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C) Complexes de couples de plans distinets V(35 (23 n) 5 ), (n
Avee (3.6}, on obticent

(+.7) dQ = pe, Q@ + T\0" 4 7,00 4 7,00, T, = a2 +
+ e.rted, T, are T,o= a'(a® + af).

0,1).

La quadrique 7', = 0 cst un hyperboloide, T, = 0 et T, = 0 sont
des couples de plans distinets. Voici interprétation du repere. 4y, et
A4, sont les centres des couples de plans, @ = 0, respectivement T', =
A, est Uintersection de A,4, et A4, A, est Fintersection de 44, a~vec le
centre du couple de plans T’y = 0. A, est situé sur T = 0. Le plan 2! = ¢
est tangent a T, = 0, au point A, Le plan 2! = 0 coupe la quadrique
T, — 0, suivant 4,4, et 4,4, Le plan a* = 0, détermin¢ par 4,4, et
A,4, est 'un des plans du couple T, = 05 on a ainsi Pautre plan de ce
couple, @® = 0. 4,4, coupe le plan (a° = 0) au point .. A, est le pole
du plan (2° = 0) par rapport a T, = 0.
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CONVEX FUNCTIONS WITH RESPECT TO A DISTRIBUTION ON
A RIEMANNIAN MANIFOLD

BY

FUL.GA POP

In this Note we define the notion of convex function with respect to
¢ distribution on a Riemannian manifold. Some examples and basic proper-
ties arc given. Particularly, we investigate the vertical and horizontal con-
vexity of the vertical lift of a function defined on a Riemannian manifold.

In a next paper we shall study the convexity of the complete lift

of a function and of Pfaff forms.
§ 1. D-convex functions. Let 3 bhe a Riemannian manifold with

respect to the metric g and the Levi-Civita connection V, having the local
expressions gy and I respectively.

i Let D = D(M) be a distribution on the manifold M (a subbundle
| of the tangent bundle TA).
' Definition. .4 smooth function f: M — R is called a D-conver Jfunction
. if for every point x €M and for every veclor field X =D, we have :

(1) < Vydf, X > .2 0.

If the function f is a TM-convex function, then it is a convex function,
[1] (In [1] the function fis called a convex function if -f fulfills the condition
(1) for every veetor ficld X on the manifold M. Morcover, in [1] there
are defined convex functions which are not smooth).
According to [2], [3], we denote:
< Vadf, Y > = ess (f) (X, ¥), for X, Y two vector ficlds on M.
Examples. 1. Let f, g: B — R be the functions flay=a*+bx+c
and g (2) = sin @. We consider the function £ R+ — Rdefined by ki (2, y) =
= f{a) + g (y). Then, for a vector ficld X = (X, X2) e T (R*), we have:

Hess () (X, X) = 2 (X')* — (X*)*sin y.

It is obvious that the function k is not convex, but il we consider the 1-di-
mensional distribution I on K2, generated by a vector field X, = (X3, X5,

with X2 = u (x, y) X}, such that ju(x y) | < V2, then h is a D-convex
function. In fact, if X = D, then, for every point 2 = (2, y) € K° we have :

Hess (h), (X, X) = (X7)*(2 — u*siny) > 0.
{We can take for example u (r, y) = (2 + 2° 4 y*)/(1 + 2* 4 y2).
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2, Let f: R —» R be the function defined hy f (v, 4}
For a vector field X = (X' A?) & T'(R*), we have:

Tless (Y. X)) = 2 (X1y 4+ 220X%).

It is obvious that f is a not convex function. But, if we consider the
4 1=y 3
—il 0

o 2 By

distribution I on R?, generated by the veetor field Ay = »

then, for X = wX,, and every point z = I* we have:
Hess (). (X, X) = u® Hess (f). (X, Xo) = 202X* 2 0,

that is f is a D-convex function.

3. Let M be a connccted complete finite-dimensional Riemannian
manifold and let X be a Killing vector field on M. We consider the function
M - R defined by f(x) = g(X,, X;) = | X 7. Then, from [2] we have,

12 Hess () (Y, Y) = — R(X, Y, X,Y) + | V; X~

It follows that f as above defined is a convex function with respect to the
distribution D on M generated by the vector field X, becauscfor ¥ = w . X
we have Hess (f)Y,¥) =2 V.X |*> 0. ’

Proposition 1. Let M, M’ be two Riemannian manifolds with Levi-
Civita connections V and V' respectively. Let D be a distribution on M and
Y a distribution on M'. Let B : M — M’ be a smooth map and f: M' - R
a smooth function.

Suppose that the following conditions are satisfied :

a) F,(D)<= D', b) For every X € D:
(2) I':‘_‘ (VX‘X) = V;:v‘_yF*X,

(for example ¥, (D : D — D' is an affine colineation-we could call I' a D-affine

colineation). If f is a D'-convex function, then the composition foF is a D-

convex function. Moreover, {f we have b) und the condition '
a’) F (D) =DIr,

L

then, the D-convexity of the composition folF implies the D'-convexily of
the function f. .

Proof. Let X e D and x = M. Then: Hess (foF) (X, X}=
_X(d(foF)X) — d(foF)(VuX) = X (d(f o F) X) — df (F, (VX)). Buts
X(d(foF)X) =X (df(F, X)oF)=F,X (df (F, X))}, and by using (2)

we obtain :
(3) Hess (f o F) (X, X) = Hess (f)pe (F, X, I LX),
which proves the first part of the proposition.

Now, if ' = F (D), then the map F is onto and for every X'€ D
we have X' — F.X, for a certain X =D. We can apply the above formul
and the sccond part of the proposition follows.

Proposition 2. Let D be a distribution on a Eiemannian manifold @
let I be an integral manifold of D.
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Iff: M - R is a D-conver function, then the restriction I
is aconvex function on I.

Proof. Let V' be the Levi-Civita conneetion induced on the integral
manifold I by the Levi-Civita connection of the Riemannian manifold M.
Let i: I — M be the inclusion map. Then, we have:

i(T)c D and i (ViX) 7 x i, X, for cvery veetorfield X & T (1)

Thus, we ean apply the Propoesition 1 from which, it follows that
foi=fisa T (I)-convex function, that ts a convex function on F.

If a distribution D is completely integrabie, then it defines a foliation
of the manifold M.

Proposition 3. Let (M. D) be a Riemannian foliated manifold and let

- M = R be a smooth function. Then fis a D-convea function (in this case
we call f u foliated-convex function) if and only if the restriction of the function
f to every leaf of the foliation D) is a conver Junetion.

Proof. 1t fis a D-convex function and if F, is the leaf of the foliation
D at the point 2 =M, (hen, by the Proposition 2, it follows that the restriction
fir. is a convex function on F..

Conversely, if for any leal I of the foliation D, the restriction fiF
is a convex function, then, if 2 =3f and X €D,, let ¥, be the leaf of D at
{he point . If i : F,— M is the inclusion, then as in the proof of Proposi-
tion 1, we have:

Hess (f), (X, X) = Hess (f), {1, X, ,X) = Hess (fo i), (X, X) 2 0,

flI TR

which proves that f is a D-convex function.

§ 2. Convex functions on the tangent bundle of a Riemannian manifold.
The case of the vertical lift of a function. Let M be a Riemannian manifold

" and let TM be the tangent bundle with the natural projection = : TM — M.

We usc the notations and the results from [4].

Consider the tangent bundle M as a Riemannian manifold with
the Riemannian metric G of Sasaki. Let ¥ be the Levi-Civita connection
of G. Let V and H be, respectively, the vertical and horizontal distributions

. on the Riemannian manifold TM with the metric G.

If f: M — R is a smooth function, then the vertical lift of f is the
funetion :

{4) fi=fen:TM - R.

Definition. A smooth functionf: TM — R iscalled a vertical (horizonial)
convex function if f is a convex function on TM with respect to the vertical
{horizontal) distribution.

Proposition 4. The vertical lift of a smooth function f:M — R is a
vertical convex function on TM.

Proof. Using the fact that the vertical distribution ¥ on TM is gene-
rated by the vertical lifts of the veetor fields on M and by the formula
[X_", Yt]=0, for any vector ficlds X.Y on M. it follows that the distribution
Vis completely integrable on T'M. Thus we can apply the Proposition 3.
For this, we remark that for a point z 7'M, the leaf 7, of the foliation
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V is F, = 71 {x (z)). Therefore friF,= (forn)/F.,=f(n {z)) = const., and
therefore it is obvious that ffF, is a convex function. By Proposition 3,
we obtain that f? is a V-convex function on the manifold TM.

Remark. If we consider the null distribution D, on the manifold M,
then any smooth function f: M — R is a D,-convex function. Then, we
have V = Ker =, that is =(V) = D.. Using the formula Vy» ¥'= g,
it follows that ViX == 0 for every vertical field X and therefore we can
write ,—:*(\75—3) = V.37, X. In this way we can apply the Proposition
1 and we obtain again the Proposition 4.

Proposition 5. Let f: M - R be a smooth function on « Riemannian
manifold. Then, its vertical lft fr:TM ~ Ris « horizontal convex function
if and only if the function f is convea. ]

Proof. Let m: TM — M be the natural projection. If X 1s a vector
field on the manifold 3 and if X* is its horizontal lift, then we have 7, X*=X,
From this and by the fact that the distribution H is generated by the
horizontal lifts of the vector fields on M, it follows :

(5) x, (H) = TM.

Then, if X,Y are two vector field on M, we have:
VeV = (V Yy — 1/20R (X,Y), where oR (X,Y) is a ve_rtical vegtor
field. Because =, (V)= D, and ~, (VY ) = VY, we obfain:

(6) 7, (VoY) = VY.
For a horizontal vector field X on TM we have:
(7 n, (ViX) = Vo z7, X-

The formulas (5) and (7) show that we can apply the Proposition
1. Tt follows that f is TM-convex function if and only if for=frisa
H-convex function.

Remark. If we consider the null section so: M — TM, then M, =
— (M) is an integral manifold of the horizontal distribution H on TM.
If f: M — R is a convex function, then by the Propositions 5 and 2, it
follows that the restriction f*/M, is a convex function on M,. For an Euclidian
space this result has an clementary interpretation,

Remark. If in the Proposition 5 the manifold M is a locally Euclidian
space, then the horizontal distribution H is completely integrable and
in this ease the proof of the proposition follows from the Proposition &

Remark. The Propositions 4 and 5 show that the vertical lift of a con:
vex function on a Riemannian manifold is both a vertical and a horizontal
convex function on the tangent bundle TM. But, generally, this lift iS
not a convex function. 3

Now we want to give suffici-nt conditions for a distribution D
TM in order that the vertical of 2 certain convex function f: M =

be a D-convex funcrinn.

Let ¥ be a voctor 1201 aa the tangeat bundle TM of a Riemanni
manifold M.
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LE, ]

In local coordinates we can write:

 ®) =5 [ ()

v.'h(;"?uX‘, Yt = C*(TM, R). We calculate Hess (Fr(X, X), for a point
A= .

e et foy
Hess ()X, X) =% X' X Hess (/) ([ —. ¢ | —
ek =g xwmes (5 () )+
. ! a Jy . aY {2V
2y XY H Y= | = Y'Y/ H o (-2, (=1,
+23 ess(f)((é.m,) (axfj)+§ ess(f)((amﬁ] (Bm,))
We have:
LAV (2 _ 9 8 )
Hess (f )1(6;:—‘) s (a—aa’) ].,, Hess (f)""’(é}’ a},], by the formula (8);
Hess ( f"),((—"j ]v, (—d— ]0) — 0, by the Remark for the Proposition 4;
dx'] \oz!
IV IY a Y
H vz — 1| T =1 '™ e -
= ((aw] (amf]J (am) & (T‘[awf) )”)

= ldf(n‘hR(-, 2 i).
2 '} dxt

If we consider the tensor field of type (1, 1),

ay e d
R(',—- —_— R’” — d .l" th .
| awj) St i 22 ® dr en
7 d d a
RR| -, — | — = Ro, o |2 — T2, 90 '
( 3w”am' & ki Y ( et mn Y _——ay”) and therefore
NIEA AN 1 af
Hess ');‘( ), = — o Rm, o
(f 3z o) g Y e

Finally, we obtain:

©) Foss (/)X X) = Hess (/oo (=X, %) — 5 X ¥ Byt L.
wm

2]

From thi. formula we can state:
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manifold. Let D be a distribution on the tangent bundle TM such that Xe D
implies the conditions : ]

Z Rz, e X Y =0, ¥k,

Jfor the expression (8) of the veclor field X

} d ONNECTED
Then the vertical lift f* of the function f is a D-convex function. A METHOD FOR F;INDING THE STR(él:{i;E C
Particularly, if M is a locally Fuclidian space, f* is a convex funetiop COMPONENTS OF A DI
on TN, Y
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p, >} is a path from n,, to n, in D, a path denoted by € [n,,, 4]

For a digraph we consider the path matriz
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P = (Pu); L ] = 1,2,., ‘2\'9 where :

{ 1, if there exists a path €[n, ny);
Pu=

0, otherwisc.

In [6] we have suggested a very simple algorithm for computing the path
matrix of a digraph from his adjacency matriz 4 = (ay)1,j =1,2,., N
defined as follows :

{ 1, if <« n,n; > <o,
yy =

0, if < n,mn > € L

Two nodes n and m arc mutually strongly connected (n ~ m) if and only
if there exist the paths € [n, m] and € [m, n]. Obviously, ,, ~,, 1s an equil-
valence and induces a partition on 7 in the cIasses': [CI CRN G.:"’ called
rongly connected componenis. Our problem is to find an algorithm for
mputing €, €, ..., €. Having this purpose, we consider the matrix
*==(pj) 1 =1,2,.., N, where:

. { P if T # 7,
Pis = o s .
1, ifi=3.
Theorem 1. (sce [2], p. 28, excrcicc 9). If €, is the strongly connected
omponent that conlains the node ny, then [(P*)*]u = 1€ |

~— Matematicd Univ, 202



