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rate on each bidimensional section of G). By taking into account Remg
1, it will be enough to show that the differential of f at any point z &
is injective. If no, let 1, = X, [uo] =1, such that Df (a3 %,) = 0 and
u, € X, jui] = 1, be a vector linearly independent from .. Consider the
bidimensional linear manifold Il = 2 - sp {1 u,}, obtained by a trgy
slation of the linear subspace Sp {%o, i} generated by u, and u;. By Remay
1, condition (ii’} applied for Il has the following form :

sup {IDf (s w)l, w0 —a Juj=1} <K inf {|Df (z30)], u = —,

ull = 1}.

Since u, € IT — &, u, = I — x, we get IDf (25wl < KI|Df (5 uo)ll, wheng
Df (a3 us)

(i') is satisfied, we may argue as In

— 0. Therefore we have obtained Df (x; u) = 0 for any vecty|
w € X and that is impossible by (i) and Remark 1. Since the conditig}
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for any bidimensional linear manifold I1. such that # € G n II. From here
by applying the condition (ii’) we get : i
Theorem 2. A bidimensionally regular mapping f: G - X is K-quag.
conformal in the sense of Definition 1I', if and only if it s K-quasiconformy
in the sense of Definition 2'. 1
Proof. If f is K-quasiconformal in the sensc of Definition 1’ then, by
Proposition 2, the condition (i) is satisfied. Since the differential of
different from zero, the condition (i) is satisfied. Then, as was pm
above, the conditions (i'"’) and {ii') imply the condition (). 1
The other implication follows shmply from Proposition 3.
Remark 3. Definition 2' is cquivalent to modified Definition 2
bidimensionally regular mappings and, in particular, for regular mappi
Corollary. Definitions 1 and 2 are equivalent for regular mappi
Proof. We alrcady know that Definitions 1 and 1’ respectively 2 8
are equivalent for regular mappings. Since any regular mapping iS5
bidimensionally regular, we can apply Theorem 2.

3 ()
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[8] (Proposition 1) in order to obtain.}

31(z) < K, for any Il and z & G [ {{i

1. Introduction : Let (M, d) be a metric space. A mapping T': MM

' called contractive if for every z,y (z # y) in M,
d (Tﬂi‘, Ty) < d (ag’ y)

In a paper [1], M. E delstein proved a theorem which runs as

llows.
" Theorem 1. Let (M, d) be a

Niself. 1f for every x, Y (s y) T
(T} < {T 7} withlim Thz =u < M,

i

T.
author has proved the analogous

holds.

metric space, T be a mapping of M inio
satisfies (1.1.) and for every @ = M

lds, then w 1s @ unique fized point of
" In a recent paper [2], the present
ore general . ) _ .
'[ghi'orem 2. Let T be a continuous mapping of a melric space into tts_e{f.
for cvery @, y (¢ # y) in M there exist non-negative real numbers (G =
1,2, ... 6) and at least one of a; # 0 (i = L, 5) such that

-y au

d(Tx, Ty) d (. ¥} <d(z, yHa.d (z, y)+a.d (z, Tz)+a.d (y, Ty)+
+ ad (z, Ty) + ad (Y. Ta)} + a¢d (z, T2) d (y. Ty),

0 .
e ¥, a; = 1, and for every x M satisfies (1.2), then T has a umique
i=1
ed point. ) ) )
" The main purpose of the present work is to notice different types
eontractive relations similar to (3.8) and to prove some theorems involving
s¢ contractive relations.
2. General Contractive
following two theorems . .
Theoremn 3. Let T be an orbitally continuous mapping (3] of a metrsc
e M into itself. If for every @, y (z # y) in M there exist non-negalive
numbers @, (i = 1 .0y 8} Such that

Mappings. At first we are going to prove
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diz, Te)d (y, T d

(2.1) (5, Ty) < d (2 y)ad (2, y) + aud (z, Tz) + Therefore, d (T, Tw) = d(Tu,w) as limits of subsequences of
A4 ad (y, Ty) + aid (z, Ty) + ad (y, Tz)} Lnvergent sequence d(T™ e, T 2)}. Now let us suppose that d (Tu, w)#0,
' pen from (2.1) it can be shown that d{Tu? Tu) < d(Tu, u) which is a

Henee d {Tu, w) =0 le Tu = u.

5
where Y, a,=1 and for " . , tradiction.
PR for every @ =M, T satisfies (1.2) then it has a Sized poing g Theorem 4 : Let T bea selfmapping of amelric spac
ng then all periodic poinls are fized points.
the least integer such that

o M. If (2.1) ds satis-

Proof of Theorem 3 -

Ty, = a.’,,f: T”;Dm_o' Sf‘[:::t ;c:::f %A Define T, = 25, To,= x, = Ty _ L

'Trz,) and lim T% @ o VOPP " {T™z,} is a convergent subsequence 5 Proof : Let a, be any point in M ansi k

N ,=u. Now we may suppose that Tw,#, for any finiteor [rre = To- Now we have to prove that T'as= o

For, if Tw, = ®, then @ is a fi 2 A Suppose k # 1. Let i, 7 be ositive integers such that 0 <@ < i< k.

in (2.1), then we have » is a fixed point of T. Set 2 = &, and y = z, pu[thcr,P{)et Ttae = T To- fe Tl':,, = Te+i=D ;o, ie, Tim, = TH{TH0 g:,,).

d . . Hence, T 2o= Zo- This is impossible, since k is the least integer such
(g, T) d (@1, Ty} < d (o, 21){01d (20, 1) -+ aud (2o, Tito) + A hat Tk gy = Tg. SO Tix, # T/ ao Let 3 =1 41 i—1,23,..kF

i , T, we have from (2.1}, d (T" o, T o) <d(T'7 o T a,).

1 ad (zy, Tay) + aud (2o, Ty) + asd (21, Tixo)} B = 1, 2 o J 3 we have
d (7o To) = d (T° zy, Txo) > d (Tao, T?Zo) > d (T2, T @) > -
>d (T* o, T To) = & (Tes Ta.),

t be equal to 1 and Tz, = o
. In this section we simply mention
i for fixed point theorems, the proofs

d (z1, 22 d (z
b 2) < o (Tor 1) + ol (T0y 71) + @ (21, ) -+ aud (@6, @), e variants of
: i these being routine caleulations and so they are omitted in order to

quce the length of the paperT.

i.e.
e (.‘L‘o, -Z‘]) d (m“ 'r"") <d (‘ro! wl){ald (mu; 1«5'1) -+ azd (-’L‘us 35'1) +
T+ ayd (T, T2) + @ (To 22) + asd (21, 31}

Since d (@,, @,) # 0, we have

i.e.
(A) 1—a; —
( as — a)) d (@, @) < (a1 + s + 6} d {Te: 7). Let (M, d) be 2 metric space and T be a mapping of M into itself.
will be called generalised contractive mapping if for every distinctz, ¥y
i ; 6) such that T

24 y)n M there exist real numbers a,= 0( = 1, 2 e

tofies any one of the foollowing relations :

oy (d (@, Ta) + (3 TY) + aid (2, y) + a:d (T, Ty) <
as (d(z, Ty) + d (y, Tx)) where @, + 8 > &> & + a;

= 2a, (as # 0 and a, # 0)3

) + axd (T, Ty) +

> a, 4+ a, and

Again put z = — g
have put z = 2, and y = & in (2.1). Then by symmetric property

(B) (1 —a, — a;)d (21, r,) < (01 1 a, a,) d (2o il?:)-
Summing (A) and (B),

and

04, 4 s + Gs

o (d (@ Ta) + d (3 Ty < asd (Y
a(dly, Tx) -+ d(z, Ty) where a, -+ 8> @1

2q, = a; + Gz 4 2a,. (a. # 0);
a, (d {z, Te) -+ d{y, Ty) + a.d (Tz, Ty) < aud (z, y) +
)y afd (2, Ty) + &y Tz)) where, a, + @ — & = 0, a. + a—a >0
%a, + a; = @ + 2 (@, and a; can not be equal to zero simultancously).
Furthermore, the contractive relation (3.1) can be further gencralized
he following way : Put
L., = a: (d(z, T) + d (g Ty) -+ a.d (@, y) +ad Tz Ty

R, = a, (d(z, Ty) + 4 Txz)).

2a1+a2+aa+a‘+asd
2 (az +a, + a, + as) (mo, ).

d (‘Ila -'52) <

5
Hence, d{x,, 2.) < d{2e 1) ( Y a = 1].
im]l

Similarly, d (@, ;) < d (2, T2
By induction, it can be shown that
d (mn{-l’ .IL‘,;) <d (mm Xno1) ie d (Tn+1m.;, T 220) <d (T" Tos T"_lw:'

. .S?I {d£ E[I"‘*’.rl.,' T mn?} is a decreasing sequence of positive real n
co(i:lt?ﬁllc()({ l.:rf., T ".1'02}; is convergent. On the other hand T being O
wus, lim T ({T%a) =T (im T x,) = Tu. Thus, lim d(T

=30 ]
1—=® B
i@

T a,) = d (Tu, w)and — lim d (T2, Trtrx,) = d (Tu? Tu).

LRl
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Then the generalized contractive relations can be written as: pnalele stiingifice ale Universitatii

aid (z, Tx)d (y, Ty) + d (2, y) - Loy < d (2, y) . Ry, where, gomul XXV, 8. 1, 1979, £ 2
(8.4) a4 a, + a; > a, > a, + a, and 2a, -+ a, -+ a, + a; = 2a,,
{a, # 0, a,, a3, a¢; can not be zero simultaneously);
ad (z, Ta) d (y, Ty)+d (Tz, Ty) . Ly, <d{Tz, Ty}.
(3.5) R, ,[Tx 5= Ty) where a, # 0, a,# 0, a, + a3 > a, >
a, + a. + as and 2a, + a, -+ a, + a; = 2a,,

d(2,y) Ly, <d(z, y). By1 + ad (z, Tx)d (y, Ty). SOME CONTRACTIVE MAPPINGS
(8.6) where a; £ 0, a, # 0, a, + a; > a, 4 a5, @, > a; - ¢, and

BY
2a, + G: + 83 = 20, + G5 s. K. CHATTERJEA
d(Tw, Ty) Ly, <d(Ta, Ty) . R, \+ad(z, Ta)d(y, Ty) (Tz#Ty) i
(8.7) where a, # 0, a, + a; > a, > a; + a; — a; and 1

2a; + @, + a3 = 20, + as. 1. Introduction. Various contraction typ(li_ n;?opr{)sln({)gfs tlc;: S\Lve(ilo-rl?r?cl:‘:'ﬁ
: iza
Similarly, for each of (8.2) and (3.3) we may also define four generaliseg § metric space (a, d) have g founc} 2 I%enf(r:; nnan [1] has introduced
contractive relations as shown above, Banach contraction. For e;a.n;}) f’X 'by means of the metric relation
With help of any one of the above contractive relation we may algg | & contraction type mapping L
prove fixed point theorems similar to theorem 3.
4. Concluding Remarks, Exzamples of mappings which satisfy the
condition (2.1) but do not satisfy (1.1},
Ezample 1. Let M =[0,1] and Tx = 2, z = M. ;
Example 2. Let M = [0, 10}and Tz =2, 2= [0, 1) U (1,2) U (2,3) U .
9,10). Toe =a —1, 2 =1,2,8,... 10.
Example 3. Let M =1{0,1,2,3,.... 0], Te=a-—1, £=1,2
T{0) = 0.
It is easy to verify that mappings defined in the above exam
do not satisfy (1.1} but satisfvy (2.1). ;
Furthermore, in theorem (3) we have assumed that T is orbi
continuous. We note that if in Theorem (3) we assume T continuous ins
of ,orbitally continuous’ then Theorem also holds. In example (2}
observe that though T is not ,Continous” but it is orbitally continug
T has fixed points. In example (8), we see that T has an unique fixed b
the other two examples T"has many fixed points. So mappings satis
{2.1) may not have unique fixed point.
I am indebted to Dr. S. K. Chatterjee Ph. D., D. Sc, for his he

suggestions in the preparation of the paper. I am also thankful to t
feres for his valuable suggestions.

1
(1.1) d(Te, Ty) < a[d (x, Tx) + d{y, Ty}, 0 < a < o

he author [2] of the present paper has_introdu}ced a contraction type
Ela(;)pinw 7.X — X by means of the metric relation
=]

1.2) d(Tx, Ty) < « [d(a, Ty) 4 d(y, Tx)], 0< a< 1/2.
] d a
r G . and T. Rogers [8] have introduced
ur?tsfaqltli;‘tfht}p(c mljld[flpgn(:;}ﬂ‘ uj{' - X by %neans of the metric relation
3) d(Te, Ty < ayd (x, y) + ad (@, Tz) + ad (3, Ty) + ad (z, Ty) +
+ Cf.sd (y! T[L'),
here o, = 0 and 25 a; < 1. There are several other contraction type mappings

r which we rc{'éy: to the paper of B. L. Rho a.(ll esi [r;],r gz?ﬁ;‘epili)celi
ntraction type mappings arc compared in details. In _ By
] B. Fis her has proved the following contractive mappimng ¥
unique fixed point: . )

(}['heorem 1. If T is continuous mapping of a compact melric space
,d) into itself such that

4) 4 (T, Ty) <= [dle, Ta) + d(y, Ty)]
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] ixed point.
al 2+ y, 2,y €X, then T has a unique fize
Tt i inuity 1 fluous [4, p. 285]
A h the assumption of continuity 1s Super ;
thel;)l;ggfg (;f Fisher seerlrjls to be shorter and interesting. Indeed, carrying
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