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Introduction. The construction of the byapunov functions in order to
obtain conditions to ensire the absclut  stability for the non-lincar feed-
Lack finite-dimersional svstems leads to the system [0,

PA4A D= —0Q,
C—B P= R,
D— R'R,

with the matrix unknowns P, O, R, 4. B, C, D heing given matrices. This
system 1s called the Lurics svstem, becanse it was Lurie the first who
considercd these cquations [21.

To solve this system in the finite-dimensional case, sufficient condi-
tions weregiven by V. A, Yakubovich [3], R.E. Kalman ({4],
G. Szegd and R, E. Kalman [5,V. M. Popov [6]. With the
solutions for this systems, one can characterize the hyperstability property
introduced by V. M. Popov (7. Also, V. M. Popov showed the
way in which we can associate a variational prolidem to this system.

Infinite-dimensional generalizations were obtained in the papers [81,
L9710 [10], [11]. [127. The anthors used in [[1] the bounded operator techni-
ques to give necessary and sufficient conditions for hyperstability of lincar
svstems in Hilbert spaces.

In this paper we attempt to gencralize these results for svstems go-
verned by abstract evclutions of paraliolic type [13.

2. System description and preliminary results. et X and Y be two
rcal Hilbert spaces. The space of all lincar maps A : X =Y will be denoted
L(X, ¥). When X =Y we sh 11 use the notation L(Y). If X and ¥ are the
topological duals of .X and Y, then the transposed operator of M isan clement
of L{Y", X"} denoted by A™ and defined by

Moy, )= (v, Mx), »veY' xrelX

where {,) denotes the duality between X and XL The inner products and
the nerms are indexed with the respective spaces.

Let T and H be two real Hilbert spaces. Throughout this paper. we
suppost that H* is identified with H and there exists a continuors dense
injection mof 1 into H ; also, we denote J: 17 =717 the canonical isometry
on V.
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[ 28]

For each T=0, let W(0, T) be the Hilbert space
W, Ty={ v:ve L0, T; ) and J ‘i"‘ e L0, 1 l"')},
ot
lz

t L3, 1:F*)

with norm
dx
dt
(here the derivative dfdt is taken in the sense of F*-valued distribution on
(0, T) and «'(f) will denote the classical derivative).

Lemma 2.1. Suppose that x, yeW(0, T). Then

(1) there exists  continuous function x : [0, T]—~H, such that

wx{)=%(t) a.e. on (0,7);

(1) there exists an absolute continuous function %: [0, T]—V" such
that dZ[dt <= L* (0, T ; V') and %(t)= Jx(t) and ‘()= Jdx(#)/dt a.e. on (0, T) ;

(i7d) if M <L(1""), then f{t)= <MZ(t), (t)> v is an absolute con-
finuous scalar function on [0, T] and

[1

4 2W:0.T. =l ”:i'm.f; ¥y +

P
S <Mzx(t), F(t) =vo)'di= <MF(T), ¥(T)>pe— <M %(0), 2(0)>ye.
[}
Proof. For (i} and (ii) see [14]. Because V' is a reflexive space, by
using (¢7), we can apply Lemma 2.4, {15] and we obtain (#).
Now, we are given a continuous bilinear form a : Vx V=R, which is
assumed coercive, i.e. ther: exists ¢ >0 such that :

a{v, v)=>c.||vils, VeV,
Then it can be written [13]:
a(vy, v;)=(Auvy, ve), Y, 036V,

where A €L(V, 1"*). As operator in the Hilbert space ¥, the operator 4 is
the irfinitesimal generator of the Co-semigroup {S(¢), >0} on H, with the
domain

D(A)y={veV: AveH}.

Let U be another real Hilbert space with U'=U and BeL(U, V*};
also, we consider the class =10, T ; U).
For every x,€ H and u &, the equation

(4, B) L =Ar -+ Bu
dt
has a unique solution a{f}=a(t, xe, u) with xreW(0, T), %(0)=x, and
T

[ @) +o) . (4a(t)+ Bu@)it=0, Yo =D(0.T),

]
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or, equivalently a{f)=] ' ¥(t) a.c. on (0, T), where

¥
() = At - Bult) 0T
T{0) =7"we

Lemma 2.2. I/ a(t)=w{t, vu, u} is a solution of (4, B) withx,<H,
wsUy and PeL(V) such thal P j==JP then

T

ZS(A o)+ Bult), Pa(t))di= <P HT), ¥(T)>ve— <PF(0),7(0)>ys.

[1]
Proof. Becanse x<W (0, T) is a solution of the equation (4, B) and
by using Lemma 2.1 with M =P’ we obtain :

T
< PET), 5T )= yo— < PR}, F(0)>ye= S(<P~§(:), F(t) = pe) dt=
T T
- S <PE(), 7)ot { < PO O > pedi= { (. gm0+
’ T T T
+{ @ PG = TGO RO { @@, Pra)d =
=2 S?;—’(:), PRt = 2 S(Ax(t) + Bu(p), P () dt.
1t CeL(V,U)and DeL(U)then we consider the system
t-if = Ax+ Bu,
dt

(5)
y=2Ca+Du,
where the outpul y cortesponding to the input # €@y and the initial data
vo=H is denot d by y(t)= y(t, vo, 1) = 2C(l, xs, u)+Du(f).
In this case, the attached Lurie system 1s given by
AP+ PA=—0Q0,
(S) B'P+ RQ=C,
D =R'R,
ith the unknowns P< L(}), Q= L(V,U) and R< L(U). ‘ _
. I;eD =0 tl\:’cn we associate to the system (8). the algebraic Ric-
cati equation
®R(S) P*(4—BD=C}-+(A- BDCYy P4+C'D*C+P'BD*B'P=0

with the unknown PesL{V).
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Lemma 2.3. (P,Q, R} s asolution of L(S) 1f and only if P is a solu-
tion of the equation ®R(S). '

Proof. If (P,Q, R)eL{1Y): L(V, U)x L(U) is a solution for £(S),
then by second equation of the system. it follows, Q- (R™"){C—B"'P)
and replacing this in the first equation we obtain

AP PA=—(C—PByD(C—-B"P).
i.e. P is a solution for 2(S).
Conversely, if P is a solution for the Riccati equation, then
Re= DYVt Q= D"Vt (C — B*P}
satisfy the last two equations and also :
0'Q0=(C'—P'B) D" (C—B'P)=—(A'P+ P'A) .
Now we associate to the system (S) the cost functional
T
F(T, %o, 1) = S = (8}, w(t) >yl
0
where 0 < T'<oo, xo€ H, ue @y and y{t) = y(f, xo, ).

Lemma 2.4. I/ (P.Q, R)is asolution of the system L(S), with P*[J=
= P then

F(T, xo, )= < PF(1), F(T) = ye— = PF#(0), F(0) > o+

T

+ S HOx(t) + Ru(t) dt.

Proof. Firstly, we remark that
(P dx(t), x(t)=(Ax(), Px(t) and <B Pux(t). u(l)>y=(Bu{l}, Px{t)).
Let (P,Q, R) be a solution of £(S). Then for every £€(0, T) we have
<L2Cx(t)+Du(t), u(t) >y =2 <(B'PH+RQ)x(t), u(t) >y + « Dult), u{t) >y =
—2 <Ox{t), Ru(t)>y+2(Bu(t), Px(t)+1 Ru(t) & —(Q°Qx() x(&))+
+ <Qx(t). Ox(t) >y =((A' P+ P A)x(t), s(&))+2(Bu(t), Px{t))+
A1 Qx(t)+ Ru(t) 5 =2(A x(6)+ Bu(l), Px(e})+| @x()+Ru(f) Iy

The desired result follows from Lemma 2.2 by integration.

3. The main results. In this section we suppose that D >0 and con-
sider a closed-convex set K< Zy.

Definition 3.1. 7he system (S) is said to be
(1)~ hyperstable. if '

F(T,0,4)>0 for all 120 and « =y ;
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(i1) wuniform hyperstable, if there exists =0 such that 1T, 0, 1)z
zm uly for all T2 0 and wes.

Theorem 3.1. I/ the susten (S) is an wniform hyperstable system, then

Jor every T20 and any xo=1 there extsts a nnique clement e < K such that

(i) F(T, xo, uo) =inf F{I, xo, 1t} .
|EH
T
(11) S.::B'p(t)—'- = x(t, 0. wa)+ Dol ), u(t)— ttall) = dl 20, Vu & K,
1]

wheve peW(0, T) is the unique solution of the Ladjornt svstem”

d}? 4 ‘p = C o
(57) dt
BI) = 0.
Proof. We denote
T
“"T(“l, ”2) - S (< C‘.V(t, Or i l)s sz(t) > + = C'\'(t, 0, ‘Ng), u,(t) >u +
0
'--'.'fol(t),ﬂz(t) L,I'dt
and
T
L(u-) = — S - C;‘t’(t, Xo. O), “(t)--"u dt.
T,z2,
8

Since x(f, xo, #)=z(t, 0, 1)+ (¢, X, 0}, we have
F(T, xo, u)=nglu, u)—2Lp ; (1) =F{t, 0, 1t)~2Ly . (1).

The uniform hyperstability assumption ensures that the continuous
symmetrical form =y is a coercive form on #y and thus by the Minimum
Theorem [13] one obtains the existence of the unique control o= K
with the property (i). The control #,< K is characterized by the variational
inequalities

mp(tte, 6 — a)2 Ly o (0 —1te) , Vet € A,

In our case this becomes
T
S (<Cx(t, 0,p)s u(t) — olt) >4+ <Calt, 0510 1o}, teolt) =y +

1]
T

4 = Duo(2), u(t) — io{t) =y Wl > = S

o

<Cxft, x0, 0), u(t)— o(t) = di

and bv virtue of the ,adjoint system™ we have
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T T
S <Cx(1.0, u—1tty). 1t} >y db= s(C’m(t), (8, 0 1— uo)) di=
0 Q

T
ip(t .
=S < - J;i—) —Ap(t), x(£,0, u— to) > pedi =

0
T

dp(t) _
S <— Z'f )' (0, 10— te) >y o dl _'R(“’ P{t),x(t, 050 — 1)) di =

0 0

T
: —S((ﬂ:b’(i‘), {1, 0, thtto) = po) <'§;(_t},(_ix_(t:_(.)_’&.:i:£3) >v-)d¢ _
]
T
(Ax(t, 0,0 —1,),0(2)) dt == S < B{#(2) — uot). p(t) > ye dt ==

0

Oy ey

T
: S <Bp{d), u(t) — nolt) >, dt.
0
On the other hand. we can write
T

S <C{x(t, 0, t15) + x(Z, x0y 0)),26(2) — 140(t) >, di=

[
T

- S<Cx(7l’-, Xos tho)s 1t(E) — 160(t) >y dl.
0

Hence it follows that u, satisfies (i) if and only if
T
S <B*H(L)+-Cx(t, O, tia) +Dutalt), t{t)— wo(t) >y dt > 0,

[1]
for every uekK.

Corollary 3.2. In the conditions of the Theorem 3.1 and if K=Ur,
Lhe optimal control ue =Yy is characterized by the formula

wo(t)=D " (Bp(t)+Cx(t, x4, 115)) a.e. on (0, T).
Proof: By the same arguments, using the Euler-equation

er(uo, 'H) = LT.:.,(“)’

we obtain

Bp(t)4-Cx(t, xo, )+ Dutoft)= 0, a.e. on (0, 7).

§—
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Corollary 3.3. In the hypotheses of the preceding corollary the optimal

control 1, 1s given by the systemt
:; — (A4 C) x — BD"'B'p,

gf- (—A*+C'D87)p+CDCx,

{0y = x4 p(T) =0

Proof. Is obvious from the preceding results.

Theorem 3.4. If the system (S) is a wuniform hypersiable one and
the optimal control u, has the ,controllability property™:

Voel, Ve>0, VEC[0,7], n(E)=0, 3<[0T1E,
IvpeH 1| alte, xov tta)—7[[y < ¢,
there exists a solution (v Q. R) of the system L{S) such that P"J=]P.
Proof. Let Po: V=V be the operator defined by
Poxo = p(0), xo= H,
where $ is the solution of the ,adjoint system“ {S°).

In the sequel, we proceed in a similar manner as in [10]. Namely, we
have PoeL(H,V) with Pe x(L, xe, te)=p(#) and

nPoh=P,n*h for every he H.

Thus, for P=Por € L{I) we have P*J= ] P and it follows that the optimal
control verifies the relation uo(t)=—D*{B*P--C) x{t, xa, 10} a.e. Define
the operator M : V-—¥" by

(ﬂ*fﬂ,. v2)=(P'Av1; 'Uz) -(A° Pv,, Uz)“I'(’Q.Q'U:- Ua)s VU5, U2 € V.

By using the definitions of the functions xo(£) = (£, 5. #a) and p(#)
after replacing the expression of uy and p, it follows that
T

S(Mxo(t)i. 3(t) dt=0 for every y<W(0, 7).

[
Particularly, we consider y(#)=Mx.(¢). and then we obtain M x,(t}=0 a.e.
on (0, T) and therefore, by the ,controlability property”, we obtain that
Muv=0 YpeV.Thisshows that thc operator P is a solution for the Riccati
equation and thus by Lemma 2.3. it follows that the Lurie’s system .2(S)
has a solution (P, (Q, R) with P°J=]P.

Definition 3.2. We say that the system (S) has the mingmal stabilily
property, if for every xo= H(xo# 0), there exisls o € (U = L*0;00; U).
such that

(£) lm x{¢, xo, 4o} =0

{=t 0

(#) F(t, %o, the) €0 for all £20.



344 VIOREL HIRILS and MIHAIL MEGAN 8

Theorem 3.5. If the system (S) has the minimal stability propertv and
theve exists a solution (., RY of L(S) with P] JP then Przo. 7
Proof. By Definition 3.2 and Lemma 2.4 we have
PR X(T) 2pe — < PX{0).3(0) =y o S FT ) xon 1) < 0.
Henee
w PR0) F(0) g 2 < X)L T()
and because m° t H - 17 18 surjective we obtain £2' 2 0.
Theorem 3.6. [/ there cxists a solution (P,(, R) Jor 2(5) such that
P20 then (8) is an hvperstable svstem.
Proof. Is obvious from the Lemma 2.4,

e — () if [—rw
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EXISTENCE FOR NONLINEAR DIFFERENTIAL SYSTEMS OF
HYPERBOLIC TYPE

BnY

(. MORUOSANTY

1. Introduction. Our objective is to investigate the cxistenee and
unigueness of solutions to the nonlincar hyperbolic differential system

due 01
. — A, ) fx, 8]
) N v (
1) dv @
H "
B{x FBOv, ) =gl 1),
s i wea U
for: Owmaisl, 0t T,
with the ipitial datz
{1.2) v, ) =uolx). o{x.0)==uula), Ogxgl,
and boundary conditions
(1.3) {i(0.8) —u(1.t)el (=(0.2), o(i1,¢}), Ogig T,

where /A and B arc some functions from 0, 10« K into R, (R=]—c0. 0{)
and L is a nonlincar (possibly) multivalued mapping from R*= R xR Into
itselft . ' N .
Such problems arc very much discussed in the iterature. They arise
in the theory of clectrical transmissicn lincs and in hydraclics, Existence.
uni jueness and asymptoiic bebzvier of solutions fo_r 1‘:'91.l;<*_1ns[]0_f rfms
type have. been studied by many authors (sec c.g. 2], 31 - ool %
and Rasvan's book [13] lor further refcrchus)l. QOur starting porm.
is the paper of V. Barbu [2]. where the mapplng I,.m the‘ 'Izoundctr:\
con iitions (1.3) was supposed to be a subdifferential. In the present paper
we shall conditions, assume only that
(I, L : R*=R* is an arbilrary maximal monolone operator. )
Here are now some other basic hypotheses which will be used in
what follews. '
(H.) The functions r -4 (x,7) and r=B(x.r) arc contm.uuus and 111‘0noton(i
nercasmg on K.a.c. v =70,1. Furthermore, the functions x - (x,7) anc
v=Jila.r) bLelong to L3(0,1}), for cach fixed reR.



