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 Baweis. Weil < Le > < Jo, i jedes ¢ < €2 (D, R} mit }e| =1, |ialele stiintifice ale Universitatii ,Al I. Cuza* din lasi
silt auch < e, e >< —at,a s Ra# 0 und man verwendet Batz 1 \’On[s]. fomul XXV, s. 1 a, 1979, f. 2 ’

Bemerkungen : 1) Satz 2 ist eine Verallgemeincrung des Satzes 1 ayg
[2] fiir den Fall von Systemen mit zwei partiellen Ditlerentialgleichungen

2) Die Voraussctzungen des Satzes 2 sind stirker als die des Satzeg
1 ans [3], aber sic werden nur den Koeffizienten des Systems (1) auferlegt
withrend der Finheitsvektor e ausgeschaltet wird. )

3) Satz 2 ist cine Verbesscrung des Satzes 1.1. aus [1] in Falle dep
stark elliptischen Systeme von Differentialgleichungen, wenndie Koetlizientep
der Glieder dic Ableitungen zweiter Ordnung enthalten nichtdiagonale, |
symmetrische Matrizen Ay sind. :

APPROXIMATE STABILITY OF GENERALIZED DYNAMICAL

9 Tn diesem Abschnitt zeigen wir, daf das Grenzproblem (Dirichlet) SYSTEMS
Lu=D5B, BY
(13) u e C*(D, R"), C. IGNAT
ulr==2a,

The notion of stability of sets with respect to a preorder relation has
jeen introduced by Bushaw in {1] in uniform spaces. This work has sugge tm(;
s a generalization of the same notion in topological spaces [5]. 1 r: the g?'zzee t
mper we will propose another gencralizntio; in spaces endowed I\)vit‘I !

eorder relation and an approximation structure, defined by us in []()]a

wo b € C{(I', B") cin Functionvektor ist, cine einzige Lésung hat.

Satz 3. In den Bedingungen des Safxcs 2 ist die Losung des Greng-
problems (15) einzig.

Beweis. Wir zeigen, dal die homogenc Grenzaufgabe

Lu=0 ¢ rec: linition of i

u % We I'?(.d” the definition ol an approximation structure [6].

(16) w e C*(D, R") - tL)((tt:{} and o be two sets and 2 (1, X) the collection of all relations
ujr=20 Defin

Definition 1. dn approximation relation o T .
et o C X % @ (4, X) such that n of X directed by A is a

} VeeX Jae=@(d4d X):(r,a) €a.

nur die Losung . = 0 hat. !
In den Bedingungen in denen wir arbeiten, kann man das Prinzip d
Maximums (Satz 2) {ir die Losung des Systems (16) anwenden. (11) zeig
daB |u i< 0, also}u| =0 oder u = 0.
Es seicn u, und 1, zwei Lésungen fir das Grenzproblem (13). Da
ist die Dilferenz u — 1, — 1, cinc Lésung der homogenen Grenzaufge
(16), also u =0, oder 1, = .
Somit ist dic Eindentigkeit festgesetzt und der Satz bewiest

We shall sa a4 ymati
“’(; .sd élnfr) :;:ay that {X, a, A} is an approximation siructure space.

r{z,ag) ={zeX:(ag,2)=ul, a esR(4,X), a = 4;
' [y]l={:=X:(zy) € a}, y € R(4,X);
afa]=fa e R4, X)i(ma) =al ¢ = X;
S[a] =y =X:3aed (a,9) <al, « =@ (4, X)
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Definition 2. Let X, G, A be three no
2. .G, A nemply sets, X (C R (A,
be @ mapping of X x X in the set of functions G*; de(n:ote G and

rfal={ceCG:(a,p) er), =X, ac A,
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is said to be an approrimation ball centred in @ = X with radius x.
The qu.intupte {X,G, 4, X,
metric (a.gm.) on X, directed by A.
Let {X,G, 4, X, p} be an a.gm.on 2.
The approximation relation a, on X defined by

(2,0) € ap=dx = Y:vVvae®Dx r{na)= lyeX:pla,y)
{a] € x [a], Ya & D (x) 7 (o, @) = D]
induced by the a.gm. {X,G, A, X, o}

(8)

is said to be canonicaly
Proposition
{a, A}. Then, there exists
zimalion relation a, defined by
Proof. Let us denotc by qu ()
MCX, d(Msa)=1— oy (@) = uc (%) and § = {0,1}.
For every (b, p) & A %@ (4, X) consider the map

B XXX >8x%xS

an a.g.m. {X,G, A, X, p}
(6) coincides with a.

defined by
(9

Let us consider the a.g.m.
p detined by :

(10)  profe (@ ) b = A& y):my = Kb = A,8 =R
Define the equivalence relation on X:

oz, y) = (¥ (2" [B)3 @), & (r (B D)5 )
{X, G, 4, X, p} with: G = (S = S)?Q:a.x;

(4, X).
(11) riyeelrj=c [¥]

and denote z = {z & X :27 2}
For (%, 8), = a [#] consider the relation on 4 :

(12) [z, B)) = {(bp) =D (B) X G
prap) = (&%, 52%) « € R (4, X)
for it 23] C a*[a],
pheqs {1} ifafa)nalB]l=0.
(0,1} it a’{a] n 2'[Bl # &- & [B1N\a[a] # S
{0} if r (8, ) C 7 (ab)
fPeq {1} itr {a, BY 0 7 (B, b) = &,
; f0, 1} it r{a, b)nr(B, b)# , 7(B, bYN\r{a, b)# &
1s) Z = {x[(w ®):w= Xja, B < al2]

Let (z.y) € a. For a = D [x [(z~, v}] one has 7(y,a})= {y:p(o

e} s said to be an approximalive generalise

1. Let X be a set endowed with an approzimation relatin
on X such that the appry

the characteristic function gof

and D (v) =D (= % ) e (= ) E ap Therefore a C a,.
(8) there exists a relation % [{w, a)] such that

= )1 lals

I (it ) € 1 bY

vac D &E D) =D (); r(a={y:etuyla]sx l(z, «)] [al}s

Vva € D@9l r3,d)= 3.
It follows that
D (3) = D (),
§ e Q fa’ [pl:a” o) Ca’ [BL] N [Q {Ca* [¥):a' [«] 0 a" [y] = B} =

— o' o)

r(3a)=[1 {r(8,a):r(xa)Cr (3 a}]nln {Cr(y,a):7 (@ a)n

r(x,a) if ae @)
& it a ¢ D{«).

: then & — « and therefore (u,3) < a.

2. We shall establish conditions such that an a.g.m. {X,G, A, X, o}
induccs by (8) an approximation structure associated with a Hammer
dosure map [2], [3]

Let {X,G, 4, X, ¢} be an a.g.m. on
Jation on X x X defined by

14} (2, M5 (', N} e Bx, }) = B (2, ¥'),

l N riv,a)= B} =

an

]

X. We introduce the equivalence

d denote the equivalence classes by (z, nP. For (@, »)e Xx X, set
5) cﬂ(a:,ac):{yex:Bx'EI:(w,x)s(y,x’)}.

e shall say that the a.g.m. {X,G.4,X, ¢} is strictly monotone if

.6) Bz, x) C B (y, ') and D(x) =D (x) = & (z, ) C E(y #')-

Re(f:a]l [6] that an approximation relation ¢ on X is said to be mo-
tone i

(SAM) 8 (2) C 8 (8) = o’ [«]C a’ [B], o B = R (d, 2).

is ecasy to prove

Proposition 2. Let {X, G, 4, X, ¢} be an a.gm, which satisfies (16).
the approximation relation a tnduced by (8) is monolone. An a.g.m-
,G, A, X, ¢} is said lo be expansive if

) Ve e Z:(3ac D), 3z= X, (6 2)e Bz x) = (@ %5 (2 %)

Proposition 3. An ezpansive a.gm. {X,G, 4, X, o} generates by (8)
approzimation relation a on X which is expansive [6] L.e.:

wEJ[a]=(m,a)Ea:ceX,aEQ(A,X).
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Since a monotone and cxpansive approximalion relation o on X gene We remark that theseale ol a colleetion @ has as {'nhti el r;a_cnt < it
rates a closure map & : P (X} - @ (X) by We consider the seale ol the system X C P G

We shall prove a generalization of ithe results of Bushaw [1]

(18) (M) = ly=sX:(y2) =a Sz = M| CXIMNCX, i 5] .

) a =l . o e i ] rre onists
it follows that an a.en. {X, G, 4, X, ¢! which satisfies (16) and (17) gener,. Proposition 4 A sel ,S C X is (s, .r') 'S;H;hh_, ;'/ 2"&811” if there oo
tes by a4, in (8) and (18) a Hammer closure map. ' g Liapunot Junetion for S with range in the svate .

Proof. Necessity. Let S C X be stable. . o

Obviously the relation U = o x X s an vuml‘nrm approximation

1ot & invariant with respect to oo [U la]] = Ulfa) YVa = A.

Consider the map

| (22 La.a)=1{x = X: s(x) = 1S ;%] [e]}

Let € L (a ry and z. = K, C e Sinee

it s (@) C A{S ;%) [a] C A (S, 7)) [al,

it follows », = L (a, x) that is £(a,x) =& (Z). Let (a, ) = A w X and

. = % be such that o (@0) C A (S, %) [a]. Let @’ be any clement of o ().

1 from o () C o m) it follows o (@} C (S, Iy) [a] je. ne La )=

o= L (a,2"). Thus the condition (L1) is fulfilled. )
Let I'e &(X) and o= INT # B. Since § is stable there exists

an clement ' € X such that

vae D {x) o L1852 [a]l C A (S %) [a)

isls - - 2"} suc : : I, Since
Supposc that there exists (a.2) € A(S, =) .:,ucl'l that .2 (n, ) > .
a,].ll') = 4 (S, =} it follows ¢ (@) C ot (85 n 1) 1C t.“l (S, =) [¢] that 1s
0. (aq, ) But L{a. )T which is a contradiction. '
C 'l‘h(t:{:‘(:f())l‘c. for I' = & (X) there exists x’ &€ % such that (e, @) € A
5,2 )= 1" ¥ L (a, x) Pc. (1.2).
' Let 7, be an clement of & and sct

3. The stability of sets in spaces with filltral approximation structure
We shall say that an approximation structure a on X is [illtral if it is canonj.
cally induced by an a.gm. {X, G, 4, X, g} with card (X) = 2 and

(19) Var, v e K= 3z X »_x %"
Let ¢ be a binary relation on X reflexive and transitive and denote
c() =]z X:(n,z) = s}, u =X,

g (M) = U {o(a):xe M}, MCA.

Let {X,G, 4, %, ¢} be a filltral a.gm. on X. We shall say that
(20) AMiy={ay=d <« X:aePD()Ix e,

s (o) [a) © « [a]}
is the approximation of order » for M C A\ [

Definition 3. The set S X is said to be stable with respect 1o a preorder
o and a filtral a.gm. {X,G, A, X, ¢} ((o, ¢) -stable) if : i

21) Vxe X 3% € X Vas D (x):a[ch(S;%)(a]) C o [S, %] fa.

Liapunov functions {1]. Let {#, < L be an ordered set, with hy ¢
V h = % and such that B+= H/{h,} # . Let U be an uniform approxi
tion of SC X, ie. UC A4« X, 3zxe X, 4(S3»)c U and Va
s [U[a]] = U [a].

Definition 4. The mapping L : U — % is called a Liapunov func

Jor S if :
(L1) Vg, o) = U, p) = o= L0y < L{aa);

(12) Vhe®H IzneXV{ga)esAS;)n U = s £ (a, r);
(L3) VeeX IheH V(o x) s Uld (S:x)=h < L(a, x)

—

25) A= [L{aa):(a,e)=C RECEREDIE
ecause £ (a, 2} = & (X) obviously Ae & (X}. Let us prove that A = X.
ndecd. if A — % then 2, & A and there it exists (q,_m) such that o =3
e p{u, r). From (24) we have o (2) (C A(S 3 %) [a] Le. (a. @) e A(S, %)
hich contradicts (23). Then A = & (X) so that (L3) is f}llflll{:d.
Sufficiency. Suppose that there exists a Liapunov function for the set
RN LN (1) where U is an invariant with respect to o uniforim approxi-
ation of S.
Assume for the moment that:

Ix, 8 X UNA (S, 20) # &

This is a generalization of the definition for Liapunov function d
Bushaw [1]. Let "€ be a collection of subsets of a sct YT C

We shall say that ' nd st
z N LIRY 1
(22) L(C)=WC T M=2dNeT, MCN=N= U M =(01'Jﬂ{_2 (a, x): (a, @)= UNA (S o)}
ordercd by Obviously M = & (). ‘ ) |
(23) Yb<ye=yxCuw From (13) it follows that there existsY & &7 (X) such that

is the scale of . Vi a)e UNA(S; ) = S < L ),
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t.c. 2 (¢, 2) C > therefore M (Y. Then M = &'(X). By (L2) for M = 8‘(1] jnalele_stiing vt
s. 1o, 1979, 1.2

there exists ' = X such that smul XXV,

Suppose (e, @) = UM A(S5%) =M x L(a, 7).
™ 4(85)CU.

Because Yao [U[a]] = U [a], it follows

s[4 (S, %) [a]]e Ulal, Va = 4.
Let (a, 2,) be an element of A4 (S5 x"); therefore: \PPROXIMATION OF AN INTEGRO-DIFFERENTIAL EQUATION
M L(a, ) or £(a )¢t M IN A HILBERT SPACE

For z, € o (z,) we have by (L1) £ (a, z.,) < £ {(a, z) le. BY
(27) vz eol[d(S;«)[a]] L )¢ M V. ARNAUTU

From (26) and (27) we
get
We consider the nonlinear

a (4 (S, %) [a]) C 4 (85 %) [2] YV as D (xo)-

If for »' the condition (**) is false, then si i ]
£ ‘ , then since U is an unifo imation
f ' T a TOXIma
g‘{iS thqr;e is a % % such that A(S, »,) C U. Since K ispr)iltr 1 - 1
xists %" C »' () ¥, al theg {11}
By the same argument replacing »’ by »”' !
%o satisfies (") there is a x & }){ g %' by " we deduce that ; for every

(28) o [4 (S ;%) [a]] C A4 (S %) [a] Vas D (x).

We shall now prove that assumption (*) i

for which (*) s not satisfied. If for x, -TI_%E whi(cl)n lle;;gegisstirg' diﬁzz .

uniform approximation U of S, the condition (*) is fulfilled, then 1bmnt:

same Iafrgfument for »'' C %, [) » instead of ', we derive (,28). y

et S?r every xe X C /4 (S, ») = then there exists x,= K su
(S, x.) = U since U is an uniform approximation of § and

Va e Z:o(d(S;x)[a]) = o (Ula)) = Ulal < 4 (S; x) [a].

1. Notations and General Assumptions.
i Volterra equation
13
‘-:l-;-‘ t) + Bult) —}-Sa(t- o du(s)ds =@, t=00. T}
9
with initial value condition

u{0} = U

1.2)
o a Hilbert space H.
e list the notations

hroughout  the paper.
{a) H will denote a real Hilbert space w
form | . | . V is a real reflexive Banach space dense in

mace of 17 and then the relation
VcHc<cVWV

v in H is continuous, H is identified with its
V' and V. [.] will

and general assumptions which will be in effect

ith inner product (..-) and
H,V' is the dual

means that the injection of
gwn dual and  (.,) will denote also the duality between

enote the norm of V. )
(h) B=2dp where o:H - (— o, o] is convex, lower semiconti-

ous, D (g)= V and, for any M > 0, the level sct
3) fue HloW + |n*< M} is compact in V.
all that fpisa maximal mo-
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é= denotes the subditferential of o (rec

otone operator from M into itself). )
() A:V = V' is single valued, everywhere defined and maximal

Onotone from ¥V into V'. Moreover, there exists a convex and lower seml-
ntinuous function ¢:V — (— @, + o] such that A = &b. Further,

sume  that

[=+]



