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§1. Introduction. Let M be n Riemannian submanifold immersed
in M. Atcach point p= M, let D, be the maximal holomorphic subspace
of the tangent space M, e JO, = D, If the dimension of @, is the same
for all peM, we have a holomorphic distribution © on M.

Recently in {2], A. Bejancu introduced the notion of a CR-
submanifold of 3. M is o € R-submanifold of an almost Hermitian manifold
on M a C= holomorphic distribution @, such that its

3 if there exisls
1 M (6), i.e. JDL © T M, where

orthogonal complement ®L is tolally real iv
713 is the normal space at p. '

In the present paper, we generalized some results obteined in [2],
[3] and [+4] for CR-submanifolds of a gencralized complex space form. In
§3 we give a characterization of CR-submanilolds of gencralized complex
space forms in terms of the restriction of the curvature. In §§ 4 and 5, we
study different kinds of «ectional curvature, Ricei tensor and sealar curvature
of 2 CR-submanifold of a generalized complex space form. Finally in §6,
fotallv umbilical (' R-submanifolds are studicd in detail.

§2, Preliminaries. Let Al be a Riemannian submanifold in
anifold M. We denote by V (respectively, V) covariant

an al-

most Hermitian m

differcntiation with respect to the metric on M (vespectively, on M). The
vature tensor R of V is given by

R(X,Y) = ViVy — ViVx — Vi 1y

nd we denote by B the curvature tensor with respect to V. We write

', R(X,Y,Z, W) =g (R(X,Y)Z, W)

I Moreover the sectional ecurvature of M is
R(X,Y,X,Y)

Z(X, X)g(V,Y) — g (X, ¥)

The second fundamental form ¢ is given by

2.1) K (XAY) = —
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(2.2) o(X,Y) = V¥V — V¥V

fo i
A\ ;v:ector fields X, ¥ tangent to M. For a normal vector field
(2.3) Vrb = — AX + V4E,

where — A4 X {respectivel L1E) i i
| y, VL£) is the tan i
component of V& Moreover : ettt normel

(2.4) g(0(X,Y), ) = g(4X,Y).

i Fo~r tl}e second fundamental form o, we define the covariant diffe
lation V with respect to the connection in (TM) @ (T+M) by ~

(25) (Vo) (¥, Z) = V(o (V, Z)) — a (Vi¥, Z) — o (¥, VoZ)

for all X, Y, Z tangent to M. T i
i respectivelyg “ . The equations of Gauss and Codazzi are thep

(26) R(X,Y,ZW)=R(X,Y,Z W)+ g(a(X, W), s(V,Z) —
-8 (G (X» Z)v G (Y’ "f')),
(2.7) (R(X, Y)Z)+= (Vz0) (Y, Z) — (VVo) (X, Z)

where + in (2.7) denotes the normal component.

A RK-manifold M 9)is a g
. n almost i .
nian curvature tensor \(rerified st Hermitian manifold whose Rleman-‘

R(X,Y.Z2, Wy=R(JX,JY,JZ, JW),

where X, Y, Z and W are vector fields tangent to M.

It is known (9) that if M is a RK-mani 2
h ! -manifold, th s

constant type, if and only if there exists a C= functioznaﬂslu::ll?stl(lggmmm

(2.8)

MXY)=e{g(X,X)g(Y,Y) — g(X,Y) — g(JX, V),

;t‘;e](gssgaﬁgiegst \t;-)itf'l . Furthermore, ]lrf_ has global constant type if and on
e of 3. 1 a constant function «. This « is called the cons
Among the Kihler manifolds, th
) 1 s ose, of constant 1

iectlonal curvature are of particular interest and are callzlc]l corl:::)ﬁgcm:g
Ot;rnls. ..Such manifolds belong to the class formed by the RK-manifo
5 Hcotrllbtant holomorphic sectional curvature g and constant type
all these manifolds generalized compl M ( .

C plex space forms. Let M (g, o
generalized complex space form of constant holomorphic sectiona(lpcur)vat
p# and constant type a. Then we have

-

Eon M, we |29

{@11)

4 that is the structure introduced by K.
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REDZ - L @AY - XDV
+ 5 @ (o (X, JZ)TY — g (V,JZ)JX + 2 (X, D) 2},

re X, ¥ and Z arc vector f{iclds tangent to M. .
Let M be a CR-submanifold of an almost Hermitian manifold M.

The distribution ® (respectively, D) can be defined by a projector P (res-
pcctively, Q) which saiisfy the well-known conditions

(2.10) Pr— PR —-Q, PR=QP =0.g0(P xXQ) =0

Let £ be any normal vector ficld on 3. We put

whe

JE = bE L el
is the DL-component. (respectively. the normal,
(2) that ¢ + ¢ =0 on the normal bundle,
Yano [17]
We give the following cha-
complex space form In

shere bE (respectively, ),
component) of JE. It s known

§3. Characterization of CR-submanifolds.
racterization of CR-submanifolds in a generalized
curvature tensor of the ambient space.

er CR-submanifold M of an aimost Hermitian manifold M
D+ of non-null dimen-

terms of
A prop

is a CR-submanifold with both distributions ® and

SLONS.

: 31. Let M be a submanifold immersed in M (p, ) with

if and only if the mazimal

p € M, define a nontrivial

Theorem
g+ a. Then M is a proper CR-submanifold

holomorphic subspaces @, = T,M n J (T,M),
differentiable distribution D on M such that

(8.1) R 9 9, D) =0

where DL denotes the orthogonally complementary distribution of D in M.

Proof. 1f M is a proper CR-submanifold for any X,Y = 9, and
Ze ©L, (2.9) gives R(X,Y)Z = [(» — «)/2] g (X, JY)JZ. Because JZ
is normal to M for any Z = D, we obtain (8.1).

Conversely, if the maximal holomorphic subspaces Q,=T,MnJ
(T,M), p € M, define a nontrivial differentiable distribution ® such that
(8.1) holds, then (2.9) implies that 0 = R(JX,X,Z, W) = [(u— «)(2]
g(X, X) g (JZ, W) for all X = ® and Z, We ©+. From this we see that
JDL is perpendicular to L. Since D is holomorphic, JD4 is also perpen-
dicular to D,. Therefore JOF = T3-M. This shows that M is CR-submani-

fold.

A submanifold M of an almost Hermitian manifold M is said to be

mvarient if we have e
(R(X, V) T,M = T,M
for all X, Y = T,M, pes M.
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Theorem 3.2. Let M be a ] ]
2. t : a proper CR-submani ; ;
M (u, a). Then M is an incariant submag{fold if a:;drg?z?;ﬂ;dg TTersed %

Progf. Forany X,V € DandZ s DL, from (2.9)wehave R (X, ¥
]; [(e — a«}f2] g (X, JY)JZ. M M is invariant, R (X, Y)Zis tan s
ecause JZ is normal to A, we obtain p = a ’ ® rangent to i,
Conversely, if @ = «, then trom (2.9), w ‘ R(X
) ° v, if > 2.9), we have R (X, V) 7 =
X —g(X, A)'Y}. for any X, Y and Z tangent to A, (givinir the sIJ':ei‘?ll(tY, 4
. §4. Sectional curvature of a2 CR-submanifold. If M (u, «)is ‘],.ﬂ' :
ized complex space form, ihen (2.6) and (2.9) give R R

oo 3
t

BX,Y,Z, W) = g W) (Y, Z) — g (X.Z2) g (Y, W)} +

:J._

1
-

(4.1) X g (X, JPW)g (V. IPZ
g (X, JPWYg (V. IPZY — o(X. IPZ) g (Y, JPW) —

4

2 X, IPY) g2, JPW)] — ol (X.Z), o (V. W) 5 g(c (X, W), o (Y Z))
where X, V, Z and W oare vector fields tanoent {o . 4

FEY M
Fhe seetional curvature K !
scetional curvature Ky determiined by orthonormal veetor X

and ¥ is given by
Ky (VAY) = 2182 80 oy rpyy
(4.2) A o T s (PN IPY) 4 g (e (X, X),
c(Y.Y)) —e(a{X.Y) o(X,¥)) "

The holomorphic sectional ¢ t ' :
> orphic sectional curvature H ol M dctermi d i
vector X, H (X) = K (XAJY) 15 given by rnined by = 8

13) II(X) = + g(G (JY, X). G(JX_. -I.‘Y)) == g ((; (_X_" JX)! a (X,JX)).

If M (4, «) is a nearly Kachler j e (VeJ) X

g ; i manifold, Le. (VEJ) X =0 {
tangent to M, then from (2.2) and (2.3) wc¢ have R o
{4.4) o (X, JX) = JRVzX + co (X, X)

for any vector vector fiel M whi P
(4.4) we obtain teld on M which lie in ®. Asa consequence

6 (JX, JX) = JQV,xX + ¢ (X, X).

Therefore, the holomorphic secti
5 ctiona . 5 .
i e e ® It glzven bvl nal curvature H of M determined b

H(X)=u+ [[bo(X,X)|* — [0 (X, X) [P — [Jea (X, X) [ — II:QVxXI
+ g (s (X, X), JRV,xX) — 28 (co (X, X), JQVX).

Remark. If i ticuls : ) ) .
7= o) then we rég};ar tcular M is a complex submanifold of *M (i.e. @

H(X)=p—2[c(X, X)|.

——
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Definition. A o-submanifold N of an almost Hermitian manifold M
0}, is a complex submanifold satisfying
o (JX,Y) =0 (X,JY) =Jas (X, Y),

are vector fields tangent to N.

Remark. o is the second fundamental form of N in M.
Proposition 4.1. Let M be a CR-submanifold of an almost Hermitian

panifold M. I ' D is a integrable distribution and the integral submanifolds

are s-submanifolds, then

where X and Y

s (X, JY) = o (JX, Y)

bmanifold and ¢’ ’Ehe second i'un_da,mental
itold, we have o (JX, Y} = ¢ (X, JY).
4

for al X, YV €9,

Proof. Let N be an integral su
form of N in M. Since N is g-subman
Now G =0 T s and hence

-
d
»

(4.5) (N, JY) — o (JX,Y) =d (JX,Y) — o' (X, JY)
pul the left hand side s normal to M in M and the right hand side is tangent
Therefore both sides of equation (+.5) vanish,

to M (normal 10 N in M)
iving the desived condition.

) Corollary 4.2, Let M be a C R-submanifold
H. 1/ © is ¢n integrable distribution, then

6 (X, JY) = o (JX, )

of a nearly Kaehler manifold

for all X. Y = D.

The proof fullows from ithe P
Theorem 4.3. Let M be a CR

If D is an integrable distribution and the integral submanifolds

folds, then the Tiolomorphic sectivnal curvature verifies H{X) < u for all
Proof. From {(4.3) and Proposition 4.1 we have

HX) =p— (Jo(XX) [+ e (& IX[)

giving the result.
Theorem 4.4. Let M be a CR-

roposition 4.1 and [10], {Theorem 3).
-submanifold immersed in M {u, a).
are a-submani-

Xe .

3

submanifold immersed n M(p, ). If
) s nearly Kachlerian manifold and 9 1is an integrable distribution,
then the holomorphie sectional curvature satisfies H (X) < w, for al X = 9D,
The proof follows from Theorem 4.3 and [10], (Theorem 5).

Definition. The distribution @ is called parallel with respect to the
Riemannian conncetion V on M if ¥V e foral X, Y =9,
Remark. 1t © parallel with respeet to v, then it is integrable, thus,
Theorem 4.3 and 4.4 are also valid.
_ Definition. The CR-submanifold M is called D-totally
tively, D+ -totally geodesic) if o (X, Y) =0 for cach X, ¥ €D (respe

X, Y e ©L). .
Theorem 4.5. Let M be a CR-submanifold immersed in M (p, a). We

suppose that
a) D is integra

geodesic (respec-
ctively,

ble and the integral submantfolds are ‘g-submanifolds.
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b) H(X) = u for each X = D.
Then, M is D-totally geodesic. Moreover, if M is D-totally geodesic, the,
H(X)=p for all X € 9D.
The proof follows from (4.8) and Proposition 4.1. _
_ Theorem 4.6. Let M be a CR-submanifold immersed in M (p, ), I
M (g, @) is a nearly Kachler manifold and the following conditions are fulfilleg
a) D 1is integrable
b) H{X) = for all X €D
then M is D-lotally geodesic. Moreover, if M is D-totally geodesic, they
H(X) = p.
Let {E.,..., E,;} be a orthonormal local frame field on M, such that
{El yeees Ep; Ep+1 = JE! savey Eap = JEp} (respectively, ':E!.“+1 LR Ezp+:r}) s a
local frame field in @ (respectively, in DL).
Definition. The CR-submanifold M is called ®-minimal (respectively,

2p a

Di-minimal) Y, {6 (E\, £} = 0 (respectively, Y {o Espii; Expsi)f = 0).
i=] i=1

~ Theorem 4.7. Lel M be a DL-minimal CR-submanifsld immersed in

M (u, x). Then M is DL-totally geodesic if and only if

(4.6) pt e

Jor all X, Y €D,

Proof. If M is DL-totally geodesic (4.6) follows from (4.2).

If K (XAY) = %ﬁi for each X, ¥ e®L, since M s DL-minimal

K. (XAY) =

from (4.2), we have
" ) (EZJH-b E2p+:) ” =0
for all 1 < 4, j < g. Therefore (X, ¥Y) =0 for all X,V = DL,

Definition. 4 CR-submanifold M is called CR-totally geodesic i
c(X,Y) =0 forany X © Dand Y = DL. The sectional curvature determined
by orthonormal vectors X =D and ¥ = DL is called CR-sectional curvature,

Theorem 4.8. Let M be a CR-submanifold immersed in M (u, «) &
the CR-sectional curvature is given by

Ky (XAY) — —“—t—gi

Jor all X € ® and Y & D+, and one the following conditions is satisf
a) M is D-minimal, i
b M is Di-minimal,

then, M is CR-totally geodesic.

Proof. If Ky (XAY) — ”—%4—3—“. for all X =D and ¥ & D4, f

(4.2) we have
2p

q
% 11 (B Erpoll* = g % W0 £, 3 0 (o )
.3 i=1

i=1
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forall1 <i< 2pand 1 <7< q It Mis D-minimal (respectively, D4-mini-
mal) we have o(X,¥) =0 forall X =« D and ¥V = DL,

Theorem 4.9. If M is a CR-submanifold immersed in M (y, 2) and
the jollowing conditions are satisfied

a) M is DL-minimal,

b) D is integrable and the integral submanifolds are o-submanifolds,
e) H(X) = p for all X = @,

d) Ku(XAY) —.-‘i‘—;ﬂ Jor all X & TM and ¥ = DL,

then M is totally geodesic. Moreover, if M is lolally geodesic a), ¢) and d) holds.
Theorem 4.10. Let M be a CR-submanifold immersed in M (4, «).
I} M is nearly Kachlerian and the following conditions arc satisfied
a) M is DLt-minimal,
b) D is integrable,
¢) H(X) = n for all X9,

d) Ky (YAY) —“—;ﬁ for all X T and Y = D4,

then M is totally geodesic. Moreover, if M is totally geodesic a), c) and d} holds.
. §5. Ricci tensor and scalar curvature of a CR-submanifold. It is
well-known that the Ricei tensor of a Riemannian manifold M 1s given

by
S(X, Y) — i R(X: E":'a E[» Y),
de=]

where [, ,..., E,} is an orthonormal local frame field and X, Y  Taf.
Let M be a CR-submanifold immersed in M (u, «). Then from (2.6}

we get

3(m —
4

Stx,Y)=('"‘j:2 o+ 2) a)g(Px, PY) +

b1) _______m: L (o + 30) 2 (RX,QY) + Zm,‘, {8(c(X,Y), o (Ec EN)) —

- g (G (X! Ef)v a (Y, Ei))}s
orall X,V e TM.
In this way the scalar curvature of M is given by

azmz—m-}-ﬁp p+3(mz_m—2p)at+
2) . 4 4
+ Y, {8((c(Ey E)), o (Es E)) — g(o (Ey, E)), o(Ew E)))}-

iim1
It {%,,..., Esn-m} is 2 local frame of normal sections, then we have

3) (X, Y) = 2§mg (e, X, Yo )5

a=1
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thus, from (5.8) we get

— -1
S(X,Y) =(ﬁ—i“— +3L"1r2la)g(Px, PY) + 7 (u +
+
".'l-} 2n—m
G e @N.QY) 4+ 3, H(Trde)g (4. X, ¥) — g {4z X, 4.Y),
=1
2 S a )
) eoTommitor,  Amwom LY o P

4 4

where L = Tr ofm is the mean curvature vector.
Therefore we have . - . 3
Theorem 5.1. Let M be a minimal CR-submanifold immersed in M
{u, ). Then
a) S — (

m

m - 2 3(m — 2)
Mmoo, p—

—1
(n+3a)ga
: &

a)g o (PaP) —
o (QrQQ)is negative semidefinile, )
) m® — ni + Gp

g ———— &

by ¢ f f B
Theorem 5.2. .1 minimal CR-submanifold M 'i-m';‘n.(’rse(l.-in M (u, ) i
tatally gcodesic if and only if one of the followingd conditions is satisfied =

g 5= {1 o 2= o) g o (roP) - 1 (09 golQe
4 + A

[} no_ .
3(m m p) o

- ¥ 2 - ¥
e = __'i:_:ji_:t_fm— W 3(m IL _p) L
§6. Totally umbilical CR-submanifolds. Suppose M is totally umbili
that is

6 (X,Y) =¢(X, Y} L,

where L is the mean curvature vector. Then we have ) )
Theorem 6.1. Let M be a totally wmbilical CR-submanifold vmm
in M (u, @). Then M is a space of constant curvature if and only if W
Proof. 1t M is totally umbilical, for any planc of the tangent spac
sectional curvature is either

3 o
(6.1) Ky = —**-fj;——f- LLE or
(6.2) H=p+ [ LI
Then, the theorem follows from (6.1) and (6.2).

Theorem 6.2. There exist no totally umbilical proper C R-subma
cmersed in M (w, &) with p # o N .
o Proof. Suppose there exists a totally umbilical proper_CR-sul?m
M of M (u, o) with u # « Let X and Y be two non-null vector fiel
@ and DL respectively. Then for the normal part of E (X, JX)Y

363

(6.3) (R(X,JX) YL = — e

. g(X, X)JY #0.
Since M is totally umbilical, from (2.7) we have

(RN, JX) V)L =g (XN, V) VL L — g (X, V)V L =0,
which contradicts (6.3). Thus the proof is complete.

Corollary 6.3. There exist no totally geodesic proper C R-submanifolds

| immersed in M {u, a) with w # a.

o Rialr
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