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(which is valid not only for three sequences Sonws fore fur hut for any finit
E . e

5 .f"?i‘- .fﬂf !"‘!fn!,

are elements of the subring R, Consequently, from (31) ang
R, as claimed. But this, j

it follows that ¢, = R, and thercfore B, =
adiction. Thus, our assumption i

number of sequences fu, for U T
i From (28) it follows that the finitely many sequence
given in (29), . !

(32)
view of (19) and (28) leads lo a contr

false and « > R. Hence, the Theorem is proved.
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ON PSEUDO-IDEALS OF GROUPS

BY
M. K. SEN and T. K. DUTTA

. | A nonempty subset A of a semigroup § is called a left pseudo-ideal
| if and only if
; iy ab = 4 whenever a,b = A,

ii) 2t4 < 4, for every element z € S.

§ The right pseudo-ideal is defined analogously. In [3], t
down that : i) a left ideal of a semigroup is always a left pseudo-ideal but
he converse is not truc; ii) a bi-ideal [1] may not be a pseudo-ideal and
seudo-ideal may not be a bi-ideal. Also by means of the pseudo-ideal
or has obtained a criterion for determining the

nd bi-ideal, the first auth
egularity of a semigroup.

Now the object of this paper is to study some more properties of pseudo-
deals, cspecially, In groups. The example given below shows that a group
may contain pseudo-ideals. Pscudo-ideals in a group have some properties
hich do not hold in a semigroup. With the help of these properties of
mseudo-ideals, we have obtaincd the criteria for determining when a semi-
moup will be a group. Also by using the same properties of the pseudo-
jeals, we have proved the following k

In a finite field, every element can be expressed as a Sum of two squares.
. Ezample: R denotes the set of all non zero rational numbers. It
s known that R is a multiplicative group. Suppose 4 = {r* |7 < R}.
en it can be shown that /A is a proper pseudo-ideal of R. Again let B
2 subsct consisting of all the rational numbers 72, 1/3 7%, 3r°® where r = R.

ow B is also a proper pscudo-ideal of E.
The above example shows that a group may con

tudo-ideal.

We recall the following properties of pseudo-ideals. In a group a left

endo-ideal is a right pseudo-ideal and vice-versa ([3], p- 111).

Every pseudo-ideal of a group is also a normal subgroup but the

hverse is not truc. Hence in a group €very pseudo-ideal contains 1—the
p. 111).

entity clement of the group (81,
Now we have the following propositions.

he first author has

nown result:

tain more than one
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. seudo-ideal contains itself as a_PSE“dO"deal
G %?wf,ﬂ]e?l}}ng‘;Sala,ysﬁ‘lgggni%roup of G containing a p_seudc:lld_eal AS :ufd(j:
AB for any two pseudo-ideals 4, B of S, where B = {x* |z € B}. eGande € H Nowl = 4. Sogr=g.1¢€ A since A 15ap
Proof. Suppose § is a group and 4, B are two pseudo-ideals of §, ta{f, of G. Thus g?a < H. So H is a pseudo-ldeal of (é od A is @ pseudo-
Then AB < ASc 4. Alsoif z = 4, then z = x.1%? € 4B. Thus A ¢ AR 4 Proposition 6. If Nisa pseudp-zdeal of d“_?;g:f’ of g/N, Conversely, if
Hence AB = A. Similarly B4 =~ 4. So 4B = 4 — BA. gal of G containing N, then Alf %:ea?dgj-ifiléa? of G|N has the form A|N for
Conversely, let § be a semigroup, in which the given hypothes |y is o pseudo-ideal of G, then each p
holds. Let ¢ = 8. Now § and Sa being two ideals of S, are also pseudy.

: do-ideal A of G. cod i th
de g&uiiable pseu - G and be contained in another
ideals. Hencee by the given condition, § = 8 (Sa) = 5 (Sa) = (SS) ac & Proof. Let N be a pseudo-ideal of a group
Thus § = Sa. Similarly a§ = §. So Sa = § = aS for every element 4

cudo-ideal 4 of G. Then N is also a pseGUg?-ilciia; 131’ f j?l% 1;1::1?;1 z;ill;’ i
of §. Hence S is a group. : EIN' To prove A[N is a ;gegdoggial (ngr )a/ (;:N) s AN LTIV simec
Proposition 2. 4 semigroup S with the identity element 1 will be a groyy wd gN & G[N where g d;y-ideal l G[D:T_ N e N bea oo
if and only if every psudo-ideal of S contuins 1. p 2% £ 1 So AN is a psen
Proof. The necessary part is obvious. To prove the sufficiency parg,

;léal of G. Let K be a pseudo-ideal of G’/é\.r . Supp%t}a 1s rIF}h: na;iu?sll 201}1)1;:::3;:

A * — =3 a = . Cn ;

let every pseudo-ideal of the semigroup S contain 1. Let 4, B be any twg fphism of G onto G/N. Let th f{a to _!4 f;, of course, a homomorphism

pseudo:idegls of 5. Now [ s 45 g d-hlgo if geal then = = . 1+ = S 11 'Unftf bﬁé)‘zn??ugisgrlli(;of% g,nci? the kernel of o is, of course, g e NS:Z

IE-;IO A EZ_bAB. Hen_:f: Af? _S A, Similarly .1 = BA. Thus AR = A4 = EA,'I %fyjthle first isomorphism theorem ({2}, p- 58) AN = K. Hence the p
ence by proposition 1. & is a group.

Proposition 3. 4 normal subgroup H of a group G will be a pseudp.
wdeal if and only if every element of the factor group GH is of order 2.
Proof. Let G he a group and H be a normal subgroup which is als
a pseudo-ideal of G. Let «H = G/H where a = G. Now (all) = a*H ¢
Thus (aH): = H. So every element of G/H is of order 2. .
Conversely, let H be a normal subgroup of G and every element ¢
G/H is of order 2. Let g & G. Now g*H = (gHl)*. Thus g*H c H. So H isi
pseudo-ideal of G.
It is known {[2], p. 66) that the subgroup generated by all the com
tators in 7 is called the commutator subgroup of G.
Corollary 1. Every pseudo-ideal of a group G contains the commula
subgroup. :
Proof. The statement follows from the theorem 4.21 ([2], p. 6f
Corollary 2. 4 group G will be abelian if the intersection of all the pseud
ideals of G consists of I, the identity element of G, only.
Corollary 3. If A is a subgroup of index 2 of a group G, then A is a pseé
do-ideal of G.
Proof. The corollary follows since 4 is a normal subgroup and &
is of order 2. i
Proposition 4. Let G be a group. Now in G the set of all subsemigro

of G and the set of all pseudo-ideals of G will coincide if and only if the o
of each element of G is 2. '

Proof. Let G be a group in which every subsemigroup is also a pset
ideal. Now {1} being a subsemigroup, it is a pseudo-ideal. Thus a*.1'€
i.e. a? = 1 where @ = G. So every element of G is of order 2. Conver
let every element of G be of order 2. Let 4 be a subsemigroup of G. 4
for every 2 G, 2*.4 =1.4 = 4. Thus A is a pseudo-ideal o0
Hence the proposition. '

Proposition 5. In a group G a subsemigroup will be a pseudo
if and only if it contains a pseudo-ideal of G.

Proposition 1. A semigroup S will be a group if and only if BA = 4 «

.

o : G. Then there exists a
_ Let N be a pscudo-ideal of a group en.

-an(io Zﬁ&'lrflegoondiznce betweﬁa the pseudo-ideals of G contarning N and the

'. md%iggﬁgtioofnﬂ.]v Let H be a subsemigroup wilh tl;e :;'de-;-gityl elgn;gtel }c;f

i i is definied on G as Sollows : a p b if ana oniy .

goup -4 T & o velation 1 donly if Hisa pseudo-ideal of G.

‘ X : relation if and oniy 3 ’
k' ;’%c:o; szf, lpw‘ggea congruéf;lce relation defined on a group G asabov ea;
et @ ; H Then a.1 =a = H, ie a FI’EILHSO forI;ny z ;):qeGu’dclﬁdZal
e o xa. Therefore x*.a € H. Hence I 1S 8 P3&v
lft}zh(“,lgl?:'];::el‘; Pl:g H be afpseudo-ideal. Since H 15 a norrj})al su_l::grgué)
G, we have a c;)ngruence relation defli)ned I(}n G a; f;)l?lw%ht:l sa ::ba_: .
 Again si H is a pseudo-ideala™ . b & i <= d . sa p
"ig;l " <‘bmcseo plancll) o are identical. Hence ¢ 1s & cpngruegce.t .

P:op(;sition 8. Letp bea homomorphism of a sengr_ou]z orczi e(; ao _)5 eacj};
Now the hernel of o will be a pseudo-ideal if and only if the ord
” " 2.

It’rg{f.rieis K be the kernel of ¢ and the order of each elem)gn(t; ot; :I_f
9 Let @ = K so ag = 1. Now for anydg "EdG’I (%23) %o:_;v(frs?ely lzt -
1.1 =1. So g?a = K. So K is a pseudoq eal ol - Lomers DT
-1 Lethe H,andﬂqa_h.NOWlfa g
Zf):l;]il(}eiﬂ,(éf)ﬁ I(J;qp) =1li.e (gq?)’ — 1. So h? = 1 for every element h
fl. He the proposition. ) ) o
Co:tﬁ(l::ry. T}?e sgt of all subsemgroups of a group H wdflz cow:,;ztf‘e ;f:gﬁ
sel of all pseudo-ideals of H if and only if there exists a ogw P

b o semigroup S onto H whose kernel is a pseudp:zdeals of d. .

Proof. The corollary follows from the propositions artl O e and
Proposition 9. Every finite cyclic group of even order conlarn

do-ideal. .

' 0;:0(:){}1’01119:: Gp}:‘g@; i?inite cyclic group of even order 2n. Let it be geéxel:aéi;idl
8. Now the set A = {1, 8% 8% 8"} forms a Pproper pseuco-l
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of G. We claim that 4 is the only proper pseudo-ideal of G. Let there } e Vs, 1 a, 1979, 1. 2

another pseudo-ideal B of G. Since 1€ B, 4= B. Now if 4 # B then
contains at least onc element g where r is an odd integer. In this gy
B = G. Hence the proposition. '

Proposition 10. Every finite cyclic group of odd order does not conig,
any proper pseudo-ideal.

Proof. Let G be a finite cyclic group of odd order and 4 be a pseug,
ideal of G. Then the factor group G/4 is also of odd order. But in thyl TASICONFORMALITY
case G/A4 cannot have elements of order 2. Hence G does not contain :::yt oN AN ANALYTIC CHARACTERIZATION OF QUASICO!
proper pseudoideal. | IN NORMED SPACES

Now using the proposition 9 we shall prove the following known regyj BY
of twfr;;g;:t;on 11. In a finite field, every element can be expressed as a syy| MONICA FRUNZA

Proof. Let F be a finite field. Then ¥ = GF (p”) for some prime 'jn.'
teger p. Letl’ = GF (p”). Now the nonzero elements of I' forms a multipji|
cative cyclic group of even order. Hence, by proposition 9, the set of g
nonzero elements of I' contains one and only one proper pseudo-ides]
So I', which may be considered as a multiplicative cyclic group with exte
nally adjoined zero, contains one and only one proper nonzero pseudo-ide
given by I' ({z* 2 e T'}. Let I" = {a* + y* |2,y = T'}. Then I is g
a pseudo-ideal of T' containing I'. Hence either I = Tor "=Tr_
I'* =T, then " = I'™ is a subficld of I'. Hence I’ = I'* = GF (p™) for sar
prime integer m which divides n. Let n = mk. But T' contains (p" + I
elements. Thus (p" 4 1) = 2p™ or 1 = p™ — p* = p™ {2 — p™(* ')} wh
is a contradiction unless p = 1. Hence I'# I, So I = I'. Hence the,
position.

We beg to thank the referee for his kind suggestions.

1. Introduction. There are several possihilirties to detl‘me quaslconsfiogi;

litv on infinite dimensional normed spaces. The simp est one con ¢
&l s conditions of a metrie character such as that of Gehring (6],
. usl,;}i;csc conditions may be imposed either globally or on c:mhf b'ldl":?ctr;(-:
" 1 scetion. In {8] we have suggested a simple condition o ‘.m" y i
. ter which is equivalent with quasiconformality on finite dimensiona
:ﬁ ?n the present paper we deal with the same problem on general normed
D o L1

B initi i «eal normed space and
* ', Definitions and notations. Let X be a rea rmed e al
¢ -: X ?Jel a homeomorphic mapping of a domain G of X into X. The
war dilatation of f in a point @ = G is defined as:

. L(z,7)
3 (a) = 8(a) = 111‘{3'_'5;11)1: @) ;

ere for r > 0 small cnough:
L(z,7) = sup {if (@) =S @y — el =75
1z, r) = inf {If (&) — f (@) loliy — @l =7}

i idi 1 i i hi G and z = G NI,
| If11 is a bidimensional linear manifold which mects & =G
en 3] (w;gj M () is defined as above by replacing fby its restriction to
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! f,ct K>1 be a fixed real number.

initi j ] ) :G - X of a domain
Definition 1. ([1], [6]) A homeomorphic mapping f: G — X
X(Z'r:frcl)l;Y is caSI[ecg IE’ -;uasiconformai in the sense of Gehring if

S(x) s K, Va & (.

; ] : domain Ge X
Definition 1’. A homeomorphic mapping f:G » X of a inGed
Xei.s'm:u}le?i bidimensionally K-quasiconformal in the sense of Gehring if

3(r)< K, VYe=s6Gn 11,

any bidimensional linear m_a.m'fo!d il 'whu;h meels -G"‘ll S
' Qur analvtic characterization of quasiconformality will be 1o f
erms of scalar derivatives.
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