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1. Introduction : The frequency-domain method developed by PopovV
) is largely used in the theory of control systems. It has been successfully
licd to non-linear oscillations of certain kinds of second, third and
urth order differential equations. We extend here, the range of applications

somce third order differential equations with two non-linearities. Precisely,

o shall consider the equations

(17”' + aw" + g (a’,") + h (m) =g (t)’

2+ aa + gi@) 2’ + b (@) =g
existence, uniqueness of solutions which are bounded in R and are
shally exponentially ctable and which are periodic, respectively almost

iodic in the same time as g (£).
We shall use the following theorem of Yacubovich:

sider the system
z' — Az — Be(s) + plt), 6= Ce

(o) = col gslay) (G=1,2,.7)
‘?(0) = 0,
< eio)) — '1'-3.1(0'1) < 113
o; — 9y

re A is a stable n X ® matrix 3 B and C are 1 X M matrices, B # 03

|p(t)| < oo for all ¢t =R.
If there exist T T2 e Tm all strictly positive such that for matrices

diag (=) and K = diag (1)
LE- 4+ Re [LC" (o I — AY* B] > 0.
Il w = R, then
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(i) the system has a unique hounded solution on R, and (311} q (t) is bounded;
(ii} for any two solutions. the estimation (v > 0, ¢ > 0 depend onl % satisfyin

the equation) Y onyg for some sfying

. S { l', t — 2b - 2:
laa(f) — 2 (1) | < ye™ W | 2, (t) — 2 () | {(iv) ur,I-ll-]L:I {(4 afu,) -+ (8[3 papte) (@ 1)
holds. (u1”q||4‘) [(_4/27) (g_z — 2h — E-I-x)a + c¢* + CIJ-B]}
(ii) If p (1) is periodic, respectively almost periodic, so also is the boundey e .
solution. > % > (4 afwy) — (8/3 paie) (@ == 2b — )
2. Results : The following iemma, the proof of which follows frop . .
usual methods, will be applied in the main results. ; with A # (4 afw);
Lemma : The cubic polynomial A 0
| Then : ) : 2.1) ¢ x (), 2'(t)
Q{y) =y + kw2 - by + ks | \T (A) there enists a unique solulion & (t) for (2.1) such that x(t)

) : tially stable ;
)y are bounded in R and globally exponentiaity o
4 (B) If, in addition, ¢ (t) is periodic (respectively almost periodic), then
e same is true for the solution (£) of (2.3)._
Proof of Theorem 1: Let g(z) =bz+ & (z) and
h(z)=c¢ + h (2).

to the form of (1.1) by putting

Sfor which ky, ks, ks are real with ky, < 0, and | 3k, | < I3, has s mim’mum'
value al

y = — (k:/3) {[2 — (8k2/2k7)] — O [(3k./R1)*]}
and this minimum value will be positive if
ke [(2/3) — (1/4) (3kafR9)] + (43/27) + by

15 chosen positive.
Theorem 1: Consider the cquation

(2.1) a” +az’ + g(&') +h(2)=q()

For convenicnce, we shall reduce (2.1)
xy = — b, — ¢24 “é(fﬂz) ~ h (s} + g (1)

Ty = T, — & Ta

T =1
with @ > 0, g, h continuous in their arguments and : ’
g(o)__-h(o):o' 4 O_b —
Suppose z=|g,l; 4=f1 —« 0}
(i) there exist constants b, ¢ such that ab > ¢ > 0 and real nu i 0
Wy pe Such that s 0
p< BRI ER) 0, 11 00
2 -2 B__.((}O‘;C:lo;and
— Wz ~ 00 01
CSMSC—{«}Q for z £ =z,
} e a(®) o
{ii) ity =lo | Thus a={ | and
20c — b2 > b > ac— 2b7, 0 s
e > | (b7 — 2ac) a | — [(a* — 2b)fa]? -
and . satisfies the inequality o(o) = { %((iz))\
Ea

b ok + i [(8 f9) (o — 2)* — 2 (b — 2 ) + (4ef3) s — 2]
o [(b2 — 2ae)r + (16/81) (o — 20)* — (8/3) (=* -- 2by2{h: — 2 ac)
4 (1033} (e? — 28)] > 0.

Adenole the determinant of (i i — ), that is A = (¢ — aw?) +

bo (b — w?). Hence,
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Yiw) = O (i s A A In order that condition {2.3a) be
Gliw)=C ol —d)7 B = 1 1 griterion that the determinan
= positive,
. A A P () and P, (w)
By the Lemma proved above,
—iw 1 i) and (iv) of the
sp_ iy P . ) A A Theorcm are satisficed
G{—iv)=B(—tu—d)"C= PR In considering the
ol gition :
A A
where A = (¢ — ¢ w?) — iw (b — w?). Thus, the Yacubovich frequmcy

condition (1.2) becomes

T win(d — w?) A + et A

(2.3) n(w) = the jA|2 2|Ald
T — twT A Ty I To(c — a?)
2{A2 e |Al2

with the notations L = diag (7;) ; K = diag () (j=1,2). Calculation sho

that (2.8) can be written in the form

TzA + 'im-;lA_

1
—— Piw
(2.3a) lw) = wilAf? () 2|A1 o
1A — T, A = p ( ’
TAr - wAr L)
where

Pio) =0 + ot {at — 2 — ) + o (d®—2ac 4 b)) 4-¢*

and
Pole) =0+ o' (a? — 2b) + 02 (B> — 2aec — a ) +
Also the determinant of = (@), when we let A = (7,/1,) is
1Tz
—ie Py
papa] A2 )
with
Py(0) = of + at(ot — 2 — ) +
e

—]—w""i'be_‘zac—apg-l-bsi:———"]-l-{cz%-r:u..
4 . 2

Polynomials P, (w), P:{») and P, () are crbie in -

>0

Theoremnt 18

4)

(e* 4+ a pa)

S
ilte *3
4%
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This reduces to cither Py (w) and P, {w)
be both positive.

Theorem are satisfied.
and thus our thcorem is proved.
I

Under the frequency-domain method,

Theorem 2: Let b,
real numbers. If condition

the same conclusions as in Theorem 1 are valid for the

& 4 az” g (@ + h(@) =g

Proof of Theorem 2 : Let

Ty =

Tices to those in (1.1) are respeetively A4, C
C as in Theorem 1.
Hence under the frequency-domain method the conclusions arc valid.
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satisficd, we shall usc the Sylvester’s
t of the principal minors of the matrix = (o)
be both positive or

either of these will be true if conditions
All the conditions of Yacubovich

sccond equation, we shall use the following defi-

the system

2 — A — Co(s) + pull), o1 = B'x,
ill be called the dual of the equation
' = Az — Bo () +p ), a=Cm

where A, B” and C” arc complex conjugate transposed of matrices A, B
and C respectively. It must be noted that condition (1.2) of Yacubovich’s
is true for dual systems.

¢ be positive conslants such that 2b > ¢ and gy, Ua
{2) in Theorem 118 replaced by

bsSgl(.-r)da"s; b+

h{(O)=0, v # T,
equalion

(z) dz = bz +g:(z) and h(z) = cx + ).

g

DR

ing the equivalent system

Loy

. bm; — o s + Iy -El (wl)’

— Ty ~— ’_l_(ﬂfl) + q (t)v

see that (2.4) is the dual to the cquation (2.1) where our corresponding

and B* with matrices A4, B
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Remark : Theorems 1 and 2 have extended the results of [4; p | XXV, s. 1a, 1979, f. 2
N flomu o B S. a, U s A

.3.;;1—‘.}53()] to the case when g (') or g, (@) @’ are not merely lincar functigy,
{) 2’ but quasi-linear functions of #’. Exponential stability was estahlishe(si
by both methods one via Liapunov function theory and the other by
Irte;;]uency-ld(zma&n method. The later has the added advantage of arrivine
at the result (and more results) of a larger clas 1 i

: s s : ss of equations through simplifj
inequalities. - ! gh simplifig

N MAXIMALES PRINZIP FUR STARK ELLIPTISCHI SYSTEME
MIT KINER GERADEN ANZAHL VON PARTIELLEN
DIFFERENTIALGLEICHUNGEN

VON
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Der Zweck dieser Arbeit ist algebraische Bedingungen fiir die Koetfli-
enten cines stark elliptischen Systems mit ciner geraden Anzahl von
tiellen Ditferentialgteichungen 11 Grades zu bringen, fir dic das maxi-
e Prinzip giiltig ist. Man bringt auch ecinen Satz tiber die Eindentigkeit
: Losung des Problems von Dirichlet fiir diese Art von Systemen.

Wir gehen von der Arbeit [3] aus und werden hicr allgemeinere und
ollstindigte  Resultate in bezug auf die Arbeiten [1] und [2] geben.

|. Es sci ein begrenzter Bereich D<= R”, mit der Grenze T' gegcben:
L (R) sct die Menge der quadratischen Matrizen n-ter Ordnung mit
Jen Elementen. Fiit n einc gerade Zahl, berichsiehtigt man folgendes
tem mit partiellen Differentialgleichungen :
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n 82 n 8
Ly = E Ay (x) P 1;33 + EA,(a:)é-: 4 Ay (@) u = Blx),
iJ=1 i J i=1 Ty

Ay Ay Ay s C(D,Mu(R), B=CDR) «<=k.
setzen voraus dap die Matrizen Ay symmetrisch sind, also
Ay = Ay i,5=73,n

n{n+ 1)+ 2)
2

Wir bezeichnen mit f die quadratische Form von

nderlichen die durch

n n
J= <e Le > = Z < e Ayen> +2< e, diei> +<e Ae>,

=1 =1
iert ist, wo <, > das Symbol fir das skalare Produkt aus R" ist und

e = (¥ o> Ya)T



