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ON SEMI-SIMPLE INFRA-NEAR RINGS (II)
BY

MIRELA STEFANESCU

in a previous paper, we have studied some propertics of the simple
and semi-simple infra-near rings. The notion of infra-near ring has been
introduced in [4]. Our definition lor semi-simplicity in [5] was suggested by
{hat given for semi-simple near-rings by DW. Blackett [2] The whole
theory presents an analogy with the theory of semi-simplicity of the rings
and ncar-rings. In spite of this analogy. there are simple left infra-near
rings for which the associated left distributive multiplication (voy =
= x-y—x-0, for all clements x. v) is a necar-ring multiplication, but the
so-oblained mear-ring is not simple in ihe Blackett’s sense {sce examples
in [5]). The deep rcason of the possibility to build such a theory in the
case of left infra-ncar rings is the assumption that there exists a left
distributive ¢lement d,; in cach minimal nonzero right N-subgroup 3 of
the infra-ncar ring N, such that da- M#{0}. As onc can see, in all the sta-
tements and arguments, we need only the left distributivity of such an
clement, the other clements being only in{ra-distributive,

Many propertics of semi-simple near-rings have natural generalizations
for semi-simple infra-ncar rings. We have alrcady shown it in {3]. Now we
give some other propertics of semi-simple infra-near rings with a left iden-
tity. We prove that the right ideals of a semi-simple left infra-ncar Ting
satisfy the ascending chain condition. We give nccessary and sufficient
condition for a left infra-near ring to be semi-simple, when it has a left
identity.

1. Preliminaries. First we recall some useflul definitions and propertics.

Definition 1.1, A left infra-near ring (shorter, Linr) is a triple
(N, +,.), where (N ,+) is a group, (N,.) 1s a semigronp, satisfying the
Jfollowing identily .

(1.1} % (y-r) =2 y—x-0-pa-z, for all x, y, zeN.
Assume that
(1.2) 0-x=0, for any x€N.

Definition 1.2. A righi N-group is an additive group (M,-+), to-
gether with a maditplication p: M N M-denote it by p(m, x)=m-%,
for any meM, x =N-such that the Jollowing axioms are Fulfilled

(1.3} me(xdy)=n- x—m-04-n- 3, for all meM. x, veN;
(1.4) m-(x y)=(m-x)-y, for all me&d, x, yEeN;
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(1.5) 0-2=0, for all x=N,

81’t§'_i(”‘513"' N and {0} are right N-groups.

efinition 1.3. A right ideal of N 15 a normal subgroup R [ sa-
el e & f a normal subgroup N of N sa
{1.6) (r-ka)-y—x-yeR, for il vel; x, yeEN.

A and {0} arc also right ideals of N. A right idcal of N is a right N-sub-
group of N (take x=0 in (1.6)), but generally the converse is not true.
I'he properiv (1.6) can be written under one of the forms:

(L7 (x47)-y—a-yeR, for all e R, x, yEN,
or
{1.8) —x-vH{x4-rhyeR, for all rek, x, y,EN,

because (K,4) is a normal subgroup of (N.-).

Proposition 1.4. ({5], Proposition 1.2) If . is a right N-subgroup
(a rvight ideal), and B 1s a right ideal of the Limy. N, then A4-B={a+b
asd, beB}1s a right N-subgroup (a right ideal) of N.

Definition 1.5. Let A and M’ be twe right N-groups. A mapping o:
MM is called a morphism of right N-groups, or a N-homomorphism
%zg(zz::l\;{zz)=<p(ml)—|—;9(mg) and @ (m-x)=cg(m)-x for any mi, m, meM
Im o=o(M)={c(m) [ msM} is a right N-subgroup of M’ and Ker o==
= {ma|mos M, o(me)=0} is a normal right N-subgroup of A, having
the property :

(1.9)  (mo-}-m)  x—m-xeKer o, for all me=Ker o, meM, xeN.

If M=N, Ker ¢ is a right ideal of N.

~ Definition 1.6. A nonzero right N-subgroup ( vight ddeal) M 1is called
minimal, if there is mo other nonzero vight N-subgrowp (right ideal) of N,
different from M, which 1s properly included into M.

Definition 1.7. A linr. N ds said fo salisfy the descending chain
condition (the ascending chain condition) for right N-subgroups, if any
descending (resp. ascending) chain of right N-subgroups MizM.> .-
(resp. My Mo<---) terminates (i.c. there exists a positive integer P, such
that My= A, whenever hzp). This condition is cquivalent to the minimal
(resp. maximal) condition for right N-subgroups, i.e. cvery nonempty col-
lection of right N-subgroups of N has a minimal (maximal) clement. Onc
can easily verify:

_ Proposition 1.8. Ann, (TY={x|x N, t-a=t-0, VieT}, the right
annihilator of T, with T a noncmpty subsct of a right N-group M, is a right
tdeal of N.

Definition 1.9. A l.imr. N is called semi-simple, if the following
two conditions are satisfied:

(1.10) the descending chain condition for right N-subgroups
(1.11) each minimal nonzero right Nsubgroup M of N contains a left distri-
butive clement dy, Such that dy- M#£{0.
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The following statements were proved in r3], Corollaries 2.1 and 2.2,
Lemma 2.3, Proposition 2.2 for a semi-simple Linr, N7

Proposition 1.10. (i) N can be writion as a fiwile divect sum of mintinal
ponzero right N-subgroups (minimal nonzcro right tdeals) ;

(i1) There exists a left identity 1n N

(i} Each minimal nonzero right idewl of N is a ninimal nonzero
vight N-subgroup of N :

(iv) Each right ideal ] has a left identity and ] 1s generated by a left
distributive idempotent (J=e-N).

Proposition 1.11. ({3]. Proposition 3.1). A ldnr. N is semi stmple,
if and only if 1t satisfies (1.10) and Se=n {Ann (D) | M —a minimal
nonzero right N-subgroup of N} where D(M)={d|d =M, d-0=0}, is the
ideal {0}

Definition 1.12. o 7ight N-group M is ealled cvclic, of there cxists o
left distribufive element deM, such that M=d-N.

We have shown ([5], Lemma 2.1) that in a semi-simple Linr. cach
minimal nonzcro right N-subgroup M is cyclic and generated by a lelt

distributive idempotent, which is a left identity of 2.

Definition 1.13. An cvact sequence of right N-groups 0-MILH
(i.c. a seguence of N-groups and N-homomorphisms such that Ker f={0})
splits, 1f there cxists a N-homomor phism g M =3, called the splitting
N-homomorphism, such that gof=1y.

Lemma 1.14. If the exact sequence 0= MM splits, then there exists
« normal right N-subgroup R’ of M’ such that M/ =[(M) + R" and f(M)n
nR'={0}.

Proof. Indecd, take R'=Ker g, where g M'—=M is the splitting N~
homomorphism. hence gof=1y. We verifv  casily  that x'=/fog(x") -
A { = fog(x")4-a"), where fog(x')=f(g{x")) = f{3) and —fog(a')+a" = Ker g
Take zef(M)n R, hence z=f(r) €K', for an clement xve M. But g(z)=
= 0=g(f(x))={gof) (¥)=Ilu{x)=x, therefore e=/f{0)=0.

Proposition 1.15. The right ideals of a semi-simple Liar. N satisfy
the ascending chain condition.

Proof. Let Ai1gd,<- - be an ascending chain of right ideals of N,
Let e;eA; be a lelt distributive idempotent generating A, Ai=e;- A=
=g N, {=1, 2,- -+ Denote A= A;. We can casily verifv that A is a right

ideal. Take A =A@ A;, where A‘;=Kcr 9. N A, with g, + N =N the N-homo-
morphism defined by o (A)=e; v, A s N, But A;=(AdunKer 9,) @ (disa N
nKer 91 )@ (a dircet sum of subgroups), because the only clement
contained simultancously in two right idcals A0 Ker ¢, j=1, 41,
is 0 and we have : A=A, @{AnKer 9,), A — A @A enKer o, )
eic. We obtain a descending chain of right ideals: ;> Ayz - -+, which
terminates finitely (N is semi-simple), hence there exists #. such that
Al gm=dA, =10}, for any kx 1L Thercfore App=2d,k=1, and the ascending
chain is finite,
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4.!

Lemma 1.16. Lef N bea iy, IfN=J4

N-subgroup of N, B is a right of N and
cvelic and idempolently generated.
. Proof. Let 1—cp, e=Ad, b=l be ihe decomposition of the left
dentity of N as sum of two clements in 4 and 22, Foranyaed, a— ¢.u=
“l-a—e a=(e-+b)-a—e-acAn B, therefore a—e.a—0 and ¢-a=a. We
have: ¢-0=0, ¢.e=¢, A=c-.‘1ge-:\fg/i, hence A =g 4=¢.N.

2. Characterizations of semi-simplicity.
the main theorem of the paper.

Theorem 2.1. Let N be a Lin.y. with
stutements ave equivalent :

(i) N=@dA,, with Ay, 1.2,

- BoAnB={0) A 45 a right
N has a left didentity 1, then A s

Now we are able to prove
a left didentity, 7. The Jollowing

5 S, mrnimal nonzero vight ideals of N ;

im]
(ii) If M is a cyclic vight N-group, then for aiy right N-subgroup M;
of M, there exists a4 normal right N-subgroup i, of M, such that MM,
+ A, Il“[lnﬂ[g_{()} and the relation :

(*) (med-in) x—m-x e M,,
holds for all meeM,, mel, xeN

(il) For any vight N-subgroup A, of N, there cxists a right ideal A,
of N such that N=A,+ A4, A,nA, {0} ;

(iv) Anyv exact seqitence 0 — P2, Do, with Py oand P, two right N-sub-
groups of N, splils ;

(v) If P1, Py are two right N-subgroups of N with ,< P,
Nehomomorphism h: Py—M, where M is a right N
to a N-howmomorphism h: P.—M ;

(Vi) N s semi-simple in the sense of Definition 1.10;

(Vi) N satisfies the descending chain condition Jor right ideals and
S=1{0}, with S given in Proposition 1.11.

Proof. (iy=(ii) : Let M be gencrated by i, i.e. M=mN, with me
= D(M). We have, by (i), that N=@.1,, where Ht=12 .

thew any
~group, can be extended

.., §, are minimal
1=
nonzero right ideals of ¥ and 1 is the Ieft identity of V. Therefore A

g

= 3 m.d;, beeausc any a€N is uniquely cxpressed under the form a—
i=1
H &

=Y a, assAy, i=1, 2,....s and m.a= Z m.a;, with ma,em.A;, i=1,
fea] i=1

2,8 Butmd,i=1,2, . s, are normal right N-subgroups of M, as wecan
casily verify. Indeed, any m, = M is of the form n=wm.%,, with x,; N, and
we have: m.ag—may=m.{a;—a;) Sm.ly, Ty~ Ay — 9 = DL Xy ., — a4

=m.(+a;—x,) €m.4,. (magy. x=m (a;. x) =m . A;, for all m, sM, ma =
Em. Ay, x=Nand s=1, 2 ..., s. Now for a nonzero right N-subgroup M,
of M, consider the collection P={P | P is a normal right N-subgroup of
M, such that {(p+m) . x—m.,x<= P, for all pel, medM, xe N and
Min P={0}}. Because {0} =, 0 is nonempty. P is partially ordered by
set-inclusion. Every totally ordered subset of ? has an upper bound,
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- : ring 7 's le a. we obtain the existence of a maximal
l}ﬁl:;(;;l:)}ofa%plg (:ltlg,usé ccl)mrl :ti lintlﬂbr?, M,. We claim that MM .‘—i—M 2, ﬂf{ 1(1
t‘n M.={0}. The last assertion is true by the definition of . l*orltlelr:f
()I{C,-aSSLli‘]]C that thcr]c cxists‘la k(*)‘-({l), 2.”;...;15}, th;chant;nafth QA: kgt isl .

M, e B0 Ayom . 4y, Ola)=m.a for any a, ‘
—tl}{r::t?ll\nél Ai’e-l]};((;xn(lmor;)hism, ;ixlcc m is_lcft distributive. As I\qr (c)hlrsf:a
Fii l]1t ideal of N, A, is a minimal right idcal and Im@=m. Ay is diffe
lrtglt from {0}, we obtain Ker 0= {0}.\"l‘hlcrcfore Of 15”21 Sﬁ'l-cl(fo&"xglgplizgl

1, 13 inimq zero right N-subgroup of A, > | \-iso0-
mldr T;isrﬁj (;biidzl(:l?;n;dll)irj}g:t/i;lrf bebtweun thcssct gf ideals contamed‘m .»-'J,;
::?dpthc set of normal right N-subgroupsAof n:.IA ,,{l(})inw&grgc tﬁf\}zlg}l);; tﬁf(l 2]
T : ; MA={0}, hence m . A, AL He : he
L}E;n ﬁkﬁg{fZ)(Mi(j,{ zui)d j{l.'_?= oA k-}-;l-f;.- is a normal rlyght N-fsuﬁgl;losug
of M with the property (*). Indeed, M, is a qumall\r subérrfjup oSince -
sum of two normal subgroups of M. It 1s a right ! —sqbbl.ouli,]_'_m (1,:
e Ry T e L

Y= w0 xe) L a=m o, ay 2. v =M, for o :
:l'ﬁ)is }:ﬁp;ér-lt %écauzs)e Ay is a right ideal, hence a;={a;+ x2) . r:il(axf;‘l;).
M.,<M and M=m . N, hence my=m . ay+ne=m .ak—i.—m . ,1,2)— q;—k(;;z +,
with x, =N. Morcover (ny+m) . x—m. _1'=[(m . ak—{—(?]n’g-}-\mg . ;;ontairicd
+m) . x]+[{ne+m) . x—m . x] € M; since the twor clements S
into bracketts belong to m . A, a?{ll 1{211 I)fn T:hj il .hcz;n—l—cmin a:= o -

1 2 5 L=ty —NsE (M0l e Ay, - ]

; J;:-zj_—ﬂiz.g),’ n:?-cjlm::—ﬂ. L'l'hcreforc ﬂ'f\l nim . Ak-}-Mg)={0}_] antfi ‘M'; co;:t=n;-
dicts the maximality ({2 M;in . Then M,+M:2m. A, for any ,
2...,5 and M=M,{-M.. o N
(i) =>(iii) : Since N has a left identity, I, we have N:-— .tf\e’ hr?c:rti;
is a cyclic N-group. Note that a right N-subgroup of1:7\ hil:'lcna%—s&b pmlf) 3
{*) is also a right ideal of N. Now apply (11).t0 the cyclic right A lg1 I}‘V.
(iif} = (iv) : Taking A,=f(P;) in (iii}, we find a right 1dfea if)g ouis,
such that A,nA,={0} and N = 4,44, a scmldlr'erct sum of su gr)o__;; .
Let m: N—A, be the projection of N onto Ay, gnfen\yi r-:(al—}-r ghi;mI:
for any @y=f(p) €41, ars4d.. We VC{’lfy that = is a A 01:1{]“0;1"12137:(6; +
(oo - (@ita) =7 (ko (oltaea) + o)) = oo = o+
+a)+r{e;t+a;) and w{{ai+ @) . x) = w(((a + a2) . & '—l—a} o e S
=n(a, . xtay)=a: . ¥ =n{a:+as) . x, for any a,+a,, a,-a; €  well. W
have applied here the fact that 4.1s lz;tnght 15{??05;;1;1 n;cgfplsx,?;:l 1§ if"orz o
icting ® to Pa, w/Pz=m,, we obtain a V- L g= ma: L
e Tor® wtich g tpy= o) =1 > (s fp =1 D) =1
=1p, (#), for any p,= P; and the given exact s;equtnce Sp ir ) i
(iv)=s(v) : Using the exact sequence 0— =P, of rflght lti]SEl giﬂltli%;
where 7 is the inclusion of P;into .?)2, we pbtaln,’l_u view o \(I“h)’ e ::.)1:; hisn%
N-homomorphism 0: P. =Py, with Boi=1i,.. lgke the ! T— omonil ]l) ”
Fi=Jio0: P,»M, for a N-homomorphism /: P;—-21. \} e haw/_;()pi;
= (ho0)(p) = (o 0)i(.)) = (001} () = () for any 1= P, hence FP,=h.
(v) = (iv) : Let 0— P,=P: be an cxact sequence ?f right N-group :
Take f(Py)=4,< P2 Then i:A,— A, (the identity mapping) can be lifted
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to a JN-homomorphism % : P,— 4,. Obvi

V- P Py—A4. Obviously g=f "%l P.o P, isa

morp}z;svl)n arx'gl g_;of = Ip.f hence gis a sPIittiniz g.?\’-'}forn(;mér-nhi};’:nls Hhomo-

y "\‘ ={vi) : Lef 1\"; LizL.> .. be a descending chaiin of right

] -subbzoups of V. Consider the exact sequences: 0= L125 N, 0, L

0L 5Ly, withd, — tl injecti v ecqun

‘ 5 1e natural injection. In view of (i

ces split, and, by using Lemma 1.14, we obtain :Nz‘ch-{—(lfg’ t]bfrs}elécgu{%r}l-

3 - 1 3

Li=Lin+ Ky, Lign K ={0}, with K, - - :
The Su%sct {;}'1 ¥ jg?ven jl;;; ) {0}, with K, and K., 5> 1, right ideals of N,

K=3K/={ ), 7 i ini
\; {);.lkj I ;= Ky, j2 1, all excepting a finite number of them

izl i

arc zero}, 1s a right ideal of N. To ¢

e . 1o prove if, we show that X i

finite number of K;. Indeed, we have K+ K,=K+K, hfztrhi Eja z?nrgeoifa
H * f

1s a right N-subgroup of L, s <L,y (j—t>i—1) and K, is a normal right
N-subgroup in L. If we take 7, <ia<...<i, and K'= i K, we obtain
A’

?right N-subgroup. Indeed, {(ky ...k )—(k,+... -k )’:}e--_*_ TE . with
e R he ‘ R ) =R LR w
tﬁiﬂt,i’ﬂfr kK, lr,_I,’Z,.:.,t, because of the associativity and the co'rmriu-
-;felwty ofsums of K. Then (ki+...+ky) . v=((k, +otky) o x—(ky 4.+

X 3 i T i ol
. /‘z) : *)‘i‘(’(,kf:'l""”l‘}‘fa) xR ARy LK) A (R +hy) . x—hy . x)+
TRy . x E]\i , for all clements of K’ and N, since each K‘,—lis a rlight idéta‘l and
conscquently a right V- - ‘ * .
exact scqucicc OiK"—“‘ﬁ\STUbg;m‘]p O-f N ;f B b
b seduenee Po v —rV and in view of (iv), there exists a right i ,
ﬁgy?i?-é+h’A”L=%WihtNh%akﬁMmmqff{E$;£g£7
Weh .L’.(dssumc' k=hnt..tk)) and reR. Take 0%k, <K, .
+L a;ro TSl L <o L Ry =1 Ryp={(ki,+...+ k; +7) . l{el _(; t;_
_"A;—*‘ l:it)- ]\i£+l)+(ifi:+-”+k(!) . kit+1- The ﬁ‘l(‘)mcllt (/\’il..l _“t,_}_ ki _[__;;‘1' k ilm
(R -to.tky) iy, belongs to R, therefore! &y, — (k -+ :“H’:) ]::H -
5 Rt v} i1

e 'n R={0 We have k. .. — 4
A e have kq-H— (kf,+-..+k:l) 5 ki¢+1 e 7.21 'K{.».' hence ki;+1= k;l+

bk or B =y ‘e K ‘rom
j‘(zt lu O‘I:' ;:.1] 16‘,;_1 kig—"-_ki;; EI\{,nLt,q- 1‘r0m the relations g'l <1'a and
nl];iqi] ,]1' o o“s'that Li,1gL,, therefore &, &L nK;={0} and %, =0, Si-
arly, ‘¢==...=k¢‘-- 0, hence Ri+1=0, a contradiction. We obtair:cd éhat

{;:?L {O}i ]\f__h ’ L‘t+{“ L, and the descending chain is finite (we prove
nonzerg = ’i{t (j\lrany =1y, by tpo same argument}. Now let M be a minimal
R %)bt ‘ —sulbgroup of N. By using Lemma 1.14, (iv) and the Lemma
MR- (0], and Mg ymce of @ right ideal I such that N=M1R,

The S'tatemcjnts 6. M=c. N, with ¢ a left distributive idempotent’
recalled these rosalts i‘n(gle)ct?)(vlll) 1ilnd {vil) = (i) were proved in 5] (we:
is proved. ‘ n 1, Fropositions 1.11, 1.10, (i}). The theorem

Proposition 2.2, Let N be a semi-simple 1in ) 5 :
group o vy b it Nonsonsand i o w2
Honzer e g.0y=0¢, g . N£{0}, then G s N-isomorphic with £

0 right N-subgroup of N. with a4 minimal

28]
w
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]
Proof. Let N=@4; be a complute decomposition of A as a sum of

i=]

minimal nonzero right N-subgroups. Because g. N#{0}, there cxists a
N-subgroup of iV, Aj, such that g . A {0} Define the mapping 1 Ai—=G,
by w(a)=¢ . a;, for all ;=4 Obviously = is a N-homomorphism, Im 7=
= g. A, is a right N-subgroup of G, different from {0}, hence Im == G.

er t is a right ideal of N, hence a right N-subgroup included into A, dif-
{erent from 4, and A is minimal. Therefore Ker v= {0} and = is the required
N-isomorphism.
This proposition shows — as well as the examples in [5] — that the

idea of semi-simplicity applied to left infra-near rings is morc general than
the same idea in the casc of the left near-rings. lts consequences are weaker
and the proofs of the theorems ask — in the casc of the left infra-ncar
rings — some stronger conditions, as the existence of a left distributive

clement in each minimal nonzero right N-subgroup of the left infra-near

ring. But, of course, it is interesting to see how far the theory gocs.
The author cxpresses her gratitude to Professor D. Petrovanu, for
his constant encouragements, for his kind audicnce and helpful suggestions,

during the time she has writlen this paper.
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