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Then the generalized contractive relations can be written as: analele stiinfifice ale Universitatii ,Al I Cu

ad (JB, Tz)d (ys Ty) + d (e, y) Lyy<d (&:’, y) . R, , where, fornul XXV, s. 18, 1679, £, 2
(3.4) a;+a, +a;, > a, >a, +a, and 2a, + a, + a; + a = 2a,,
(a; # 0, a,, a;, a; can not be zero simultaneously);
agd (z, Tz} d (y, Ty)+d (Tx, Ty) . Ly1 <d (T2, Ty).
{3.5) R, [Tz s+ Ty) where a, # 0, a,# 0, a, +a, > a, >
a, + a. + a; and 2a, + a; 4 a; 4+ a; = 2a,,

d(z,y) Ly <d{(z,y). Ryy + ad (2, Ta)d (y, Ty). SOME CONTRACTIVE MAPPINGS
(3.6)  wherea; # 0,2, # 0, a, + 6, > @ + a5, 6, > a, + a, and

2a, + a. + a, = 2a, + as.

d(Tx, Ty) Ly, <d(Ta, Ty) . R, ,+asd(x, Tx) d (y, Ty) (Tx#Ty)
{8.7) where @, # 0, ¢, + a; > a > a, + a&; — a; and
2a, + a, + a; = 2a, + as.

Similarly, for each of (8.2) and (8.3) we may also define four generaliseg
contractive relations as shown above.

With help of any one of the above contractive relation we may alsg
prove fixed point theorems similar to theorem 3.

4. Concluding Remarks. Ezamples of mappings which satisfy the
condition (2.1) but do not satisfy (1.1).
Example 1. Let M = [0,1] and Tz = 2, @ = M.
Example 2. Let M = [0,10]and Tz = 2, 2= [0,1) U (1, 2) U (2, 3) U ...
9,10). Te =2 -—1, 2=1,2,3,..10. ]
Example 3. Let M =10,1,2,3 ... 10, Te=a—1, «=1,2,
T (0) = 0.

It is easy to verify that mappings defined in the above exam
do not satisfy (1.1) but satisfv (2.1).

Furthermore, in theorem (3) we have assumed that T is orbi ) d(z, Ty) +
continuous. We note that if in Theorem (3) we assume T continuous ins ’ wud (x, Tx) + aud (s TY) -+ 2ad (T LY
of ,orbitally continuous“ then Theorem also holds. In example (2 18) d (T2, Ty) < md (@, Y+ e ( )
obscrve that though T is not ,Continous” but it is orbitaily continu + osd (y, T,
T has fixed points. In example (8), we see that T has an unique fixed b
the other two examples T has many fixed points. So mappings satis
{2.1) may not have unique fixed point.

I am indebted to Dr. S. K. Chatterjee Ph. D., D. Se, for his h
suggestions in the preparation of the paper. I am also thankful to ¢
feres for his valuable suggestions.
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i / type mappings on a comple
1. Introduetion. Various contraction - md £
metric space (@, d) have been {ound as %zenfct‘allzat1ons tEtl' ]t};:;:lsx;rs};lnl;&ll?;g
ach contraction. For examples, R, Kannan { :
Eigiltlrgction type mapping T : X — X by means of the metric relation

1
(1.1} d(Te, Ty) < «[d (2, Tz) + d{y, Ty}, 0 <« < B

The author [2] of the present paper has.introdl‘lced a contraction type
pmapping T : X = X by means of the metric relation
[=]

1.2) d(Tx, Ty) < « [d(x, Ty) + d(y, Tx)), 0< «<1/2.

; Nt T 3] have introduced a
tly ¢, Hardy and T. Rogers 1 : |
ur?:ri?,ltlﬁi:l )typc mapping 7: X - X by mcans of the metric relation

here &, > 0 and EJ «. < 1. There are several other contraction type mappings
P < i

. = i

r which we rci‘er to the paper of B. L. Rhbo ad esI [4], wixs:e s;ucel;
traction type mappings are compared In details. In a rec r'I:idl;n
] B. Fis her has proved the following contractive mapping yelaing
uniquc fixed point: . o
Theorem 1. If T is continuous mapping of a compact meiric space
,d) into itself such that

1) 4 (T, Ty) < [d(z, Ta) + dly Ty)]
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Although the assumption of continuity is superfluous 4, p- 285}

the proof of Fisher seems to be shorter and interesting. Indeed, carrying
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out the : ’
rolation: a(T.?.Z)pla(::zfl‘, Et:lg)fo(}::lwi;leg ;gg‘fzzﬁive theorems involving the metri, a. Proof of proposed theorems.
i I Proof of theorem 2. Let us define a function fon X by flz) =d(a, Tx).
it follows that f is a continuous

Theorem 2 T i i
2, If T is a continuous mapping of a compact melric spac

(X, d) into dtself such that
(1.5)

Sfor a.h'!r i':'eﬁry, a.'éyli i'\’,‘tlwn T has a unique fixved point.
) heorem 3. ' is a continuous mapping ] ]
(X, d) into itself such that pping of  compact mainie speg

(1.6) d(Tx, Ty) < ad (&, y) + ood (2, T + axd (4, Ty) +
A+ ayd (2, Ty) -+ 2d (y, Tir),

1.
d(Tz, Ty) < 5 [d{z, Ty)+d(y, Tx))

5
where «, > 0 and ¥ o, =1, for all distinct v, y= X, then T has a unique

. . i=1
fixzed point.
Some particular cases of interest 1
ases | st are pointed out from theo
.In fact, the theorem of Fisher is a particular case of thcorem 3 ;‘?rr:;ll&
in a recent work [6] the present author and K. M. Ghosh ha : 3
the following theorem : ' - wve provg

Theorem 4. If S is a com 3
. pact subset of ¢ Banach space E, T i
nuous self-mapping of S and there ewist ¢ vetions I = ([ hoas
from [0, 1/5] wnto S, such that: SR R {f“}uﬁi
(1) for each « = 8, f(1/5) = «,
(i) for a function @ :(0,1/5) — (0, 1/5),
Ifre (&) — fru O < © (M2 — gl + N2 — fzz @ + Hy — fro O + |
le — frthl + 1y — fr: O}
_)(“f)r all z,y = 8 and for all t = (0, 1/5),
iii) for t >t 4 ; 3 ; )
af)ix{d poi;t .;'nw‘;g.[o, 1/5) and a—w, in S, fx(t) = fu (to) n S, then T
?l(:w by ;u;:}xg of theorem 3, we can cxtend theorem 4 as follo
eorem 3J. is a compact subset of a Banach s E T ;
self-mapping of § and there ext mi e e e
SRS re exists a family of functions F = {fi}aes
(1) Jor each o< S, fo(1/5) = «,
(ii) for a function ®: [0, 1/5] - {1/5}

Ifre (&) — Sz, @ < @ @) {llz — yll + & — frz O] + |
Tz y — JTy (t)"
+ e — fry O 4 gy — Sfra (Ol !
for distinet x, y = 8 and for all t= [0, 1/5],
};lwllafogoin—; :;E,S[.O’ 1/5) and o — ay = 8, fu (£) > fo, (L) in S, then T

d and T being continuous,
X. Thus X being compac
x € X}. Let us now

NOW
nction on
i(2) = inf £ (@),
f(Tz) = d(Tz T%) < 1/2 [d(z T=) +d (Tz, T=)]
4 d(Tz T=) = 12 ) + /(T2
o that fITx) < f(2) = inf {f(x); z= X}, which is absurd and so T'z =T
In other words Tz = z3 so that z is a fixed point.
Next suppose and z, are two distinct fixed p
dlznz) =4 (T2, T'2:) < 1/2 [d (z3, T2:) + d(z., Tz} = d (215 Za)
z,. Thus the fixed point is unique.
before we define a function f on X by f(z) =
Tez, we get

t, there exists a point z € X such that
suppose that T # T>z. Thus we have

< 1/2[d (z T7) +

oints. Then

e

absurd and so 7
of theorem 3. As
). Likewise 1f Tz #+

f(Tz) = d(Tz Tez)

< wd(z, T2) + aud(z T2y + ad(Tz T72) + ad (z, T2) + xsd(Tz, T3)=
) = oyl {7 T=) + 2d (z, T2) + a.d (Tz, Tz} + ad (3, T%2)
ayl (z, T2) A 2l {5 1=y 4 aad (T2, Ty 4 afd (2 T2) + & (T, Ttz})
(7 + %2 + %) d(z, T3) + (o + 2 d (T2, T2)
(%, + ® + ag) f(z) + (23 + a) f(T2)
mumetry property of a metrie, we get

VF2) + (o + @) S (T2):

which is
Proof
=d{x, T

[

gain by the sy
f(TZ) = d (1" Tx) < (o + @ + %5
) and (2) we obtain

- a5)f(T2) < (2&1 + 2 "i_ =21 + oy + Cls)f(Z) =

- Oty — g

== (2—’ Xy — %3 1&““5)f(z),

F(T2) < f(z)=inf {fla); z e X},

ie. Tm ==
distinet fixed points. Then

o Tz} + a,d (51

. absurd and thus Tz = 1%,
Nuxt suppose 2 and z. are Lwo

Y= d(Tz. Tz:) < ayd (7, 7a) - oad (35 =) + = (2
Tz.) + 25d (32, Tz) = (21 + 4 a5} d (S Za)s

215 22

-
4

ich is absurd and thus 2z, = 2.
Remark. 1T oy = og =05 =
lowing
Theorem 3. If T is a continuous mapping
v ) into itsclf such that

d(Tz, Ty) < ad (2, Ta) + aud (¥ Ty

o reduces to the

then the theorem

of a compact melric space
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where a2 > 0, xy = 0 and o, + a, = 1, for all distinct x, y < X, then T hg, An{ﬁjiexs}tégltlshcleaalfg%mf : {1
TD 3 2 ] y A

a unique fized point.

The theorem 1° may be considered as an extension of theorem
Similarly other particular cases like theorem 1°can be deduced from
theorem 8 by putting «, = o5 = 0 or a, — «; = 0.

Finally we return to the proof of theorem 3. Let us put £, = n/[5(n+1}]
n=1, 2,.., so that k,—>1/3. Also let T, : S ~S§ be defined by T\ = frulk,)

for all z< S. Since T (S) = § and 0 < k, < 1/5, each T, is well defineg
and maps S into §. Now for each n, we have for all distinct 2,y =§,1 guR UNE EQUATION INTEGRALE DU TYPE VOLTERRA
T — Tagl = e (k) = fry (] < @ (k) {lz — gl + llz — fra (R + | NON-LINEAIRE
+lly — f + ylka) | Hlle— Fry )l + Iy — Sz Radll = 1/5 {llz — gl + o = | PAR
C T (@) 4y — Ta @) + o — To )] + Ly — Ta (@ STIG-OLOF LONDEN

Thus T, is a contractive mapping on § in the scnse of theorem 3 for o, = § .
=, = oy = oy = g S0 cach T, has a unique fixed point &, € 5. Since § | ' 1. Introduction. Dans ce travail on considére le comportement qualita-
is compact, there is a subsequence {i,;} of {,) such that {w,}— some z= §, it des' solutions de I’équation du type Volterra,
Now T,, z,; = &,5y— & < 5. On the other hand 7' is continuous and consequ-
ently Tz, - Tx. Now by (iii) and (i) we have -

(1) + Sg(:c t—Nda(x) =1 120

j‘ﬂj &ag =fT-‘!1l_.' (kn) g f’f‘z (1,1'5) = 1'{3,
]

so that Te — a. ’ o |
gt g, a, [ sont des fonctions réelles donndes et  signifie la solution.

En particulier on démontrera Je résultat suivant:
Théoréme. Supposons que
2) g = C(R), (1.5) Red(w) 20, o€ R,
13) a = NBV(R'), (1.6) 4(w)=0 0 = Sif {w|Re i (0) = 0},

3. Concluding remark. Theorem 2 and thcorem 3 are established for
compact metric space, whereas theorem 5 is established for a compag
subset of a Banach space. The object of discussing theorem 3 is to exter
contractive mappings on compact star-shaped subscts (which incl
compact convex subscts as a proper subclass) of a linear space with
help of theorem 3, i.c to discuss contractive mapping on a certain class of ne
convex sets, just as we did in [6] for extending contraction mapping
compact star-shaped subscts of a linear space (vide theorem +4 of the prese
paper).

The author thanks the referec for his valuable comments.

i -
4) S]da (=) € LR,  (1.7) 0<5,

.

8) z= L= n LAC(R*), = vérifie (1.1) p.p. sur R* et soit la fonction
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