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by : Proof. Let i, € {1,2,..., N}, i # j. The element [{P"}?],, is obtained

N
[(P*)?)iy = Y Pk Pis-
kwml
Obviously, the product pj- pi; is equal to O or to 1. Ttis e i
) . RE . Tt is equal to 1 if th
exists a patﬁh §[n, n;] passing through n,, and it is equal to 0 otherwi?;e
Hence, [(P*)?];; represents the number of nodes belonging to at leas{;
a path from n, to n, that implies that [(P’)*]« is equal to the number
gilnod‘es bflonglqg to at l]eagt a ecircuit including n,. Because the nodes
onging to a circuit including n, generate &, we have: : =
e |@?Il|li (Q_E,D.):L i g o we have: [(P')},, =
eorem 2. Let @, be the strongly connected component that contai
the node n,. The node n, belongs to €, if and only if [(P*)*},; = [(P')%?s
. Proof. Suppose [(P*)*)y; = [(P*)*]y. In this case the number of nodes
(Seel:I;%mg to alt)le%stta path GElni, ny] is equal to the number of nodes of €,
corem 1). But every node of €, belongs to at 1 '
to n,. ance, n;= C. (Q).[E.D.). ’ gs to at least & path from n,
Reciprocally, suppose that n;= €,. In this case, obviously, we have:

(1) [(P*)2)es < [(P*))ese
Because every node of @, belongs to at least a path fro t i
according to theorem i : ¢ path from n; to m,, we obiaig

{2 (P > [(P*) ).

From (1) and (2)_ it results : [(P*)2]; =[(P*)*]«e (Q.E.D.). Theorem 2 suggests
zf sir)nple algorithm for computing the strongly connected components
Algorithm. 1. k: =0, C: = &. 2. k: =k + L.

. . k-
8. If there exists a node 7y, i (k) = {1, 2,.., N} so that ny, ¢ u'e,,,
a=D

k—1
then we construct the set €, : = {nyn} U {n;[n; € U € and [{ P =
= [(P)liwwwn § =1 200 N_}, go to 23 else STOCII;:U
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THE EQUATIONS OF RADIATIVE RELATIVISTIC
MAGNETOHYDRODYNAMICS. INVARIANCE GROUPS
FOR ONE-DIMENSIONAL FLOW

BY

GH. PROCOPIUC

1. Introduction. In [1] we have established the equations of radia-
tion field and its interaction with continuous medium in motion. We now
{ derive, in Section 2, the equations which describe the motion of the me-
dium in the presence of the radiation field and of the electromagnetic field,
that is the equations of radiative magnetohydrodynamics, making use
of the particle, momentum and energy balances. We also allow the medium
velocity to be great enough that relativistic effects may become important.
However, we also give the nonrelativistic limit of these equations. We use
'the way followed in [2], but we also take into account the electromagnetic
ficld. We give, in Section 8, the covariant form of the equations of radiative
relativistic magnetohydrodynamics, and in Section 4, some considerations
about the energy equation and thermodynamices. In Section 5, the equations
| for a compressible ideal perfectly conducting gas are written.

Following the method given in [1], in Section 6, determine the in-
variance groups for the system of the hydrodynamics (HD), of the mag-
netohydrodynamics (MHD), of the radiation hydrodynamnics {RHD),
and of the radiative magnetohydrodynamics (RMHD), which describe
' the one-dimensional flow of an ideal perfectly conducting gas. In Section 7,
we analyse some group properties of the previous systems.

2. The equations of radiative relativistic magnetohydrodynamics.
We consider a compressible ideal fluid, moving with velocity u (r, t) with
respect to a reference frame R. We introduce a second reference frame
R,, namely the frame moving with the fluid. In this frame, we denote by
s (r, {) the mass density of fluid, p'™ (r,t) the fluid pressure, and E")(r, t)
the fluid energy density in excess of the rest energy. If ¢ is the vacuum
speed of light, we define

» =

(1 — ufe?) ™3

which the fluid velocity is u, the

then in the reference frame R for
and the total fluid energy demsity

mass density of fluid becomes Ap,
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~(m)

E{r, £), the fluid energy flux S (r, t), the fluid stress tensor <(p

are given by

E™ = a2 [ge + E™ 4 pt™] — pl™),

S = [pet + E™ o p™u,,

WP = — [P 4 22 (pet 4 B 4 pi™) gy

If E is the electric field intensity, H the magnetic field intensity, D
the electric induction vector, B the magnetic induction vector, J the current
density, in the reference frame R, then we define: the electromagnetic
energy density E™ (r, ), the electromagnetic enecrgy flux S%™(r,t) anq
the electromagnetic stress tensor <§™(r, t) by

E(lm) = llz(E .D + H. B), S"m) = E ¥ H, Tgfkm) —E’Dk + Hka —_
— 1,5, (E.D + H.B).

Let E®(r, t), S{r, t), ~{(r, ¢} also be the corresponding quantities
for the radiation field defined as in [1].

From the particle, momentum, and cnergy balances for an arbitrary
volume eclement fixed in space, in absence of the external forces and of
the external sources of energy, we deduce the cquations:

(r, )

(2.1) (Jik=1,2,3)

(2.2)

¢ d .
(2.8) -~ (he) + — (rpuz) = 0,
Til ity
: q opt™ oy
S Dret(eet+ BW 4 p)uy dot(Sym LSl + Tt
x A
(2.4) ) b
T [ (p ot o B o p™ ) gty — i — 5] =0,
k
Ta" [x2(pet+ Em L p(m)) - pfm) + Flem) E(v‘)] -+ e [as (P '+ 8
(2.5) ¢t dxy :
+ B 4 p )y + SE 4 8P) = o. ¥

An alternate form of the energy equation follows by multiplyin
(2.3) by ¢* and substracting the result from (2.5). We obtain the equivale
equation :

ai [;\ (7\ — 1) p ¢t - A® (E(m) + p{m)) — p(m) -+ Jriem) + E(r)] +
(257) 3‘9 [h(h— 1) g e®uy + 2 (B™ 4 ptm)a, 4+ S +
Ty

+ 801 = o.

This makes the passage to the nonrelativistic limit more straightfor®
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The equations {2.3). (2.4), (2.57), in the nonrclativistic limit, hecome :

a3 + ‘d_ (o us) = 0,

2.3
I ( ) &t &
ept™ d
D touy ey oo sy o L @ (G, —
(2.47) dt céay day
— 5 — ) =0,
¢ é
J (1/2 P ut - Erm L plem) E(r)) 4 [(1: p 12 + Em
(2.537) ét day

]J(m)) , + S;{rm) + S}Cr)] = 0,

sinee, in this limit A (2. — 1) 2 = Y/, w% To these equations, which deseribe
the fluid flow, one adds the equations of the radiation field, the equa-
tions of the cleetromagnetic ficld. as well as the corresponding  constitu-
tive equations.

Equations (2.3) — (2.3) are the so-ealled comsercative form of the
equations of radiative relativistic magnctohydrodynamics for a volume cle-
ment fixed in space. These equations can also be written in a form swhich
is also conservative, but for a volume clement moving with the fluid ve-
locity, by the replacing the local derivative é/ét by the material deriva-
tive djdt given by

d d d
Uy,
df é &y

d {1 2
rhe—I—|—
dt(?xp) day,

0 g s ¢TI 6 B p) w4 S 9] |
P

We find :

U = 0,

n

apt™ é

[ + 5+ o7 (S5 + 5P w] =0,

31'; a.’].'k

kg —

dt l?\p

-} i [Sfcm) + S’(‘r) -+ (p(rn) — Jplem)y __ E(r)) “k] =0;

4

4 [ 1 (A (»— 1) p et + 22 (E™ +p(m1) — p‘"” + E ™ 4 E®] }+

with the nonrelativistic limit

d (1)
P (P)

iy

=0,
aﬂ?t
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d 1 g pt™ &
" + —_e? S(rm) + S(_f) +. _ T(‘m)
(2.7) pdt[ P (8§ 3 )] 2 2, oo [=5™ +
4 4 o (S SP) ] = 0,
af, 1 0
L ut - E™ . Eem 1 Ein ] + - Sfem) | S0
a5 [ e+ )| o 156 50+

+ (p™ — B — B%) ] = 0.

3. The covariant form of the equations of radiative relativistic magne.
tohydrodynamics, Let the momentum-energy tensor be defined for anp

ideal fluid as in {3, §9)] [4, p. 303] by
(8.1) T = [p+ ¢ (E™ +p™NU, Up +p™g (=, =1, 2, 8, 4),

U, = dz,

dt

is the velocity quadrivector, while x, (« =1, 2, 8, 4) are the coordinate
of an event in the Minkowski space with @, = i ¢t. From (8.1) and (2.1)
we find easily that

i .
TE = — <, T = — E™, T = TP ==SP, (j, k=1, 2, 9)
c

where

Let T and T(3 also be the momentum-energy tensors of the elec-
tromagnetic and radiation fields respectively defined as in [5, p. 58], [1].
We can define the momentum-energy tensor. [6] for an ideal fluid
in the presence of the electromagnetic and radiation fields by
Top= T\W— T —T4. The equations (2.4), (2.5) take then the form:

Tag _
éag

(8.2) 0.

Fquation (3.2) expresses the conservative character of the momentum-

energy tensor.
4. The cnergy equation and the thermodynamics. Let

E=FEP + EO 4 B, S, = 8¢ + 8P + S, o, = i + < + v

be, respectively, the total energy density, the total energy flux, and the
total stress tensor. As in the reference frame R, the total energy flux Sas
is given, in the nonrelativistic case, by So =8, + wpuy — E u,, if we
also denote

U= llp (E™ 4 En 4 E(m))’

the total internal energy per unit mass, the equations of motion and the eq
tion of energy can be written :

e ¢ u;+ ¢

7 &
— (S + Stem)) -
dt at ™) 2

d
T p— (Maur 4+ U) =
. Jdet(/zu“l‘ )

J 7
(T_’t Uj) —a—""— Sot-

Xy Ty
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From here, by eliminating the kinetic energy, we get
dU d d d
4.1 ¢ =T u; — Sox + 7 u;— (S + S¢™).
:( ) 7 Mamk ) 2o ok fat(.i ™)
Fquation (4.1) can be put in the more uscful form :
| 1 D : 1 a
1) U = ¢| —pd(=) + Ecd(7¥) + de(’i)] 27— s a
P e P IG' T

where p is the total pressure p = pt™ + p® + p™. In the equation (4.2)

dLtren — pd(l) + Eld(&) - de('.zi’f)
P P e

represents the reversible work given {per unit mass) to the fluid, in the
time dt,
. 1
dLin = —_ Ji dt,
pd

the energy (per unit mass) dissipated in the interior, due to the clee-
tric viscosity o, in the time dt, and

* aQn = — L S dt
p day
the energy radiated (per unit mass) in the interior, in the time di. Therefore,
the equation (4.2) has the form:

dU = dLo + dL + dQ,

but d @ 4 4 L™ is the heat received by the element of fluid and which
it docs not give up. From the second principle of the thermodynamics,
" we have dQM +d LW = TdS, where T (r, 1) is the fluid temperature,
and S (r, £} is its total entropy : $ = 8Sm L S0 4 Stem),

Thus
TdS = dU — dL"*"

- (4.3)
and therefore

ds 1 é
T— =—-J; — 8§
T
or, using the equations of the radiation field:
as 1 oEW
T-—==-J; +— + P{"
S

From (4.4), for S, we have

s E 1
@ _ gl = wg(=],
dat ( P )+p (9]

(4.4)
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or, with (2.6”):

on the time ¢. In this ease, from (5.4) it follows I,

const., which we shall

dsn dEV 4. d denote in the following by B, and therefore, from (5.1) — (5.6) we obtain
dt di SE &mkub the system :
which replaced in (4.4), gives duy o Bun (10p™ | ByOB. | BadBe 1.0, g
d n 3 3 i ) ot dr g dx pup oz pp dr  p
@5) oTL(sem 4 somy 4 20 Ly 4 ou B0 =3 + PP (6-1) 4
di 3 d T a &Ly 3 —_ .-—E(")-ul) +P(’)u1],
for the equation of the energy. .
5. The equations of radiative magnetohydrodynamics for an ideal - Gits ou, BaoB. 1 _, S .
perfectly conducting gas. For an ideal gas: 1 (6.2) 4t Y9r  pp oz a -p»c (S EE“qu_ P,
Ty vt
™ — oRT, §™ =S — RIn{ &Y==, Ju u, B :
peTE ' "(po)( T (63) i+ %ua? pp%{}ﬁ - ;;c (89— S B w) o+ PO,
4
where R = ¢, — €,, ¥ = ¢pfCs, €¢p and ¢, being the speceific heats at constant -
pressure and volume, respectively ; S{™, g, ', arc conslants. (6.+) - o¢ + lap + pﬂ =0,
For a perfectly conducting fluid, Ohm’s law requires I -+ u x B = 0. et du or
So that, the equations of radiative magnetohydrodynamics for an ideal Sptm aptm 4 2y
perfectly conducting gas become : }; " + p; + [yp™ —I—-_;(-_' - 1)1‘3")}0,—';- -+
' D o
d é ] i.5
(5.1) Preoluytu =0, (6:5) dEM
at Ty dxy +{y — Du, == (v — 1) P,
)
d 2 ap™  13E" 3 1
52) p—u Uy —— Uy F b= e 2= S+ — (B Xrot B),; = aB 0B d
(8.2) oot emmw T T a e =0 "4 (66) ia—f-l-u;"a—z-l—Bg%ﬂﬂB#Eo,
z 4 oz
1 o™ 1 ap™ | vy 2
© ™ —— a4, oB B 7 u
T =1 T =1 s (6.7) Py, 24 B2 B =,
(5.8) - ot dx Rk dx
4 4'Ew 4 uy + 1 o (E® — a T%) | JETY 9
. T Yk (] = - H] g
3 @ x - (6.8 4 L8N = . PO,
‘ ‘ j 48) a - ow
3 - v 8 o 2 g0
(5.4) Py B, + [rot (B x u)]; =0, Wlth;{;; B, =0, (6.9) ES{” + .C_E = — a(SP — EE(') ) — Py,
ot 3 dx 3
JE® d
5.5 8N g (B — a T,
( ) at + a.'l,'k & ( ) (6.10) (%Sar) = — (Sg') — gE(r) uz) — P(r) sy
& om , € OEV SO Jy
(5.6) 8P ST (8P — B —a ), (6.11) 2= — u(sp - tpow) - Pow,

' where « = const., p™ = pRT, P") = « (E” — a 7).

To unify the notation for a further discussion, we put : #'={, 2' = @,
U= g, U= e, W= U, U= p, W= P, W=Dy u = By, wt = E),
W= 8§, ylo = §P; v =S8y ; dutfdx® = — p§, dut[dx’ = p° (a =1, 11).

The system (6.1) — (6.11) takes then the form :

which represents a system of 12 quasilinear partial differential equati
with 12 unknown functions, in the variables i, z;. -

6. The invariance groups for the equations of radiative magné
hydrodynamics in the one-dimensional flow. We assume that the functi
u, p, p™, By, B, 89 depend only on a single spatial variable
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(8) po = Fub.p* + F3,

where F3 is the cocfficient of the derivative p® in the equation (6. a) of
the svstem (6.1)—(6.11} and Fj is the column of the righthand sides of
the same systen.
) We apply here the proccedure from [1] for the determination of the
invariance groups for the system (§) by means of Lie algebra of its infini-
tesimal operators.

Let

(6.12)

(a, b = 1,11),

d
Xt pe L e g
Py ! 0 £P¢+f;9a

}3% an )infinitcsimal operator which acts on analytical functions of the form
T, u).

A necessary and sufficient condition that the system (S) be invariant
with respect to the operator X is that the functions £* (2, u) and +® (z, u)
be solution of the definition equations : ’

(4) £ F0 Fdy + ELady F) — Fra Fiklo — Foekle = 0,
gy T Wt ELFS) — Fu (20 -+ EFg) — FUESFoy — EF2, o —
— 4P o — Fog, + FOFoE + FaFE, + Fatl =0,
(C) woo + 50 Fs — Fo2d — FU L Fy = EFG o — 0Ty o — b + FLFEL=0,

w here the subscripts 2%, u® at £, v and after the comma at Fy and Fe, denote
partial derivatives, and (b¢) is the symmetrization of the pair b,p c.

The set of operators, with £ and v solutions of the system (4) — (C),
forms a subalgebra L¥ (§) of the Lie algebra LY of all infinitesimal opera-
tors X which act in the N-dimensional space Vy of the variables 2%, u®
L¥ (8) is called the invariance Lie algebra of the system (). The Lie group
G¥ (S) of the local transformations, associated to the Lie algebra LY (8),
will be the invariance Lic group of the system (S). '

6.1. The groups Gi(HD) and G}{H D) of hydrodynamics. We first
assume that in (S), {4) — (C) the indices a, b, ¢, d = 1, 4, 5. In this case,
which was already treated in [7, cap. I] from (4) we find £+ = 0, and
further from (B) we obtain £}. = 0 and -

220t + Bl m* = [a(a®, 27)

= af{x", x)ud.

0

e 2(h — EXN)] ut, 9wt =

=1

Sz Ly

]

Since F% = 0, the last cxpressions replaced in (C), give for y # 3:
£ = a, + a; 2" + (@, + @)z’

7t = (— 2a, + as)u’,

E:l = a1 + ay l’EO,
’“11 = Gy + a, ul) 7’5 = d uf',
and, for y =3:

0 = a, + as 2° + af2%)t, El= a, + a; 2" + (@ + a2t + a, & TH

| where a, b, ¢ are arbirary functions
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1= a; T Jut, 1° =

7 @y + (@ — a; )t + a: T, b = (s — 2a, -
= (a5 — 3a; ¥"he,

where «; are constants.

One remarks that for ¢, =0 we find the case v # 3.

The Lie algebra LYH D) (v # 3) is determined by the basic operators
of the form (6.12):

X, =pyXs=ap: + qu Xy = P + ulq, ~ 2u* qu
X, =u'q + % G Xo = Po 4+ 2Py,
and for L¥H D) (y # 3) we must add
X, = (a)po+ 2°2'?s + (2 — a° ut) q, — 2 ut g — 3z u® qs

Xl = Pm

to the previous operators.
The constants of structure of the aigebra L}{H D) are

— 1, e=— 8,8 = 2,

h=¢h= = s = & = Ch = ¢ = 1, ey
the others being zcro.
6.2. The group Gi(MHD) of the magnetohydrodynamics. We now

suppose a, b, ¢, d = 1,7in (S), (4) — (C). We have again from (4), Fay = 0,

and (B) give £ =0 and
o= — (% — Ebut 4 Eae, w7t = (% — Eur +aw’ + b, 0 =
= — (5% — EL)ut — au® + G
"= 2(&2’ — Enlut, =0, = aw’, = — aus,

of 2*. By substituting the above expres-
0, we get the gencral solution of the definition

sions into (C), since F§
equations :

20 = a, + (— a5 + ao)a’s B
g2 =+ G Ut G U, B = Gk G — a, ut W= —

WP = a, ul,

g - @ @ G Y = 0yt G U

2a, ut,
W =0, B = — a-us,
so that the Lic algebra LYMHD) is given by the basic opcrators :
X, = po Xz =pnL X =2 g X = gor Xs = G
X, = —a'po+ v q+ug 4 utqy— 2utqo
X, = udq, — u*qs -+ W g — u® gy, Xo = 2° Po + ' P

and the constants of structure are:

o a2 O
C§s=‘—cin-—c1s—czsmc§s—cas-— ¢

the others being zero.
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_ 6.3. The groups GY(RHD) of the radiation hydrodynamics. We take
in(S), (d) — (C)a, b, e, d =1 ,..,5.8,....11. From (A} it results 22 = g
and then (B) give: ' ’

o ey ,
Ble =1L, 5 = ELa -

-0, ' =0,

7]2 ::f’ (mn, ml; e, ":l)’ .r‘n = f:: (IT:I’ al ;’U,". u‘a)._

6.13 v —
( ) .nll =aq (.'L'ﬂ, ml)ul, TIE e a(:’rl., Q.])?LS — 1/_ 1 b(all': .7.'1),
b

v = a(z® e + b(av, &), v = a(a®, a2t + ela”, at),

where f3, f1, a, b, ¢ arc arbitrary functions of the indicated arguments and
71,y are arbitrary functions of all arcuments. '
Taking into account the form of the right-side members of (S), in
what follows, we consider three cascs. '
6.3.1. The group GI{RHD1) for & perlect transparent fluid. In this
casce (cf. {8]) « = 0 and therefore I = ¢. By substituting 2* and v%(a =
=1, 4, 5, § 9) from (4. 13} into (€), we get the general solution

»

BP=a taa’, d=atar, =0, P=aul

4
= 3(7 — Da, + @, =~ va; +aut, W =au+ as

The Lie algebra LR H D 1) has then the basis:
4
X, = pg, X: = p, X = :‘_}'(Y — 1)gs — v go, Xy = u* qq 4 16°¢s + u'qe + 1u'g,,

X = ¢ Xog = 2" p* + 2" p1.
The constants of structure of the algebra LR H D 1) are :
Clg = Chs = €3 = — Cly == 1,

the others are zero.

6.3.2. The group Gi}(RHD2) for the uncoupled equations. We
replace the expressions (6.183) for & and %*e=1,...,5, 8§,.., 11) into
the equations (C), where in I'§ we neglect the terms depending on the ve:
locity, which introduce the coupling. The general solution of the definition
equations is then:

P=a, l=a,p=n'=5=yn=7v =0
% 1 —ax® 2 3 1 1] S
= a,~ + e + a, ut + asud, B = a -+ 2,27 4 @y ut - G U5
[r 4 =4

-nlo = — a, e e—ozt oy + a, 7410 + g “1:, 7}“ = — @ et pmuzt oyl ..I_

4 a ut? 4 @y, ull.

11
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The Lic algebra LIYRID2) has thereby the basic operators:
1 1
Xy = Pos X, = s X, = — o, X¢ = — {3
o o

X, = e~ (g, — ¢ u* quo), Xo = €7 (g5 — 2wt qu), Xy = 4 ¢: +
+ u!® g0,
X =utq; -+ ut ¢ Xy =ulq; +u'"qun, X =nwg 4 qu-

The constants of structure are:

3 8 P IR T RN SN SN SUSUINY
Cis s = — o, 03 == €4 = € = (310 = C5 = €y = Cgg == Lo =
_ 8 __ 7 a0 8 T N R
= — Ly = — (g = Oy = O = 1o = g =1;

the others are zero.
6.3.3. The group GY(RHD3) for the coupled equations. We now

subistitute (6.13) for 2* and #* (@ =1,..35,8,.., 11) into the equations
(C), with I3 of the complete form. We get:
P=a, {=a, 7*=0.

The Lie algebra LY(RIID3) has the basis
A, = Po: X. = P
anil eonsequently
cla = ¢ = 0.
6.4. The groups GF(RMHD) of the radiative magnetohydrodynamics.
We consider in (S), (4) — (C), a, b, ¢, d =1, 11. From (), it results

ig;-: — 0, and thereby from (B), if frt): — g# 0, it follows :

20 =:1,8 = Ey=0, v =0, = au'+ b, % == — au® + ¢
! .
{G.]d-] 7]4 = 0, = __(.{ n ])]‘,, = au’, .07 — — au’, -r‘s = — k’

.

'rf’ — h’ .,}1:' — fn. (.‘l?', .‘L‘l; ul.), uu), .r]n ___fn (J.n,’ R"; nm, 'Il,“),
where a, b, e, k, b arc arbitrary functions of &7, a7, and f12, f1 arc arbitrary
functions of the indieated arguments.
We have again the three cases.

6.4.1. The group GI}(RMHDI1) for a perfect transparent fluid.
We have = — 0 and consequently Fg — 0. On substituting % and {a =

=1,0) from (6,11) into (C) we obtain the seneral solution of the definition;
tquations :

:30 = {1, + 45 .'T‘U, il = '+‘ g Iﬂls 731 = 0, 712 == (g + g .u:!, Tia =

= @, — s "*,
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- , 4 , L - point. The points for which u* = u® = 0 are singular points of order three,
=0, W = 3 (y — L)ag, 1= aw’, §7 = — a,us, W' = — Yy, v° = a,. | For GYHD), the subgroup of stability of an ordinary point P, is generated
by the operator.

The Lic algebra L' (RMHD)) is given by Y, = (20 — a3) po + (2t — ab) p
1= T ot Fo T Al M

. . 4 :
X, =po Xo=p1, Xs= ¢ X, = qa X =:?.'(~[' — 1) — Y45 | and, for GYHD) by Y, and
Xﬁ = u' q: — u? qs + u’ T — ut Tz -X'r = s X, = .’C"pu + m‘Pu Yz = [(mn)a _ ('1'8)2] Po + [mo (ml - ‘T(l}) + 5’38(3‘ 3-’}1)‘]’1 B [(‘rl B
the constants of structurc are: — ab) — (&° — a) ur] g, — (@ — ab) ut g ~ 3(a* — 2b) ¥ gs.
== —cly=c% =1, :I The groups G} (I{D) and G; (HD) are transitive. There are not there-

fore absolute invariants. The minimum invariant variety is all the space Vs.
' 7.2. The group GY(MHD)hasg == 7.1fz] # 0and udorul are different
6.4.2. The group GP(RMHD2) for the uncoupled equations. We from zero, the point P, (o3 u§) € V, Js an ordinary point. The points

substitute £* and 4@ = 1,11) given by (6.14} into (C} with F§ asin 6.3.2, for which u* = u* = w’ = 0 arc singular points of order five.
and we find : The subgroup of stability of an ordinary point P, is generated by
the operator

the others are zero.

Bo=a, El=a, l=n'=7 =% =9"=0,%"=a; + a u,

Y, = {2 — ad) po — (z! — @) pr-

7]3 = g, — a, U, 7° = d W, = — ag 1S, 70 = a, w, M = — gy,
. G (MHD) is an intransitive group. If P is an ordinary point, there
SRV . : . . 8 . . i . S ’
The Lie algebra LE(RMHD2) has the basic operators : are two absolute invariants and the minimum invariant variety for P,
X, = po Xo=pun Xo=¢s X, =qu is given by the equations:
X, =udqs — ulqs + w0 g — ut q; + w' g — u quyy uwt = uf, (u8)? + (W) = (uf)* + (ug)*

d . 4
and the constants of structure 7.3.1. The group G(RHDI) has ¢ = 5. If and +§(‘! — 1)ug are

— = =1 .
) * 45 different from zero, the point P, {x§, #b; uf, ud, uf, ud, ui) € V, is an
the others being zero.

6.4.3. The group G*(RMHD3) for the coupled equations. By the

substitution of £* and 77(¢ = 1,11) into (C), when F§ has the complete form,
we have :

. . . s 4
ordinary point. The points for which u* =0 and v« + 5(7 1) ut =
jare singular points of order four. The subgroup of stability of an ordinary
point P, is given by
E[’:ah E.I:"a’ 'f;ﬂ:O-

2 YV, = (z° = 23) po + (2* — a3) p1-
The Lie algebra LR M H D 3) is given by:

& G:(RHD1) is an intransitive group. If P, is an ordinary point,
(there are two absolute invariants and the minimum invariant variety

X, = po X =py,
' (for 77, has the cquations:

with, ¢l ==k = 0.
7. Some properties of the groups GY. Consider the matrix
(7.1) M =&, »f |

4 4
v +3-(*r Tty + 5(*:' - 1

w! = yl =
» ut w3

a=1, 2; o= 1, N 2, i = 1, r, of the components of the vectors @
a group G¥. Let ¢ be the generic rank of M [9, § 13].

7.1. The groups GX(HD) and G(HD) have ¢ = 5. A point P
ul, ud, u3) = V; for which u} and «} are different from zero is an ordina

_7.32. The group G}RHD2) has g = 6. Il one of ), ull is
dlfff!l‘(-nt from zero, the point P, (a5, X3 U seens ud, ub .., ug) © Vi 1s an
ordinary point, and the points for which n! = u' = u'* = 0 are singular
points of order four.
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The subgroup of stability of an ordinary point P, is of order four and
it is gencrated by the operators:

r 10 7 r 10
ul 2 s
Yl — (ul — “%) + ; (e -z 1) q. 4 {ure — - At ot T
U | g
= 11 b r 1
U, [ U, o
¥, =0 — @) + 2 e — )] g o [un Bt e | g,
e uy | ) ug
[ ul? 8 T 1 ul® )
V,i= (ua ¥ ug) +e—-2 4(e—a(:-.o..r.,i — 1) gs +|uto — b b e=iet =2l i
u
L 0 A L 0
11 ) r 11
Uy _ ol Uy ..
YVi=|(u® —ud) + —(e7x" % — | gs + |t — —Scuteal gy,
€ uﬂ J L uO

G4 (RIID2?) is an intransitive group. For each ordinary point P,
there are five absolute invariants. The minimum invariant variety for
P, is given by the equations:

ul =, wt = ud, wh =, wt =l w el

7.3.3. The group GY(RHD3) has ¢ =2. Any point P, (2}, 2};
w), o, ul, ud ..., ull) & 17, is an ordinary point, and it docs not admit a
subgroup of siability other than the identity. .

GI(RIID3) is an intransitive group. There are for P, nine absolute
invariantes :

u* =18 {a=1,.,5 8§ .., 11}

ud or wj is dif-

7.4.1. The group G}'(RMHD1) has g =7. I cither
The points for

ferent from zero, P, (2, u8) = Iy, is an ordinary point.
which 1% = «* = 0 are singular points of order six.
The subgroup of stability of an ordinary peint P, is generated by
the operator
1 I
V= (2" — ag) po + (' — @) pr-
Gl (RMIID1) is an intransitive group. For cach point P, there are
four absolute invariants. The minimum invariant variety is given by the
equations : "

4 4
ul = u), nt = ud. vut + 5 (v — 1w = yuj -E—;(*( — 1)l {us) +

+ (@) = (10)* + (ug)*

7.4.2. The group GP(RMHD2) has ¢ = 5. If at least one of g,
ul, b is different from zero, the point P (2o, 4§) = Vyy is an ordinal
point. The points for which w, = 1, = w!* = ¥ = 0 arc singular pol
of order four. Every ordinary point, it does not admil a subgroup
stability other than the identity.
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GP? (RMHD?2) is an intransitive group. There are eight absolute
jpvariants. The minimum invariant variety is given by

1wl o= ud, ut o= oud, wt = ud, ut = u, ut = uf,
()2 + (W) = (ug)® + (wi), (w*)? + (u)* = (w’) ® + (w')?

wul? — wu  wguy — ufuld

wswt® — wt o ull — ul

7.4.3. The group GP(RMHD3) has ¢ = 2. Any point P, (2, u2)
£ ", is an ordinary point, and it does not admit a subgroup of stability
other than the identity. The group is intransitive and for P, there are ele-
venn ahsolute invariants

u® = uf (e = 1,11).

7.5. The algebras L (MHD), L} (RMHD1) and
are resoluble.

LY(RMHD2)
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