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of G. We claim that 4 is the only proper pseudo-ideal of G. Let there ppn2!¢
another pseudo-ideal B of G. Since 1€ B, A< B. Now if 4 5 B then ot
contains at least one element g where r is an odd integer. In this g
B = G. Hence the proposition.
Proposition 10. Every finite cyclic group of odd order does not conyg;
any proper pseudo-ideal. ;
Proof. Let G be a finite cyclic group of odd order and 4 be a pseyq
ideal of G. Then the factor group G/4 is also of odd order. But in th&
case G/A cannot have elements of order 2. Hence G does not contain m:t oN AN ANALYTICCHA
proper pseudoideal. |
Now using the proposition 9 we shall prove the following known regy) !
Proposition 11. In a finite field, every element can be expressed as a syg|
of two squares.
Proof. Let F be a finite field. Then F = GF (p") for some prime j :
teger p. L;‘{t[‘ = GF (:f‘;"), Now the nonzero elements of I" forms a multipﬁ' I o
S ‘ it v : . ’ s sists
v e om0, A Bence, b Pt e oy m e S Lo S o G g (0]
So I', which may be considered as a multiplicative eyclic group with exter i U} Cond’,:g?tlf’ogg z;nn:; 1{)12 imposed either globally or on cach bidimen-
nally adjoined zero, contains one and only one proper nonzero pseudo-ide g)). These, co le condition of analytic

‘ 1 b | coction. In [8] we have suggested a simpk AT o
given by I'({z*[a € T'}. Let I = {2* 4 y* | 2, y € T}, Then I is 4 ;::;L;ccﬁ \1\-hi(-h is[egluivalent with c?uasmonformahty on finite dl‘mlensn.)nﬂ
a pscudo-ideal of T' containing I'. Hence either I =T or ' =TI Jfiflgaces. In the present paper we deal with the same problem on general norme
I — T, then I = I' is a subficld of T'. Hence I' = I = GF (p™) for some Bpaces- . . .
prime integer m which divides n. Let n = mk. But I’ (:Ontai(nps gp’?l:{-s -" ». Definitions and notations. Let X bfl & I.C‘IIG"(()?H{?diniga‘if zir;]cé
D emente, v (" o 1) = 2p™ or 1 i g 7 (2 o P} whilieG — X be @ homeomorphic mapping of, 8 CORTR B = T
is a contradiction unless p = 1. Hence I'# I'*. So I'"* = I'. Hence the p or dilatation of f in a point @ =5 )'

Lz, r

position. . D
We beg to thank the referee for his kind suggestions. 3 (a) = 8(x) = 11rr’1ﬂs;1pl {(z,7)

RACTERIZATION OF QUA SICONFORMALITY
IN NORMED SPACES
BY
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1. Introduction. There are several possibilities to definc guasiconfor-

Shere for r > 0 small enough:
L(z,7) =sup {If() =S (@) ly — 2| =71}
1(z,7) = inf {If () — f @ Dly — x 1 =7}
. - . . o L and =G NI,
If11 is a bidimensional linear manifold which meets Gande =G
en SE(w;gj 3T () is defined as above by replacing fby 1ts restriction to

fIt.

' Lot K>1 be a fixed real number. ) ‘
Definition 1. ([4], [6]) 4 homeomorphic mappingf:YG — X of a domain
= X into X is called K -quasiconformal in the sense of Gehring if

S(x) g K, Va = G.
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X of a domainG=X

initi ’ hic mapping f:G — ( \
Definition 1'. A howmecomorpii pping f:G N o Celwing if

0 X is called bidimensionally K-quasiconforinal in t
STy g K, Va < Gonll,

any bidimensional linear manifold 11 .whu:h meels G. ; lated
' Our analvtie characterization of quasiconformality will be formulatec

erms of scalar derivatives.
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The scalar derivatives of f in a point = G are defined as in [5]by| 3. Results. In this section we shall study the relations zgtween the
If (y) — f(x) | I f(x} —f () finitions of quasiconformahty considered in the prece:dmg section.

LIS oL —» Df (z) = lim inf L p. Caraman [2] has proved that the K —quas!cqqform?ht_v accor-

o e T 'y — al - 10. Definition 1 implies that in the sense of Definition 1°. We shall

2 iti i ality ¢ ing to Defini-
D*f(x) is called the upper and D7f () the lower scalar derivative ylove (Proposition 1) that the K—quasn_cqn_forn;?htl_\; .Tc;;):(i:)negx C;ct fin-

f at the point 2. We have generally : .. 2 implies that 1n the sense of Definifion 27, 1U1S exp
: % “tion 1 be actually equivalent to Definition 1 and Definition 2 to
RS ?‘?\;tion o', However it seems difficult to get some gountcrexquilest.
If Df(z) = D*f(z) =0 or Df{x}) = D*f(z) = + oo, we say tha; 4 1(; araman [2] has proved that Definitions 1 and 1’ are equivalen

' is a bidi i i i i -di e D meomorphic mappings with differential diffe-
[ is degenerate at z. If Il is a bidimensional linear manifold which meets g rtF;f(‘):I}:letzcé;fzenIa:tﬁE :ft f(t:))umo e l?ese magpings T e rogulor

then D% f (z) and Dj f (z) are defined as above by replacing f by the fn
restriction of fto G o Il. It is obvious that: Neappings-

(1) Diflx) < D¥f(2), Df(z)< Dgfla), e =Gnll Our first result (Theorem 1) is that Definitions 2 and 2’ are equivalent
I1 = ) =z X s "

it Fréchet-differentiable mappings. o , , .

Using these derivatives, we will give two new definitions for K-qua. The second result (Theorem 2) is that Definitions 1 and 2’ are equi-
siconformality and bidimensional K-quasiconformality and prove thej ;

equivalence with Definitions 1 and 1'.

. - oAl
i onally regular mappinds (that means bidimensionaliy
'mel;fetfngt%tr:rﬁfggfe ma{ppiflgs with differential different from zero).
Definition 2. A4 homeomorphic mapping f:G - X of a domain GC}
into X is called K-quasiconformal, if :

: initi ’ hrased in an equivalent
1 r such mappings Definition 2 may be p ed : vale
3 a;al(j\tf 5gquiring thalt) f be non-degenerate at {east on a bidimensional section

' . - ¢ bidimensional section.
(i) f is non-degenerate at any point x < G, ~ |iiead of being non degencrate on ea h

' t that Definitions 1 and 2 are equivalent for
(ii) D*f(2) < KD f(x), Yo € G. As a Corollary, we ge

heular mappings. ) ) .
Definition 2’. 4 homeomorphic mapping f:G - X of a domain GCX Proposition 1. If a homeomorphic mapping f:6 ~ X is K-quasicon-
into X is called bidimensionally K-quasiconformal, if for any bidimension il in the sense of Definition 2, then it is K -quasiconformal in the sense of
linear manifold Il which meets G:

" VW . . efinition 2. ) ,
(') the restriction of f10 G N1 is non-degenerale al amy pownt © < G § Proof. Indeed, from condition (ii) and inequalities (1} it follows :
(ii") D& f{x) < KDy f (=), Ve =&l

We shall use a notion of bidimensional differentiability intermed
between that of Gateaux and that of Aronszajn [1].
Definition 3. 4 mapping f: G — X of a domain G C X into X s cal
bidimensionally Fréchet-differentiable at x = G, if f is Fréchet-differenti
on each bidimensional section G n I of G through w.
We say that f is Fréchet-differentiable at 2 = G on a bidimensi¢
section G n TI of G through x if there exists a continuous linear map
B:1I — 2 —» X such that:

. If (z + &) — flz) — Bh | _
im = 0.
=y 2]
hell—a

It is easy to see that if f is bidimensionally Fréchet-different
at z e G, then it is Gateaux-differentiable at z and Bu = Df(
u = IT — z. Therefore if G 1t IT and G n 11’ are two bidimensional set
of G through z, then the corresponding bidimensional differentials B
B’ coincide with Géateaux differential on (I — &) n ([1’ — z) and ¢
quently we can define a global linear mapping on X which 15
to the Gateaux differential of f at z.

4 f(z) < D*f(2) < KD f (2} < KDy f(z), z= G n 1L,

ence condition (it') is verified.
Morcover, condition (i) implies :

0 < D'f(z) and Df(z) <« +x e G,
ih combined with (2) give respectively :
S ) < Daf(2) and Dif(a) < 4+ o, =G0l

it is condition (i'). . .
Lemma. If f:G — X 15 @ Fréchet-differentiable mapping at & point
€6, then :

| Df () = sup {|Df (z; ) | Jul =1}, D7f (2)=inf {IDf (; w} Il, el =1}-
Proof. Let us denote m = inf { Df (z; w)i, llu) = 1} and M =
{IDf (z; w)], Jjull = 1}

We have the following inequalities :
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Proposition 2. Let f:G — X be a mapping which is Fréchet-differen-
.ple at & on a bidimensional section G 0 Il of G through . If

8(z) < K,

@) IDI@B (= k) —f(@ = Df @ k) _If(@+h —f (@
] JIk 4]
 IDf(@ ) (@ + k) — ] (@) — Df (@ Bl
Y Al '

Di f(z) < KD f ().

Proof. From the definition of §%(x). it follows that for any ¢> 0,
jpere exists 7, = 7o () > 0, such that

whence we get:
(5) D'f(z) < M, m < Df(z)

On the other hand, if ¢ > 0 is an arbitrary positive number, we can
find a unitary vector u such that M — e < || Df (3 u)|, and consequent]yfg)
by the left side of (4): g |

. M@t —f@l (@) —ft(-?:) — Df () -, o

t 1

whence, by letting 10, we get: M —c< D+f(a). Since e is arbitraryw
obtain : M < D'f{x). Analogously onc obtains: D f(z) < m.
Remark: 1. By following the same lines of reasoning one can proyef

that if f is bidimensionally Fréchet-differentiable at 2, then:

©) Dif () = sup {|Df (az ), w = [ — a, |lul| = 1},
Dy f{x) — inf {|Df (x5 w)], % =11 — &, |u| = 1},

for any bidimensional linear manifold 11 through a.
Theorem 1. A homeomorphic Fréchei-differentiable mapping f:G
is K-quasiconformal in the sense of Definition 2 if and only if it is K-quasi
formal in the sense of Definition 2'.
Proof. By Proposition 1, the K-quasiconformality according
Definition 2 implies that in the sense of Definition 2', so that, we |
to prove only the converse. Firstly, from the inequalities (1), it fol
that f is non-degenerate at x, and consequently, the condition (i) is
fied. In order to verify the condition (ii), we shall use the relations (3)

e > 0 be an arbitrary positive number. Then there exists two unl
vectors u, and u, such that:

(7) Dif () — e < |Df(@sw)| and [Df (25u:)| < Df(2) + e

Denote by 11 a bidimensional linear manifold which contains z +1
& + u,. By combining (ii"), (6) and (7) we get:

Df (@) — ¢ < Df (a3 u) || < sup {|Df (w5 0)f, w =TT — a2 Jlull =1

< Kinf {|Df (x50, . € ! — a, |ul| = 1} < K [|Df (a5 u)|| <

<N [Df(x) + €]. |

whenee : D (2) — ¢ < K [Df(2) - ]. By letting = — 0, we obt
condition (ii).

Remark 2. For Fréchet-differentinble mappings, Definition
be phrased in an cquivalent way, by requiring that fbe non-dege
any point z < G instead of being non-degenerate on cach bidimé
section through =z.

Mfy

Lz, r) _ s (z) + ¢,

% (2, 1)

Lpenever 0 < 7 < To On the other hand, since f is Fréchet-differentiable
L ¢ on G n I, there exists 7y = 7q (¢) such that:

\Df (as B)]| — € Wl < [ @+R) —f (@) < [Df (s B[ + e ],

penever @+ h =G Tl and [k < r;. Consequently, if || =r and
T where 0 <r <71, we have:

W) Df (@b — e < L@, 7) end e r) < IDf (3 )| + er.
ycombining (11), (10) and (8) we get:

IDf (z3 k) — er < (K + &) {IDf (a3 &) + er),

'I enever [B| = |Rl=7 and 0 <7 < min (ro, 75). The inequality (12)
Lequivalent to the following :

IDf (3 w)| — & < (K + €) [IDf (&5 @) + €],

pany two vectors u and ' e IT — z such that jju|| = [ = 1. By letting
0 and taking into account that wu and ' are independent, we get:
BDf (3 w)l, w =Tl —a, |ul =1} <K inf {|Df (mu)ll, wsH —2a

)] = 1.

om here, by applving (6) we get (9). The proof is finished. ‘
Propositlifonpg dwiﬁ (bg usecgl to( show that the‘K—quasicont:m:mahty
Definition 1’ implies that in the sense of Definition 2, for bidimensi-
lly regular mappings. The following proposition contains the converse
lication. In fact the statement is more precisc: o )
the K-quasiconformality by a modified form of Definition 2
ies that in the sense of Definition 1’. The modification consists In
being (i) by

("} for any x = G, there exisis a bidimensional section G n 11 of G
gh x, such that the restriction of f to G n Tl is non-degenerale at .
Proposition 3. If a bidimensionally Fréchet-differentqul(_z mapping
X is K-quasiconformal by modified Definition 2', then it is K-quasi-
wal by Definition 17, ) )
Proof. We shall prove firstly that if fis bidimensionally Fréchet-diffe-
ble, then the conditions (i”') and (ii’) imply (i) (i.e. f is non-degene-
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1, it will be enough to show that the differential of f at any point z «

is injective. If no, let u, < X, {uoll = 1, such that Df (a3 ,) = 0 and Jy
u, = X, |[ui] = 1, be a vector linearly independent from . Consider ty,
bidimensional linear manifold I = @ { sp {t4o, u,}, obtained by a trgy,
slation of the linear subspace sp {to, s} generated by #, and u,. By Remay
1, condition (ii") applied for II has the following form :

sup {IDf (mw)l, wel —a [ul =1} <K inf{iDf@@u)l, » <I -,
Jufl = 1} (ME TYPES OF CONTRACTIVE MAPPINGS AND FIXED POINTS
Since 4, € 1T — @, 1, & Il — @, we get |Df (a5 w)]| < KI|Df (23 %o)l, Wheng BY

Df (@3 u,) = 0. Therefore we have obtained Df(x;u) = 0 for any vecty #g

w € X and that is impossible by (i’") and Remark 1. Since the conditig KISORIMOHAN GHOSH

(i") is satisfied, we may argue as in [3] (Proposition 1) in order to obtaip, '

D f(z i .
(@) = I)'l:lf(_) ’ ) 1. Introduction : Let (M, d) be a metric space. A mapping T:M M
S (2) ¥ called contractive if for every z,y (z # y) in M,
for any bidimensional linear manifold II. such that @ € G n T1. From her § -
by applying the condition (ii’) we get : 31(z) < K, for any T and z = G a i Ji1)) d(Tz, Ty) < d (@ y) it
Theorem 2. 4 bidimensionally yegilar WebD 7 Sz G X is K-quasg Tn a paper [1], M. Edelstein proved a theorem which runs as
follows. :

conformal in the sense of Definition 1', if and only if it s K-quasiconformg
Theorem 1. Let (M, d) be a melric space, T be a mapping of M into

in the sense of Definition 2 ) N
Proof. If f is K-quasiconformal in the sensc of Definition 1’ then, by If for every @, y (z # y), T satisfies (1.1.) and for every @ € M
2) (Ta} < {Tra} with lim Thz =u € M,

Proposition 2, the condition (ii') is satisfied. Since the differential of f
§— 00

different from zero, the condition (i) is satisfied. Then, as was pro
above, the conditions (i) and (ii’) imply the condition (i'). :
The other implication follows simply from Proposition 3. _
Remark 3. Definition 2’ is equivalent to modified Definition 2°
bidimensionally regular mappings and, in particular, for regular mappi
Corollary. Definitions 1 and 2 are equivalent for regular mapp
Proof. We already know that Definitions 1 and 1’ respectively 2 aF
are equivalent for regular mappings. Since any regular mapping is
bidimensionally regular, we can apply Theorem 2.

Jds, then w 18 a unique fized point of T.

In a recent paper [2], the present author has proved the analogous

ore general i ) ) . )
Theorem 2. Let T be a continuous mapping of a melric space inio tts_eéf.

for every =, y (@ # y) in M there eaist non-negative real numbers 6 (i =

1,2, ... 6) and at least one of ai # 0 (i = L 5) such that
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ontractive relations similar to (1.3) and to prove some theorems involving
se contractive relations. ]
9. General Contractive Mappings. At first we are going to prove
following two theorems ) )
Theorem 3. Let T be an orbitally continuous mapping (8] of a metric

e M into itself. If for every m, y (2 # y) in M there emist non-negative
L numbers a, (i = 1 5005 8) such that



