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ON SOME ORBIT SPACES
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Our aim is to study in this paper some topological spaces X, the
covering space of which is a product ¥ X Y.

We suppose all considered spaces connected, locally path connected
and semi-locally 1-connected. Then, the problem can be reduced to the
case of the universal covering spaces, according to:

Lemma. Let X be a connected, locally path connected and semi-locally
Y-connected space, such that there erists a covering projectionp: Y X ¥ = X,
with Y a connected, locally path connected and semilocally 1-connected space.
Then, the universal covering space of the space X is in the shape X x X,
with X a simply connected space.

Morcover, the group =, (X, @} is isomorphic with the group of the
covering transformations of the covering space X X X and =, (X, x,} is
a properly discontinuous group of homeomorphisms of the space X X X.
Since X % X is a regular covering space, X is homeomorphic with the
orbit space X x X/m, (X, @)

According to the above considerations, we consider a properly dis-
continuous group of homeomorphisms of a product X x X, where X is a
simply connected and locally compact space. Denote by E = X x X/G
the orbit space.

We shall prove that under certain conditions, the space E is a locally
trivial bundle, such that X is the universal covering space of the fiber and

of the base space of this bundle.
Let X be as above, and let z, € X. Denote :

= {g=Glg(X X @) © XX To}, Crpx = {8 Glg (2 X X) 20 X X}

Remark 1. Gxyz, N Goxr = {1}, where 1 is the unity of the group G.

Theorem. Let G be a properly discontinuous group of homeomorphisms
of the space X % X, where X is a simply connected and locally compact space.
Suppose that, for a point z,<X, the following conditions are satisfied :

a) There ewxists a homomorphism a:G — G, such that Im o« = Grux
end the equality g . {(x, y) = (', y) implies «(g) . (To, y) = {2, ¥'); 8 € G,
{z, ), (2, y') = X X X3

GX)(I.
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b) there exists a mapping p:G - Gyyq,. such that the equality g . (z, y)
= (a’, y) implies B(g).(x, ) = (2", 1), g € G, (x, y), (', y)s X X X,

Then :

(i) Ker a = Gx,.,,

(ii) B is onto,

(iil) every element g € G is of the form: g = g, .8, with g, © G,
& € G x, and g, g, are uniquely determined, )

(%) Gugx = {2 = Glg (2. y) = (¢, ¥') = £ - (20 ¥) = (@00 ),

(v} there exists a locally trivial bundle :

!l LE=XxX/¢6—2-B,
such that X is the universal covering space both for F and B.

Proof. (i) Let g €Gx,.,. That is, g . (x,, z.) = (2, @,). From the condi-
tion a), it follows «(g). (e @) == (@0, &), which implies « (g) = 1, that
is Gx.., < Ker a. Then, if g <G, such that «(g) = 1, let (2, ) € X x a,
and let g. (z, @,) = (2', y). From the condition a), it follows « (g) . (x4, 2} =
= (@q, y)=>(T0y &o) = (24, ¥), therefore g.(z, x,) = (2', o), thatis g€ Gy,
So we have Gz,., = Ker a.

(i) Let g=Gy,,, and let g.(z,, x,) = (z', ¥,). From the condition
b), we have B(g). (z, &) = (2, 2,), and then B (g) = g.

(iii) Let g€G and let «(g). (x, &.) = (zo, @'). Then, «{a(g)) (g
2o)=(y, '), that is alg)=ala(g)). It follows that g,=a(g).g7< Kera =
=Gz, which implies g=g. a{g), with g{' € Gx,,, (since this is a subgroup
of the group G by (i)} and «(g) € Gupx-

The uniqueness of the decomposition follows from the Remark 1.

iv) Obviously, if g.{(x, y} = (2, y’) implies g . (w0 y) = (@0, '), then
g =Gy x Then, let g € Gpyy and let g. (2, y) = (', ¥') and g . (20, y) =
= (2,5") We have a(g). (2o y) = (20 ) and @ (g) (e y) = (20 §)
therefore ' = y"/, thatis g . (x, y) =(=", ') implies g . (zo, ¥) = (@0 ¥')-

(v} By condition a) and conclusion (i), G, x and Gx,., are subgroups
of the group G. Then, Gg,., is a properly discontinuous group of homeomor-
phisms of the space X X 2, and G,y is a properly discontinuous group
of homcomorphisms of the space x,xX. Denote by F = (X X 2,)/Gxxa
and B = (z, X X)/G.,.x the orbit spaces of these actions. Define the map:

[iF = (X X 2,)/Gxyz, = E = (X x X)IG, £

— i
by f((z, x,)) = (, x,), where (_aE'_,_azo) is the orbit of the point (&, 2,) by the:
action of the group G,z and (2, ,) is the orbit of the same point by the
action of the group G. It follows easily that f is well defined and continuous:

This map is also injective. In fact, if f (z, @) = f (2, zo)), it follows tha
there exists g € G, such that g. (z, x,) = (', 2,). From the condition b

we hawe B (g) (a, x,) = (2', z,), that is (.i;,_gﬁ) — (7', @). Now, we defin

— VAN !
the map: p: E - B, by p (@, )} = (20, y) where (z,, y) is the orbit
the point (2, y) by the action of the group G, x. The map p is well define

if (z, y') = (@, y), then, there exists g € G such that g.(z, y} = (s ¥,
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From a), it follows that « (g) - (zo» ¥} = (20, y'), and therefore (z,, y) =

= (Ze, y')- The map p is also continuous. In this way we obtain the sequ-
ence of continuous maps :

! E=(X X X)|G ——= B = (z¢ X X)[Gzxx-

F = (X X 2}/Grxaz,

For (.'rj_a'zo) e F, we have pf(ﬂo) =p (z, 2o} = (@0, ), that is
fiF)e p™* ((w/o,\ z.)). Then, let (z, y) € p7((zo o)), that is (ze y) =

— (2o, ¥o), which implies g . (xo, y) = (@, o), for an element g € Gg x x-
It (follov:'s w(g) =g Let g.(x y) = (z', y'). Then, «(g) . (@., ;y) = (2o, Y' )
that is g . (2o, ¥) = (@e ¥} = ¥ = Zo. Thus, g.(a, y) = (z', z;), which

implies (z, y) = (wTa;.,) =f(£’7’:5.,). In this way we have p™' ((zo @) =
=f (F), which is homeomorphic to F.

VAN —
For a point (;:,\y) e B, we have: p ((z,, ¥)) = {(z, y) = E}. Now

{ +¢ construct a homeomorphism : & : F — p (20, y)), defined by & ((z, o)) =

= (z, y) (y is fixed). This map is well defined and continuous a:nd
injective. In fact, if h((mn)) = h{(&, z,)), it follows that there exists

= G, such that g.(z, y) = (2, y). Then, « {g) - (a:P: y) = (2o, y), that
A5 «(g) =1 =g = Gxy and therefore g . (@, @) = (”ac s Xo). From”b), we
have B (g) - (@, @) = (@', 2o) and B(z).(a, af:_‘,L= (x ﬂ) Then 2" = z'.
Thus, we obtain g . (z, x.) = (m’iiv_o_), that’ii_(ic, z,) = (', @,). The map A 1s
bijective and his inverse A7 (=, yo)) = {, x,) 1s continuous.

Now, we consider the diagram :

(X X 26){G s - E = (X x X)j6 —"—~ (7o X X)fGrixzx
1 1 t

7, "~

Ty

s _>X

X & X x X

VAN
w(z y) = (@ ¥) no{x) = (wm_w)s fo(m) = (, o),
plz, v) = y. Obviously m,, 7, 7. are universal covering projections. It
follows easily that the diagram (*) is commutative. We can prove that
the upper line of this diagram is a locally trivial bundle. For a point 2 < X,
¢t U be an open neighbourhood, such that gU n U= &, if g= Groxx
ind g« 1. Then, =.{U) is an open set in the space B. Define a homeomorphism :

oy p i m{U)) — m(U) X F, by .

where =, (2) = (5:',—;:'0),

@) = (G (7, where (ey) € X x U, such that
59— (77 ¢). In fact, if (z, 9} p(m(U)), then, p((zy) = (a0 9) <
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eny(U). It follows (@, ¥) == (o, y’), for an element y" = U. We have
g (2o y) = (oY) forag =Gy and a(g) =g 1fg. (2, y) = (@', y)s
= 2(2) (30, §) = (20 y) = & - (Ter §) = (@0 y") =y = ¥/, that is (3, y)=
= (2, y') and (2, y’) € X x U.

Let (2", y’) € X x U be another pair, such that (z, y) = (27, "),
Then, g. («, y') = (z’, y"'), which implies a (g). (2o ¥') = (x4 ¥”) and by
assumption on the open set U, we have «(g) =1, that is g = Gx,,,, and
this implies g . (z', o} =(2", z,) that is (2, xo)=(z", x,). Therefore, the my
gy is well defined and it follows easily that is is also continuous. We prove that

gy Is an injective rnap./I’iet (z, y), (2", ') = X x U and let gu((z, y)) =
= oul(Z7 7)), that is (2, 9, (@ o) = (@ &), (&, 20)). We have (z,, y) =
= (@, y') and, there exists g. € Gy, such that g..(z, 2.} = (2, ,)
Let g;.(z, y) = (2, y''). We have «(g,) (2o ) = (20, ¥'). But a(g;}) =1,
and therefore y’ = y. We obtain g,. (2, y) = (2", y). From condition
b), we have B(g.).(x, ) = (", 2,). But B(g.) (z, x,) = (&', xs). Thus,
2 =a and g, . (¢, y) = (@', y), which implies (z, y) = (=, ).

The inverse map of ¢y is defined by o7'{(Te y), (z. x.)) = (z, ),
and is continuous. Thus ¢y is a homeomorphism.

) V2 N - VAN

Finally, psg'((ze ¥), (@, 2o)) = p ((@, ¥)} = (20, y). This finishes the
proof of the theorem.

Remark 2. If we identify the group G with the group =,(E,e,) and
the group Gy, with the group m; (B, b,), by = p (e,), then, the thomomor-
phism « : G — G x can be identified with the homomorphism py. : m.(E, €,) =
- (B, by). Also, if i :Gyr,,, — G is the inclusion, then, ¢ can be identified
with the monomorphism fi : ©,(F, e,) = w:(E, &)

In fact, we have the commutative diagram :

a

G—————— Grpx
¢ L
i Py 4 :'
(X, 80) “"’ ﬂ:l(B, bo)s Tl.

where ¢ and {’ are well known isomorphisms ([1], pag. 117). Recall th
if g G, then ¢ (g) = [z &], where & : I - X X X is a path, with & (0)
= (%o, @) and & (1) = g. (2o, @) = (@1, y,). Similarly, ' («(g)) = [m@
with &,(0} = (2 @) and &(1) = a (g) . (@4, To)- But g.({zq, 20) = (zn
implies a {g) . (%o, To) = (@0, Y1), and therefore we can set &, = pod. In f
&1(0) = pol@os X6) = (20y o) and &4(1) = po (1) = po (@1, #:) = (T0 P
=u(g) . (Zo o). Thus, we obtain ¢’'a(g) = [rope] = [pré]=pg[né]=Pr#
In a similar way it is proved the commutativity of the dia
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G,Yxra — G
W b4
Lo, !
(¥, ¢o) — 7y(E, eo)-

Corollary 1. Let X be a simply connected and locally compact space
and let G be a properly disconfinuous group of homeomorphisms of the product
space X X X. If there exists a point x, = X such that for every g € G, the
aquadity g (@, y) = (2, y') implies g . (X0 y) = (o, y'), then, the orbit space
E— (X %X X)/G is a locally trivial bundle with the fiber X « x, and the
base space {xo X X)/G.

Proof. Define a:G — G, x =G by «=1c Then, the condition
a) of the Theorem is trivially verified. Now, if g € Gy, we have g . (&4, 2o)=
= (:F, il’,'u) =4 (g) . (mm 'I‘o) i (3-70! '-'Cu) =g. (‘309 .'En) = (m:u ‘Tt) = g = 1, that
is Gyxz, = {1} and the trivial map B: G — Gy.z0 = {1} satisfies the condition
b) of the Theorem.

Corollary 2. Let X be a simply connected and locally compact space
and let G be a properly discontinuous group of homeomorphisms of the product
gpace X x X. If there exists a point @, = X, such that % g = G, the equalily
gz, y) = (x', y') implies g . (x, z,) = (', @), then the orbit space E =
= (X % X)/G is a locally trivial bundle with the fiber zo X X and the base
gpace (o > X)/G.

Proof. Define a new action of the group G on the space X X X by
(@ (1)) = (pog (3 @), P18 (y, @), where p,: X x X - X,i=1, 2, are
the first and the second projection. Then we can apply Corollary 1.

Proposition. Let X be a simply connected and locally compact space
and let G be a properly discontinuous group of homeomorphisms of the product
space X X X. Let xo, v, = X be two points satisfying the conditions a) and
3} of the Theorem. Then, the locally trivial bundles

(X X 26)[Gxrzy ——r (X % X)JG ——ms (g X X)[Grpx and
(X X 26)/Gxrs - (X x X)/G = (g X X}Gpx»

given by the conclusion (v) of the Theorem, are isomorphic.
' The proof of this proposition is obvious.

Corollary 3. If in the Theorem, the condition b) is replaced by the condi-

{f P

tion :
1) Bis a homomorphism and g . (z, y)=(x', y') implies Blg) (z, @) =
= (2', a,), then, the bundle considered in the theorem 1is trivial.

Proof. Define the map

' - : J— VAN
(X X X)G — (wo X X)[Grpex % (X X @)Gxxa, bY h{{@, y)) = (20, 9),
2, 2,)). This map is well defined. In fact, if g . (@, y) = (@', y'), for a g< G,

hen, = (g) (20, ) = {T0r ¥') and_therefore (z,, y) = (2o, y'). Then
(8).(z. yo) = (&', o), that is (@, 25)= (', o). The map A is continuous.

= Matematied Univ.
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Now. let k= {, X NG x X (N X Pl Gy = (XX )G, with k{((x,, Y

— e N S
(7)) = (. y). Let (o, i) = (20 ) and (v, 7o) = (@', wa). There exist
€ G,y and g, € Gyyp. such that g, . (@0, y) = (@ ') and Lo (7, 00) =

(&, o). Let guge . (2 ) = (27 y"). Then, = (g,)« (g2) (2o. ) = (@0, "),
But « (g.) = 1, thus « (¢,) . {¥e, y) = (7, y''}. We have also « {(#) - (70, y) =
— (& '} and it follows y' =y, that is g4 -, y) = (2", y'). Then,
B(g)) B (g (@ @) = (@, ). But 8(g,) =1, and 1t follows B("a? -, 2g)=

(@, a,). Also using the velation B (g,) (v, @) = (@', @), we obtain 2’ = g,
In this way we have gig.. (», y) = (2, y’), that is (', ') = (x, y), which
proves thal the map k
nuous. We have hk =1 and ki = 1, that is h is a homeomorphism.

Finally, we have the commutative diagrams :

i

N r

(X % X)[G o (@0 X X)fCrunx
N :

h.‘ & .
! /

(0 3 X)Grex X (X X 20)[Cx

where pr, is the first projection.

Examples. 1. Let be X = R,G =7 ® Z,
on R::((m,n), (@ y))—{(z+my+ n).

Then, Guyro = 1. n) € Z @ Zfw, = ¥4 + n} = {(m, 0)/m = Z} =1,
Grpin= 1(m, 0} ZBZ[xe = @ -+ m} = {(0, n)jn € Z} =~ Z. Define a:G 5
= G G = Gryz,y by a(m, n) = (0,n) and B (m, n) = (m, 0}). These
maps satisfy the conditions a) and b’). By the Corollary 3 it follows that
R:G = T* is a trivial bundle over (w, X R)/Gpyr = S' with the fiber
(R % @){Grya, = S and R is the universal covering space for S'. &

o Let X — R and let G be the group with two generators a, b suc
that bab = a. The clements of the group & have the form a™b*, m,n€
and G acts on R by:(a™" (@, y)) = ((— 1) (@ + m), y + n). We hav
Gpyz, = (a"b"[0y = 1o + 1] {afmeZl = Z, Ya,=R and

{02y [psZhae# 0
ne Z}, wy=0.

Define «: G — Goyps B: G = Gryo, by afa"b") = a™, B {a®b™) = b™. T
maps satisfy the conditions a) and b) of the Theorem. It follows t
R:/G — K — the Klefh hottle, is a locally trivial bundle over the §
(0 % R)/{a”} = §' with the fiber (R x 0)/{b"t = S* 5
3. Let X = R and let G = Z. Consider the action of { on R® give
(n, (x, y)) = (ne’ + v, yh Then, Gporo = {7 EZ[n0 (2, vs) = (T, To)} = Z
G...n = 10}. The trivial homomorphism « : G = G, = {0} satisfies
condition ), but it does not exist a map 8:6 — Gy
condition b). However, we can consider the homeomorphism ¢ : B*
oz, y) = (e, y), and define a new action of the group G = Z on

with the following action

[amh" |2y = (— 1)" (@ +m)} =

Ga'oxﬂ -

L e Corollary 2 are satistied. Moreover,

is well defined. It is easily verified that this is contj. |
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(i, y)) = o (i (o Mo y)) (w4 ney). For this acliom the conditions of
R:G is homeomorphic to the orbit
space of K- under this new action. This orbit space is homeomorphic to
a evlinder.

Remark 3. We justify the conditions of the above theorem as follows :

Let us consider the following commutative diagram :
Al . P
F - E - B
1 1 7
Py ' it ‘ ‘p,
o fo - r T -
X xm X % X — 2, X

with the first line a locally trivial hundle and po.ope, po universal covering
maps. Then, from [2], [3], iy : m(F, €0) = = f. ¢,) 15 injective and one
can prove that there exists 81 my(F, e)) = =(F, e), such that By =

=12 pe0rs and B satislies the condition h).

Morcover, if we define o:G (X < X/E) - G (2, x X[B) such that
the following diagram be commutative :

G(X % X[E) ———— G (% X[B)

W

¢

!

1
. "4
= (F,ey) -

: —— =B, p (eq))-

then o satisfies the condition a) of the theorem.
~In fact, if g. (@, x) = (a1, 1), for a g & G (X x X/E), then
24 (2)) = [1peis] or & (0) = (an ) and & (1) = (@ 3), and V(= (&)=
= [py6,], with &,(0) = (@, @) and &,(1) = x {g) (v, 2,). But the equality
0] = [paj{u&] = [pain] and pe& (0} = (@4, o), ,(0) = (2, @) implies
o~ &y rel T = 6,(1) = pod(1) = (24, y1). That is o (g} (@, a0} = (@0, 31)-
New, let g.(x, y) = («', y'). Then, p.g(w, y) = pa, y') = ppula, y) =
=pp. (¥, ¥’} = papo (%, ) = Ppol@’, Y’} = pal@e, y) = pa@e y'). Thus,
ere exists g, = G (z, X X/B), such that g, . (24, y) = (@, ). 1t is easily
roved that & (g,) = ¢'(= (g)), which implies g, = « (g).
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