate of €n and that

qch the
(97) [y covers the ~ero entries of €.
of cuerly clement of Ity is 1.

I i . . P
)C f.}IL set of all SllCh rows g;; of table (8). CICHI‘]Y (SiDCC o iS mflmte)
y

(22) T |

As alwavs, identifving th I
_ As always, identifying the set of all the rows of b
(js)m\:']én:lic'“ 1'}(; :;dt(:mon] and multiplication modulo p) T::llf (fgm(un
. Jaim that the subr ;
gl ihring R, gencrated by the rows g, of tab]egz
ﬁnitcSl)r;g(oi‘lf{_,'cn:‘lsiqts. of the finite sums (coordinatewise modulo p) of
i y 1cts (coordinatewise modulo p) of the elements g %’
(22} it follows that s gu of G
(23) a=R
o

In order to prove that B R, iti ici
o : the . — R, it is sufficient to show thal i
10w, say, + of table (8) s an clement of R,. Let, as in (;\:3".}II&L an 21y

Lot for denote the product of the (finitely many) elements of I, given
in (20). Clearlyv. in view of (21), we sce that fu € Ra

pFrom (27) it follows that for every coordinate I, of e, where e, has
the singleton { funj covers the zero entries of ¢y whereas the fi-th coordinate
of ¢, and that of fop 15 1. Accordingly, let us consider the subset S of the
abrivg H consisting of all sueh fu's.e Thus,

Be) 5 = fu L€ 2 and { fu! covers th ~ere entries of ey and the h-th coordi-
nuic af ¢ and thal of fon s 1.
Obviousty, S covers the nonZero ehtr

Cther exists a finile subset J7of S. sav,

9) P = { ol .fut f i

h that I covers the nonzero entries of ¢, and (28] holds. As a result,

have the following situation (where for the sake of simplicity, we assume
1 . & o

at I' has just three clements)

ies of ¢, and therclore hy Fheorem

r— (m, 0, 0, 0y m, 1,0, 1o yull)

E.}';)h(alx('ic) showp‘lﬂzgti-i;lis a]sunz of finitely many scquences of the form
19), sere s ) order to prove that » € it 1

(since R, is a subring ol a p—rinlg) that,1 .ls'u;: ¥y it i caongh G

fﬂh = (U: 0: . O, Oy y: 09 0: 0’ y’ 0’ Y "")
fﬂt = (U? Oa s 0, 07 Y, O’ 0’ 0’ i 0’ Y "”)
fO: = (ys Os i, 0’ 0, Y. 0! 0’ 0’ * 0’ ¥ "“)
e = (1,0,1,0,0,1,0,0,0,1,0.1 pove)s

. T — (M, 0,m, 0,0,m,0,0,...,0 el R

or equivalently, B

£

(24) emn = (1,0,1,0,0,1,0,0,..,0,.) =R

where e, is obtained from r, above, by replacing everywhere 1

Motivated by (24), for every coordinate & of e, where éq

let . \ . . ;
“ Gu? consider the following (in general, infinitely many) sub

From (28) it follows that in (80), above every 0 in e, the entire
mn consists of 0's. Also, from (29) it follows that in (80), above every 1

» at least one of the ¥'s is 1, otherwise, y is ¢ or 1.
For cvery clement % and v of the ring R, let us denote by L (u, v) the

ent of B defined by :
L) = w7+ (p = Do
of (30) we have:

S1 = {gE.l: gi,h gs,lg gﬂ,ls g7,1 ,_“}’
. Sa = {gz,a, 8a.35 E5.35 Se.3n B2, ,'“}’
(--'l') Sﬁ = {gz_ss gd,ﬁ: gﬁ,ﬂa gﬁ.s; g':_s ,-u},
But then, it can be easily verified, that in view

Sy = {gens Bnr Bons Bons Boa yoor}e
L (fo:» L (fonfoh)) = €m

ooooo
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(which is valid not only for threc sequences
3 : nees fons for for | - any finj
number of sequences fun, for seees fo:)- ] Jowo for Jog Dot o any’ finig
y From (28) it follows that the finitely many scquences fons Jot vers f,
gl‘;cq in (29), are elements of the subring K. Conscquently, from (3’1.).’3“"
(?-) it follows that ¢,, = R, and thercfore B, = R, as claimed. But this o
view of (19) and (23) leads to a contradiction. Thus, our ussumptio‘n’ :II:

false and « > K. Hence, the Theorem is proved.
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