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Théoréme 3. S
¢
a> 0 ct S w{Glu)) du < — =(f —35), Vi

»

alors les hypothéses 3° des théorémes I et 2 sont vraics.
La démonstration de cc théoréme résulte aisément, puisqu’on

| B(t,s)] € e™t=9, V¥t s,
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ON ABSTRACT MEASURE DELAY DIFFERENTIAL EQUATIONS
BY

5. R. JOSHI and 5. G. DEO

1. Introduction. Recently, Haimovici {4] and R.R.Sharma [6]
have considered differential equations in which an ordinary derivative is
replaced by a derivative of a sct function, and as a result, the solutions
happen to be signed measures. Such differential equations may be called
abstract measure differential cquations {AMDE}. )

In the present paper we deal with an AMDE involving a delay and
study somc basic problems, such as existence and uniquencss of solutions,
extension of solutions, maximal and minimal solutions. The main tool is th_c
application of fixed point theorems due to Banach, Schauder and Tarski.
We also obtain a differential incquality and a local stability result. Exam-
ples are given to illustrate some of the ideas involved in the theory.

2. Preliminaries. Let X be a real Banach space with any convenient
norm ||.||. For any two points x, » in X, the segment xy is defined by
Ty={r€X: z=x+r(y—2), 0<r=1}. '
et 2o and v, be two fixed points in X such that xo50, 10#0, anib_yu <Oz
where 0 is the zero vector in X. Let #be a point of X, such that Ox.c 0z, For
this z and a €2, define the sets S; and S, as follows :

S;={rxi—o0 <rgl}, S,={rv: —w <, <1} .

For x,, xEFj'_o::f, we write v, a2 (or a2z 1) if ;\'_;.\T—I_C_)mg. Let the positive
number || o=yl be denoted by w. For cach x &xoz, 72 X, let xy denote,
that element of ye for which the relations xy<x and [fa—x, j=w hold.
Note that x, and wx are not the same unless w=0 and x=0.

Let M, be the smallest d-algebra on S, containing {xe} and the sets
S, % & yo%,. For any 2> x,, let M, denote the smallest #-algebra defined on
S,, containing Ms and the scts S,, ¥ =, For any sct §in X and a 9-alge-
bra M on S, let the symbol ca(S, M) denote the space of all finite signed
measures. Itis known that ca(S, M) is a Banach space, with respect to the
norm || .| given by

[pll=121(S) peeals, M),
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where | | is the total variation measure of 4 [3 I i
! al varn g 3. p. 2407 . For any i
number /, define scts By and Cr as folloz\b's[: : 1 Forany positive
Bu={leR: —H<l<H}. Cu—{neca(S,, Mo): |u|<H).

]”. \‘vlldt fO“()WS. s 1 ()t 5 a*il llt I)()bl AN ICasur a1 i q By kb
3 RJ" aen c a 1 i t ¢ m - n
by 18 C < ‘)
(al\l‘n(‘ lt Of C.”- ‘ I‘r b

Consider now the following A DE involving a delay w,

dp o -
(21) riu, f(‘.’P(S'T';! p('S"w))’
ap PIE}=q(E), E =M,
thrc(-i 15 the Radon-Nikodym derivative of p with respect to  u

flx, s, 4} 1s a real function defined on S,% Bux By such that for pe
Eca(%fr{wﬂ)f Az, p(S.), p(S,)) is p-integrable and g=Cy.
inilion. I nidtal -
{for some z> AOS 1{ g«:ii?tf;]?élzls:;éfz?s;zgo; '(EQC.‘IJSJ{(;' reasmeasure  Scu(S M)
() PE)=q(E), E<M, ;
(i) pE}=Bu, EcM, ;
(i) p<p on xz;
(iv) # satisfies (2.1) a.e. [¢]. on xq2.
Remark. The conditions (iif) and (iv) together arc equivalent to

HE)= 5 S, (52, p(S. ) du, EeM,, Ec v

Whenever a solution p cxists for some 22 4y, we say that p exists on
#o? and denote it by p(S,,. 9.
o 3. Existence and extension of a solution. We need the following assump-
15 :
(41) For any z2 x the d-algebra M, on S, is compact, with respet

1 ; , , with respect '
topology genecrated by ; ’ ) . et o the

UEy, Eo)=u(E 1 —Es)+w(Eo~Ea}
(d2) p({xo})=0:
Ejag 'é‘(]f’s’ t) is continuous in s and ¢ for cach v €S, ;
7 ere cxists a u-integrable, - ti i (x isfvi
e era non-negative function W(x) satisfving
| f(=, s, 8) [« W(x),
uniformly in s and 4, for x€S,, s=Bu, tsBy ;
(4s) ¢ is continuous on M with respect to the metiic 4 defined in (4,).
Theorem 1. Let geCy be a given initial measure and let the as
‘ < i Sump-
tions (A1) to (Ay) hold. Then Miere Seaists a point x,2 xo for which there 1s Pa

solution p(S,. ¢) of (2.1) exisling on Nax,.

W

e
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Proof. Let {7} be a decreasing stquence of real numbers such that
yo+1 and S, .. 55,2 .- 2 Ss. Then the set (Sre.—Sx) is cmply as
n—co and hence

lim (S, z—Sz.) =0.

fism
We can therefore choose a number 7 and the corresponding point x1=7xs,
such that 5, = 5, and

(3.1) S W(x) dp<I—1 ¢

Consider the subset D of calS,,, M,) defined by
D={p 1 p(E)=g(E) if EeM,and || p |<K=g+ S Wix) du}

T &y

1t can be observed that D is a closed, convex and bounded subset of
¢2 (S, M,,). Define an operator 7 on D as follows :
Tp(E)=g(E)f E M.,
(3.2) T'p(E)= Sf(l,ﬁ(s;), p(S.0) du, if E€M,, and et
E

From the definitions of D and 7', the assumptions of the theorem, the rela-
tion (3.1) and an application of Asceli’s theorem, it can be shown that 7" is
a completely continuous operator on D. Hence an application of Schauder’s
fixed point theorem shows that there is a solution of (2.1) existing on xo%,.

Remarks 1) The scts S; and S involved in the above theorem may
also be replaced by other suitable sets so that there should be a one to one
correspondence between, these sets and the peoints x €307 ;

2) The unigueness of the solution of (2.1) can also be established by
using assumptions (A4.), (A.) and Lipschitz condition on f of the following
form :

lf(l; Shtl)_f(x: S2, tg) I < L( lsl'"'s?- |—I:' ] tl—tz |) !
whare L is a positive constant , ¥ =S, and 5,1, 52, fa =B _ )

3) Theorem | is a local existence theorem. If the function /s defined
on S, X R x R where S, is any given set containing S, and if all the cgndi-
tions of Theorem 1 are satisfied with (4,) replaced by (Ay) where (4y) is as

follows : e
(4,) There exists a p-integrable function W(x) defined on S, satisfying

| f(x,5.) i W(x) uniformly in s and ¢ and

S W(x)dy=Ko,

£LnZ

tlien there exists a solotion p(S,,, ¢) of (2.1) existing on xez.
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@) We now statc and prove a theorem on extension of a solution of
2.5,

Th?orem 2. Let a solution #(5%. 9) of (2.1} cxist on xex, wnder the
assumptions of Theorem 1. Let for any z satisfying x,<z, w({x})=0 for ail
X Exyz, then the solution p(S,,, q) can be extended to the whole set xq7.

Proof. Since ;x(‘{xx})=0,_ufc‘ may consider the restriction of p(S,,, g)
on the segment v, ¥ as the initial measure. Let it be ¢;. By Theorem i
there exists a point 2. and a solution $,(S,,, ¢1) where 4, is defined on the

smallest @ algebra M, containing M,,, and the sets S,, vexve. Define
now $ on M., as follows:

PE)=p(S,.. q) (E), if EelM,,
PEY=p:S... ¢) (E), if E<dM, and Ec xixs

It can be observed that p is the desired extension of 2(S... §) on Toxe
satisfying (2.1).
4. Special case. In this section we shall show that an certain Siguation

the AMDE (2.1) can be reduced to an ordinary differential—difference
equation

(4.1) %=f(x,y(x), }'(x—w)), if ¥ {0, )

y(x)=g{x), if x€{vo—w, x0].

Assume that
() X=R;
(i1} wp=m (the Lebesgue measure on R) ;
(i) S;=(~oc0, %), and S,=(—o0, x], xR
(iv) g is a given initial real Borel measure defined on S,,.
Under these assumptions, equation (2.1) takes the form

(4.2) % =f(x, p{(—o0, 5], p((—o0, x—w]))

PE)=q(E), E .

Theorem 3. Let the assumptions (i), (i1}, (iti) and (iv) hold. Then
corresponding to each solution p(S,,, q) of (1.2) existing on [xo, xy), there
exists a solution y(x,, g) of (4.1) on [xe, x1) whenever q({x})==0 for cach x =
[xo—w, %o}, Convérsely, if g is a continuous function of bounded variation
on [Xo—1w, Xo], then to cvery solution y(xe,g) of (4.1) there corresponds a
solution (S, q) of (4.2) existing on [%o, %) with a suitable initial measure q.

Proof. Let p(S.,, ¢)=p be a solution of (4.2) existing on  [xe, 1)
Define a Borel measure p; on R as follows :
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0, {or x=x.—w,
pl(—e, ) —pH{—oc, xvo—w]} for x&(xe—uw, x1),
pl{—oo, x1)), for azx,.

and p(E)=p(F). for Fe [vo—w, x1).
Further, define functions a(x). y(x) and g(x) as follows:

pi{(—oe. 2]

wfx)=pi(—o0, 2)), for x=R,
y(x)=aa(x)Hp((—w0, vo—w]), for xE[x0—w, 31},
g(x)=1y{x), for xe[x—w, xo] .

fhese definitions and the assumptions on ¢ imply that p.({x})=0, for

ve[xo—w, xo] and hence g is continuous on [¥o—w, .} (sce Theorem 8.14
on page 163 of [57). Now from the above definitions we conclude that

(4.3) W) =p((—e0, 1) =p(S,). for x € [xe—w, x2).

# being a solution of (4.2) , we have p<m on %o, #¢). Hence y(a) is an
absolutely continuous function on [#, #1). Finally, from (4.2) and (4.3),
we get

#{[x6, 2])== S (;sz) din, x = {xg, 11,
[y, 2}
that s pl(—e0, s])—p((—o0, xs1= { fe.5(S2), (S dom.

1T I)
This further implics that
3 {(ay=flx, y(x), y(x—w)) a.e. [m], for &[x, x,).

Hence v(x) is a solution of (4.1) on [x,, x,). o )
The converse part of the theorem can also e proved on similar lines.
Here we assumed that ¢ is a function of bounded variation on [xe—1w, %]

in order to construct an initial measure g on S,,. The details arc omitied,
Below, we give two examples which are illustrative. _
Examples 1. Let X=R, S,=(—, ), x0=0 and w=2. Definc an
initial measure g on M, as follows :
—n,if neEn{—-1, 2
o(z)=| N
0, otherwise,

Define a measure p on R as follows :

) 2 i nekail,2,..}
w(l)= { .
0, otherwise.
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Constder the AMDE

(_fg __/_;(Sl o), v ER

dp
o PE)=q(E), Eei,,
which ts equivalent to
PE)=q(E), Es)M.,

4.4 _
(44 f)(E)=S;b(S,_2) dp. Ec(0, o).

E
Si{im*c the function f under consideration satisfies the Lipschitz condition
E] .f-i') bas a unique solution, existing on [0, c0}. In fact, we observe from the
clinitions of ¢, p and (4.4) thai p(S.)=9/2, P(S)=21/4, p(S:}=93/16. It

can be verified that the solution $ of (4.4) is a finit iti
R 4 of (4.4) is a finite positive measure concen-

Example 2. Let X=K, u the Lebesgue measure on R =[0, ¢
te(0,00) and g(E)=u(E) for E<[0,1], and w— 1. Consider the’Az[ub}E

d =
(4.5) fzi =6 p(S..), HE)=g(E). Ec [0, 1],
It is clear that for any [0, 1], we have
]
(4.6) PS)=p(10. ) =((0, 1) = [ 1 ds—t.

) 0
For t= 1,2], we have by (4.6)

S 0p(Si_ 1) dip =1+3(f—1)2,
. a
Again when 72, 3], (4.7) yields
14
ﬁ(gl)_PGQH_S [6{-16(3_221 d524+6152+6(t_2)3.__12'

2

(4.7) P(S)=q(51)

Fhus the solution of (4.5) can be determined on {1, ©0) stepwise,

5. Extremal solutions and stability. In this scction we shall prove
the existence of maximal and minimal solutions of (2.1) using lattice fixed
point theorem due to T ars k i [7], which not only cstablishes the existence
of a solution, but also the cxistence of extremal solutions at the same time
In proving the results of this scction, we require the following lermma.

Lemma. Lef Se=ca(X, M) denote the set of all finite signed measures

defined on the o-algebra M. Then S 4s a complete lattice wi :
I L. : ‘ lice with vespect to L
order relation < defined by P espect fo the
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pr<pe il pE)<PAE), E€NM,

Procf. 8o is a vecter lattice (381, p. 391--392). If  p\, p2€S5Ss and if
Ppa|<)pe !, then cloarly || o0 €] pa . This implics that S i o Banach-
lattice ([ 1], p. 246}, Alsee if py, p.20. then || potpe =1 po -+l pe I
Ihis shows that So is an abstract L-space ([1]1, p. 254}, which further.
implics that Seis a complete lattice and the prool of the lemma is complete,

Definition. 4 solution py=pu{Sa- g} of (2.1) existing on x4z 15 said
to be a maximal solution of (2.1) if for cvery solution p—=p(S.,.q) of (2.1)

cxisting on xez, we huve

PE)<pulE), E<M..

A ominimal  solution  p=p.(Ss, q) of (2.1) can be defined similarly. The
following theorem establishes the cxistence of maximal and  minimal
solutions of (2.1).
Theorem 5. Assume that
(B)) w 1s a positive measure such that u({xa})=0;
(B2} the funciion f(x.s.f) defined on S;x BuXBu is nondecreasing in s
and ¢ for cach xe8§,;
(Ba) there exists a non-negative function W(x) on S, such that | f(x,s, ) i<
< W{(x), uniformly in s and t. Then there exists a unique maximal solution

P and a wunique minimal solution py, of (2.1) on %X,y for some x12 Xo.

Proof. Choose a point v:1>x, and the subset D of ca (S, M)} as in
Theorem 1. Then from the definition of D it is clear that D is bLounded.
Also, by the above lemma, ca(S;,. M,,) is a complete lattice. Hence D is
also a complete lattice. Define an operator 7" as in - Theorem ! (given by
(3.2)). Let peD and E =M, Then there exist sets I and G in M, such
that FelM,, Goaory, E=F UG, and FnG is a null set. It follows from the
definition of I, that

THE)=¢(E)+ gf(-v, PS) PS5 D) e

which by virtue of the assumption (By) tmplics that

I Tpll<ligl+ S Wx)ydp=K,

K being the positive number occuring in the definition of 1. This proves
that 7" maps D into itself. Further, the assumption (I3,) implics that 1 is
an isotonc operator on D. Hence by an application of the lattice fixed point
theorem duc to Tarski {7], we conclude that the set Fo={peD : Tp=
=$ is non-cmpty and is a complete lattice. From the definition of T,
it follows that cach member of ¥4 is a solution of (2.1}, Since I7 is a complete
lattice, we conclude that the maximal and the minimal solutions py=lab I,

and pn=glb F, cxist on vy, and the proof of the theorem is complete.
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X We are now in a position to obtain a fundamental incquality  of
Gronwall-type. Tt is known that the incqualitics of this type play a vital
role in nonlinear analysis. ’ ’ '
Theorem 6. Lef all the assumptions of Theorem J b 'sfi
el all ! ] . Jd be salisfied. Sup.
Jurther that b D satisfies the inecqualities ) phose

ME)<q(E), EeM,

5.1 " - B B
(5.1) ci()gf(x, B(S.), D(S.,)), x vex,.
{'}1,

Then
‘I’(E)S.P.u(f). Le M.

where pa=pr(Se,. 7) is the mazimal solution of (2.7} on Xow,.

_ Proof. Let p.=svp D and censider the latiice irieival [D, ] which
'3 obviously a complete lattice. Define an operator 7 on D as in Theorem |
Then T is isotone on S and maps S into itself. We show that 1 maps [, 5 ]
mto;tself. To do this, it is enough to show that p=D, d<p implies jch::t
O<Tp. Let E€M,,, Ecxoxy. Then , by using + ine ity

the assumption (B:) we¢ obtain A

)< [, (5, ©(S)) dus (s, 4500, $(S,,)) an=Tp(E).

An application of lattice fixed point theorem shows that the maximal

solution py(S;,, ¢) of (2.1) lies in [®, p,). Hence the uniquenc

: . a3z, Dl D, Pol. \ ss of

implics that ®(E)<p(E), E €M,, The proof is complete. : i
Below, we prove a theoreni which can be viewed as a local stability

result. Assume that

(C)) f(x%,0,0)=0 for all x<8,, 2> x,:

(C:) Given a positive number ¢, there  exists a number
=1(e)20 such that

/(% 80, ) —=f(%, 52, L) IS e max (| si—s2 §, |fa—ta |},

whenever |si|, |2 <4 and (x,s,£) €S, x Rx R, for i=1,2.

Theorem 6. Let the assumptions (C.) and (C,) hold. Then there exisis a
number ea>0 such that for any ¢ in (0, e0) and a fixed b<=(0, 1), there is a
unigue solution p(S,, q) of (2.1) existing on xyz, satisfying || ¢ <e, whene
ver || g |lgbe. '

Proof. Corresponding to the positive number (1—=0)/Ls. where L=

u{xe2), there exists by (C:) a number £,>0 such that

{5.2) |f(."€, S:,t:)-—f(il', S, i‘.') is =0

max ([sy—s, i, |{1—fs )
«Q

whenever |s,], 14 |< e =1, 2.
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Defining S(e)={p : p =ca(S., M.), | p | <e} and using {C,) and (5.2}, we get
(5.3) | f 582, 2(5)) 1< (1—=8) el Lo

Define an operator 1" on S{e) as in Theorem 4. Then it can be shown by

using (5.2} and (5.3} and the assumption on ¢, that 7" maps S(¢) into itself

and also that 7" is a contraction on S(¢). Hence there exists a unique solu-
tion p(S.,, g) of (2.1) existing on xez such that || p ||<e. This completes the
proof of the theorem.

Remarks : (i) Theorem 6 is a kind of local stability result in the sense
of the following dcfinition.

Definition. A solution p(S,,, q) of (2.1) is said to be locally stable with
respect to the initial measure q if given e >0 there exists a number ==n{e)>0
such that whenever || q| <%, then | P (<.

(ii) Theorem 6 also gives an upper bound of the unique solution of (2.1).
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