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(CONSTRAINLED MINIMIZATION OF NONSMOOTH FUNCTIONALS
BY AN EXTENSION OF THE FRANK-WOLFE METHOD

BY

C. ILIOI

The Frank-Wolfe method is a simple and efficient procedure
of minimization, especially when linear constraints are involved. This
method was extended by J. Céa [1] in a Hilbert space setting, for twice
gifferentiable strictly convex functionals. A slightly modified version of
it, was also applied to some special non-differentiable functions [2]. Our
aim is to prove the convergence of an extension of the Frank-Wolfe algo-
nthm for a large class of nonsmooth convex functionals. An application
is also considered fo nonlinear programming problems, by using an extre-
mel-value function studied by W. Hogan [2].

1. Hypotheses and description of the method. Let J:E - R be a
roper convex, lower semicontinuous functional, defined on the reflexive
pacc E, KCE a convex closed set and suppose that

1) Ju, K, Wud) = fveD (N} (v) < J ()} is bounded.

en the problem
) minJ (v) = J (@) =minJ (v), U = W (u,) K
vel

veE

as at least a solution %< U. The iterative method is

) Upyr = Up -+ Aaftay 7 =10,1,2,...,

here s, <E, b, ]| =1 and M €R, ks > 0.

Under our assumptions, the directional differential J, (v, h) exists
any heE and it is convex in k. For the construction of k&, at each step,
us consider a closed bounded convex set V< E containing 0 and y, de-
ed by :

) Ty Yo — Up) = min Ty (U Y — tta)y Un = Ut 4 V).

vel,
Y, could be exactly calculated, we can take hy = (y» — ) | Yu — tn {l-
t in the most cases, we get only an approximation z, of y,, obtaine
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Lemma 2. If no one aof the iterations w, given by (3), (6) and

by a numerical method, such as the relative error at cach slep is kept undep 02), is an optimal solution of the problem (2), then :

a given bound ¢ :

. . . im J, (U, 2a — gy =0.
(5) [J+(‘H,,, Ty — ’"n) — 'I-f(“n' Yo — ”rr) |l| JT(ﬂm UYp — un) 1 L e, (13) :Ln: * ( ! )
Then we take Proof. Since h, is a descent direction ff)r J at u, _an_d because of (9a)
{6) By = (2 — 10 {1 20— 2, | and (12}, the sequence {J (wi)} s nonincreasing. Hence it is convergent and
n =— \~a — ltg, ~n 7 ta i
(14) im (J (10,) — J (tnsa)) = 0.

Lemma 1. If u, is not a solution of the problem (2), then Iy given by (g)

is a descent direction of J at u, (sce Definition 3.1 from [3]). ) . .
Proof. From (4.)jand (3) “('c (rci‘:f % () e = Ha S Vi the implication (9b) shows that lim J, (4, 2y)
[ gel: .

n—+c0
Yjeacls immediately to (13), because 2, — U, belongs to the bounded set V.
Let us consider now that %, = v, < u. The convexity of J implies the
pequality :
J ("n) - J (’”n + “'nhn) Z (VH/ELN) (J (un) - J (u,, + gnhn));
s0 that, according to (10), we have:
lim vy (5 (tny B)) = 0.

n—s o

= 0, “'hiCh

{7) Ty (s Y — ) 2 Iy (tiny Yo — Ug) 2 J;— (tu, 72 — ua)[(1 — )

fqr any yeU, If y =1, we have J, (g, 2, — ¥y} < 6. Suppose  that
Iy (g, 2 — u) = 0, then J| (i, y — w,) > 0, lor any y&= U,, that is g
yield a local minimum for.J on U. As J is convex, u, will e a global 1-.1inimun;
point on U, impossible. Therefore I (g 2 — Uy) < 0 and 1, 15 a descent
direction at u,.

Let us state now the choice of the steplength X, on the direction h,
For that we assume in addition, the fcllowing hypothesis : '

(8) Ve>0, 38(e)>0,0<r<3(e)=0<% J_ (v 4+ nhy k) —~ T, (v, ) e,

for any v€ W (u,), heE, with || 2 |} = 1. We have eonsidered in a previous
paper [4] some classes of convex functionals for which this assumptio
is satisiied. As we have proved therc, under this hypothesis a sequenge
of real positive numbers y, can always be found, such that F

‘if v, is lower bounded by a positive constant, then we get lim J7 (ia, o) = 0,
| shich implies, as before, the Himit (13). Suppose now that lim v,=0. From the
7®—r
convexity of U and by the definition (11) of v,, it follows easily' the inequa-
fity : v, = Il 2, — ua ||, then lim 2 — | = 0. But, because U is a hounded
1 =

closed set, according to the propertics of the convex functionals (sce for

(9a) J (g + aha) < J (1) example [6], Theorem 24.7), we have:
and | o = sup { || v* LJor €a] (U)} < oo.
(9b) ,}1:2 ( (a) — o (tty 4 taha)) =0 = }li-irlJ; (Uns ha) = 0. Hence | J7. (2, — %a) | € @l 2 — t, [ 2nd (13) holds again.

The main theorem of convergence is stated as follows :

Theorem 1. If no iteration is an optimal solution, then every weak accumu-
aion point of the sequence {Uy} s an optimal solution of the problem (2) and

Practical algorithms to compute such sequences have been described
in [4]:the maximum decreasing method and any approximate versi
of it, the generalized Goldstein’s and Armijo’s methods.
is easy to show that, for all these algorithms, we have

(10} (J (ua) — J(u, + Wabta)) pn 2 ¥ (— Jl-»-(“m ha))-

where v: R* - R' is a ,forcing function®, i.e. a real function conve
to zero only together with its argument. Let us denote:

(11) v; = max {A > 0, u, + M, U},

lim J (1,) = min J ().
n— @ vER

Proof. Let w=U be a solution of the problem (2). For each n, if u, & U,
£ 0 < 0, <1 be such that w, = U, + 0a(2e — 2t,) is oM the frontier of
. When » = U, we can take w, = %, 0, =1 Anyway if we dcnolte by r
e radius of the largest sphere contained in ¥, we have [|[# — %, | 2 )0,
hen there exists M > 0 such that 0, > M for any natural n, because
therwise the sequence {u — .} = ¥ will be unbounded, which contradicts
¢ hypotheses. Hence :

8) u — ty = (1w, — w,) 0y wosUa M = G, < 1.

a consequence ol the convexity of J and according to (16) and (7) we
0 write :

and finally, to state:
(12) ey = min {[J-m V,,}, n=2012,.,

whatever the choice for g, satisfying (9) and (10) will be.

2. Convergence of the method. In order to prove the conver
the first step is the following lemma :
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(17) J(u) = J () + I, (s 22 — )M (1 — €},

Let u* be a weak accumulation point of the weakly compact sct {u,} ang
{u,} = {u,} a subsequence, weakly convergent to #*. Then as a consequence
of the Lemma 2 and of the lower semicontinuity of J, from the inequality
{17) we obtain:

J (1) = limsup J (1) 2 lminf J (u,.) 2 J (&*),

= o N =

wherefrom we conclude that u* is an optimal solution and tim J (un) = J(y),
e

Finally, since this argument is valid for any other sequence, which j

weakly convergent, we get to (15).

When the solution of the problem is unique, we have got the weak
convergence of {u,} to the unique optimal solution. Further, if' a condition
of strong compactity of U, or alternately a hypothesis ol uniform convexity
for JJ is assumed, then the strong convergence is achicved. i

3. Applications. At ecach step of the method, we have to solve, with
certain accuracy the problem (4) which is equivaleat to

(18) max < Y,

u;EdJ(unj

Upy Uy > MIN MAX < Y — Uy, Uy >,
wEl, u,€9d(n,)

where aJ (u,) is the subdifferential of J at w,. Thus the efficiency of our
method depends on the simplicity of solution of this problem. Usually,
even for differentiable functionals, the Frank-Wolfe mecthod is applied
to linearly constrained problems. When the set V' is chosen such that te
imply only linear constraints, the problem (4) is a linear programming pre-
blem. For a quite large class of nonsmooth functionals, as was shown by
E. S. Levitin [5]the problem (17)is a linear or quadratique programming
problt;m, or a nonlinear programming problem of a very special kind, easy
to solve.

We shall consider an extremal-value function, which was studi
previously by W. Hogan [2] and we shall prove the validity of th

hypotheses assumed in the section 1. Letf: R? x R" —» R, g: B »x R" ~
convex functions on R? = R* and X a nonempty convex compact set
R”. Suppose that, for any 2 @ X there exists a vector v & R" such that g(x, v)
Consider the function J given by '

(19) J (v) = r:lég {f(x, v)/g (x, v) < O}.

Let us denote M (v) = {r=X[f(2r,v) =J (v}, g(z,v) < 0}, for ea
veD (J).

Lemma 3. The function J defined by (19) is convex.

Proof. We show that the epigraph of J (epi J) is a convex set of R
Let [0y, @,], [vs, @] = epiJ and 2,=M (vy), @, <M (v.). Then f (2, v;) €
J & v:) € a.ond g (@4, v1) <€ 0, g (25, v:) < 0. Since f, g are convex func
we have, for 1= [0, 1], f (Az; 4+ (1 — A} @, 2vy + (1 — A)0:) € @uh +{
— ) a; and g Az, + (I — X) @y A0, + (1 — A) ;) < 0. Theretore J (¥
4+ {1 —Nwvy<h a+ (1 — Na, ie epi J is convex.

CONSTRAINED MINIMIZATION OF NONSMOOTH FUNCTIONALS 335

netion on R®, J is continuous in the interior of the
irectionally differentiable. W. Hogan has
we have

As a convex fu
offective domain D (J) and d
proved [2] that, for any veD (J) and heR"

oo, ) = int {5(a, v 3 9 Wy <H (@, v, b},

where f, {2, v3 ¥, k) is the directional differential of f at [z, v] € R” X R”
in the direction [y, h] = R? X R*, z=M (v) and

H(z, 0, k) = {y=R, [yl =gz + 1y v+ M)<O,
x4 ay X, for an interval 0 < h < A (@, Y, h)}.

20)

1)

e have to investigate now, when the essential hypothesis (8) is satisf ied.
for that, let us recall [4] that a convex functional J : £ — R 15 uniformly
{ sircctionally differentiable on a set D < D (J)if, for any <D and heli,
dqith | 2| =1, we have 0 < (J (z + M) — J (@Pfn — Iy (@, k) < &, whene-
ver 0 <A < &(¢)
Theorem 2. Ij,
direclionally differentiable on any compac
or the function J given at (18), the asscrtion
pek® withl k| = 1.
: Proof. Let v=D, heR® with A =1, arbitrary, and z<M (v).
According to (20), for any = > 0, there exists y = H (x, v, h) such that

(22) J, (v, h) = fi (x, 054, k) — €f2.

On the other side, by the hypothesis of the theorem and because D, =M (D)
is compact in R?, there exists 3 (<) such that, for any 0 < & < & (¢),

28) (f (@ + My v+ M) —f (@ o))h—fi (2,059 k) < <f2

y combining these relations we obtain :

D< (F (04 W) — J @A — T4 (2,0) < (f (@ + My v+ M) — f (@ 2D/A
—filz, vy, B) + ef2<ef2t gf2=¢

he R* with [h] = 1 whenever 0 < < 38 (e). Now, as we
(Theorem 6.1), this is equivalent to the hypothesis (8) on

in addition to the above assumptions, [ is uniformly
i set Dix D < R? x R", then,
(8) is satisfied, for any veD and

rany v<D,
roved in {4]
,g.e.d. ) )

Therefore the theory of the first two sections can be applied to the
ction J. The most interesting case is that, when the functions Jand g
continuously differentiable on X x W (1,). Then the derivatives arc
iformly continuous on the compact sct X % W {u,) and',l according to
¢ equivalence which we proved in [4], the directional differential of J
tisties (8) and it is of the form (see [2)):

J', (v, k) = (grad, } (x, v), h) + min {{grad.f(z, v), )y = R”,
3) (grad.g, (z, v), y) < — (grad;g (=, y), k), for x<M (v) and j =

= {1,2,..., m} for which g(z, v) = 0].
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Therefore in this case, the problem (4) is a lincar programming problem | snelele stintifice ale Universitatii LAl T Cuza™ din lasi
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especially cfficient for nonlinear programming problems of the form
(25) min {f (z, ¥)/g (=, y) < 0, h (2, y) = 0},
v
which are relatively easy to solve when y is fixed. For examplc if f, g and

are lincar with respect to a, then it is natural to consider the equivalent
problem of minimization of

1. C éa J. — Optimisation. Théoric et algorithmes, Dunod, Paris, 1971.

CONNENIONS SUR LES FIBRES SPINORIELS

J (y) = min {f (&, P)ig (=, y) < 0, k (x, y) = O}
’ PAR
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- GG ] emat - 5 . &

QA L S aculty of Mat p-) de base B, de groupe struetural 6 et de  projection =p. Nous notons
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’ ar R, :u — ug,uspP, geG Paction de G sur P et par ¢,:G = P,ueP,
layi, R. 8. Romin

fapplication g — ug, ¢ <G, o, est un difféomorphisme de classe €' entre
e croupe G et la fibre au-dessus du point p = =p(u). Le foncteur tangent
era noté par 7'. Considérons la suite exacte de fibrés vectoriels au-dessus
L P

I Trp!
1) 0-)P>(G—>TP-—>1I?:TB"I—)OO\32

G cst Palgtbre de Lie-Banach de G,

= THM cst le fibré image réciproque de TM par = p,
Tr! = {zp Trp)y tp: TP - P,

I(u, 4) = To,(A),usP, A=G,

Un G-fibré veetoriel est un fibré vectoriel sur lequel G opere par des
tomorphismes de fibré vectoricl. Si nous considérons les actions naturelles
G sur TP et =3 TM ainsi que 'action de Gsur P x G, (u, 4) g = (ug,
(e) 4). w=P, g=G, 4 =4, alors la suite (1.1) devient une suite cxacte
G-Nbirés vectoriels.

Définition 1.1. [8]) Une connexion (infinitésimale) sur le f.p. P (3,
G) est une scission de la suite exacte (1.1) de G-fibrés vecloriels.
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