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Theorem 3.5. If the svstem (S) has the miinimal stubilily properiv and
theve vxists a solution (1, 0, Ry of 8(S) with P ] JP, then PPz,
Proof. By Definition 3.2 and Lemma 2.4 we have

PR () 20— < 1°50). ¥{(0) )0 € F(T ) v n)< .
Henee

< P E(0) T(0) o pu = - PR YY) 00 Tow
and because m°  H =177 is surjective we obtain £ > 0.

Theorem 3.6. [ lhere exists a solulion (£,(, R) for £(S)such that

P 20 then (S) s an hvperstable svstem.
Proof. Is obvious from the Lemma 2.4,
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EXISTENCE FOR NONLINEAR DIFFERENTIAL SYSTEMS OF
HYPERBOLIC TYPE

nY

G. MOROSANU

1. Introduction. Our objective is to investigate the coxistenee and
migueness of solutions to the nonlincar hyperbolic differential system

du _ 5 4+ A(x, uy=f(x, ¢},
M Ay

5(x) E:; - gl‘{ = B{x,0) =gy, 1),

()
(1.1)

for O0a 21,00t
with the ipitial data

(1.2) v, ) =uolx). o{x.0)=wuda), Ogrgl,
and boundary conditions
(1.3) {i€0.8) —u(1, ey el (w(0.t), o(i1,¢)), Ogi< T,

where A and B arc some functions from 0, 1{« R into R, (R=]—c0. ()
and L is a nonlincar (possibly) multivalued mapping from R*=R R Into
itselft . ' N .
Such problems are very much discussed in the fiterature, They arise
in the theory of clectrical transmissicn lincs and in hydraclics, Existence.
uni jueness and asymptoiic behavior of solutions for 1"91.lf_ms lolf tlh‘;s
tvpe have. becn studied by many authors (sec ¢.g. #2 T3] ,a—_'[ }» 114]
and Rasvan's book [137 lor further references). Qur starting pomt_
is the paper of V. Barbu |21, where tl}c mapping I.Im the hogndar‘j\
con iitions (1.3) was supposed to be a subdifferential. In the present paper
we shall conditions, assume only that
(I Lo K2 R* dis an arbilrary maximal monolone operator. )
Here are now some other basic hypotheses which will be used in
what follows :
(H.} The [unctions 7— 4 (v, r) and r=B{v.r) arc continuous and monotonti
mercasig on Roae. x='0,1 . Furthermorv, the functions x—.1{x, r) anc
V= J3la.r) Lelong to L#0,1), for cach fixed reR.
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(Hs) The functions « and 8 Liclong to L% (0,1) and inaddition there exists
some constant §2>0 such that «(x)2 3, B(x)2 8, a.c. x€70,1[,
We are now able to formulate the main result of this Note.

Theorem 1. Suppose that (H,), (H.) and (Ha) hold and i1n addition

(1.4) frgeWiyo, T ; L0, 1),
(1.5) 1o, v = H0,1),
(1.6) {106{11), —uo(1)) & L{we(0), vo(1)) (consistence condition).

Then, the problem (1.1), (1.2), (1.3} has a unique solution (u{x,?), v(x,1?))
which satisfies

(1.7) wveWhs (0,7 ; L¥0,1) n L(10,1[x 10, T[),
du v

1.8 o O pe0, T L7 (0.1)).

(1.9 b, Lareor: 1 0)

For the sake of brevity we refer the reader to the books [1] and [4] for all
the notations and concepts used in this Note and for background material
rclated to monotone operators, convex functions and nonlinear evolution
equations developed on general Banach spaces. It should only be empha-
sized that throughoui we write , function” to denote an element (i.c. an equi-
valence class of functions) of some L”.space, 1€ pg .

2. Proof of Theorem 1. Let X denote the product space L*0,1)x

X L*0,1) endowed with the usual scalar product and the corresponding
norm. Define the operator of : X=X by

N dv
2 d(u}“ o for (u, v)eD(cf)
( 'I) v _{iii * ¥ '
“ dx
where

{2.2) D{cA)={(1e, ) e H}(0,1) ; (2(0), —u(1))=L(2(0), v(1))}.

We begin the proof of Theorem 1 by proving the following auxiliary
result.

Lemma Y. The operator of defined by (2.1) and (2.2) is maximal mo-
nolone.

Proof. An eclementary verification shows that of is monotone. It
remains to prove the maximality of of. In other words, it remains to prove
that for cach pair (p, ¢g) € X there exists a pair (#, v) € D{cf) such that («, v)
satisfies the following bourndary value problem

dv du
2.3 9w — — =pH, y—— =g,
2.%) dx ? dx q

(2.4) (4(0), —u(1)) = L(2(0), o(1)).
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We look for a solution to (2.3). {2.4) of the form w=1t,-41., v=1v;+v,, Where
{111, v,} satisfies the problem

du, diey
2.5 fy— = gy
(2.5) a dx £ dx 4
(2.6) #,{0)=1:(1)=0,
while {1, v,) is a solution to
dig dity
2.7 Uy — =0, v~ — =0,
(2.7) Y oda dx
(2.8) ((0), —10:(1)) SL(22(0), a(1)) —(1s(0), —2u:{1)).

According to [2] the first problem (2.3), (2.6} has a unique solution (11, w1} €
= H(0,1) > HY0,1) Lecause the boundary conditions (2.6) can be expressed
in the form (2.4) where L is actually the subdifferential of the function
o: R~ ], ], defined by
elx, v)=0 if x=y=0,
400 otherwise.

On the other hand, the second problem (2.7), (2.8) is equivalent with
the following

d‘ﬂz
2.9 — =y , 0=x-<l,
(2.9} =
vz dv, =
(2.10) Fimx-wiuneuwwxwuﬂ
dx dx
i2.11) Uy d—vi, O<cxy<l,
dx

where L{x, ¥)=L({x, ¥)—(1:(0), —u\(1)). Since v, ;.'d*-I—B'E" satis'fies (2.9)
for every constants x, y€R, 1o sclve {2.9) (2.10) it suffices to find some
pair (%, ¥) € R* which satisfies the equation

— - - - e fe e o~ 1.
(2.12) (.1'—3-,“- x4 —l-}) =y (x—l—y, cx ;y) .

4

Let =z- }+:(*,w=e}+lj7, a=2e/(1+¢), b=(2—1)/(e*-+-1) and
P

F(z, w)=(z—aw, w—uaz}. Alter én elementary calculation (2.12) becomes

(2.13) 0eF(z, w)+bL(z, w).

It is casy to sce that I is linear, continuous and strongly posi'tivc
with the constant 1—a. See also [12],p. 204. Therefore (2.13) has a unique
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solution (sce c.g. {17, Corollary 2.1, p- 48). This completes the proof of
Lemma .

Now let us define the operator @ : XX by

dy
—-— 4 4{..
dx o

]

), (B[”)= du .
o

By (1) clearly D(B)=D{c#) and besides @B is monotonc. We continue
the proof of Theorem | by proving another auxiliary result.

Lemma 2. The opcrator B is maximal monotone.

Proof. Consider the boundary value problenrs

d
1", — 2% ey (5, 1) =p,
d v

(2.15)
n— T8 4B m) =g,
dx
(2.16) (1,(0), —1(1)) =L(1,(0), (1)),

where (p. ¢} is an arbitrarv element of X and Ay(x)y By(a,.) are the
Yosida approximations of 4(vi), B{x).) respectively, i.c.

Ayl ry=d(x, (I434(x.)) ),

B{x.ry=B(x, (I+2B(x,.)) 1 7).
Note that | A, (v, r) I<(2/2) (7| ] d{x,0) | and the function 2 —A4;(x,7)

is measurable, for each r € R and 3 =0. The same properties hold for B,.
It follows that the operator

e (zr)__ (4‘11(-' H)J

=

¢ By, v)

is everywhere defined and continuous on Y. By Lemma 1 and a well-known
perturbation result duc to Rockafellar A+ €, is maximal menotone, i.c.
the problem (2.15), (2.16) has a unijue solution (1., ) =D(o#) for each
A=0. Furthermore (sce [17, p. 81)

(2.17) {16}, {ray are bounded in L2(0.1).

Following an idea of [37, let us define the function Lyt 10 1 xRx R
- R b}'

(2-18) Lilwsro sy =g, r) ;- (0, — p) r+d3(x, s g—u,)
where
(2.19) on(, r)= S Ay, Ty de, dola,r) = S By(x, 7) d=,

] 0
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and &3(x..) is the conjugate function associated to d,(w.) (see [F1. p.
52).
Note that (2.15) can he reformulgted as

do =09 (X, 1)+ 1~ p.
dx
.20
(2 2 ) " !{'H;
i';.‘=?)'.f;1(x. - bg—ty |
dx

where dg,(v,.) and dbi(x;.) stand for the subdifferentials of 4,(x..) and
45(x..) respectively.
From (2.18) and (2.20) onc gets
[]'Ul ‘[i‘uh

—_— = oY I ot . — .
(2.21) ( D)=L fx i)

ay
Here 8L,(x,.,.) is the subdiffevential associated to ZLy(x,...). Obviously
du gyt BB
La(:x‘, Ups }j) <L, (v, 0, w—g+v,) dx et

(2.22) in ) i )
+ (';1—5‘ '—“:"f“f]'—""x) < dalx 1) I (1m) Foalg—n)

for all 'R and a.e. x<]0, 1. ) -
If in particular «°=a¢,(x,0). then $j(x, #7)=0.

Since
dv
d d o — oot T (o v+ 0 (ot —
i (s0323) = T (a4, — 1s0) (v, — o)+ . (v —vo)+ dx( A
dv, di,,
— gty =2 Vg
o)+ . ot =
where (3. vo) is a fixed element of D{c#), it follows that
1 1 d d
4 b ([ 2] | 4o )‘“J ,
(2.23) th (130, )dx < const [ P S( e o
{ [

On the other hand, using the definition of the conjugate function we
obtain

Ll(x, i ‘;i) > 10, 3> 0) -+ (16— p) 115+
’

(2.24) du
e L A

da

—_

— b (x pws)
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d“}.

where p>0 is arbitrary and w,= sign(
dx

gt 1';.) . By (2.22)s (2.23)
and (2.24) it follows the incquality
1 1

dit,

ps —2 —f—q——t’;.ld.rgps [ B{x, pwn) | dxt
dx

L

)de .

This together with the simmetric onc for du,/dx leads to

i /
(2.25) {%} , {%} are bounded in L(0.1},

i

-} COnstIl-{—S(
o

diey dv,

dx

_|_.

dx

Clearly. we have

daz as

1 1
sy ()= S(& diy, | m) 0~ S—“”i@’— it
13

P

as well as the similar equality for v,.
By (2:17) and (2.25) we'get

(2.26) {s,}, {#;} arc bounded in C [0, 1].
Taking into account (H.), (2.15) and (2.26) we infer that
(2.27) Aa(o )} {By(., v)} are bounded in L® (0,1),
dut dv
(2:28) {—Ef‘} , {ﬁ} are bounded in L%0,1).

Note that (2.27) relies on the following well-known incqualities
| du(o ) 1< 1 AQx7) 1, | Bylwaw) <] Blxa7) |

By (2.26) and (2.28) according to Arzela’s criterion we have {on some sub-
sequences)

(2.29) #y >, v, ~v in C [0, 11, as »—0.

Finally, by (2.27) and (2.28) it follows that (on some subsequences)
when -0

du die  dv dv
(2.30) dih L au 4% 4V eakly in Lt (0
dx  dx dx  dx N RIS O

(2.31) Ax( )= A ), By(., )~ B(.,v) weakly in L2(0,1).

The reasoning for (2.31) can be found in [3]. Passing to the limit in
(2.15), (2.16) one obtains the maximalily of @ and thereby Lemma 2 is
completely proved.
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To continuc the proof of Theorem 1 supposc firstly that x(x)
=B(x)=1, a.e. x=]0,1[. The problem (1.1}, (1.2}, (1.3) can be expressed
as the initial value problem

= £t n
(2.33) m (0) =(;ff] =D(®).

_ We derive by the general existence theory that (1.1), (1.2),(i.3) has a
unique solution (u; v} such that w,veWn~ (0, T; L¥0,1)). Repcating
the reasoning in the proof of Lemma 2 we deduce starting from (1.1) that »,

2 a v
veLl=(10,1[x10, T[) andau; ;d L« (0,7T; L*(0,1)). If = and § are not
x dx
identically equal to 1 on ]0,1[ we divide by « and § the equations in (1.1)
and work in the weighted space Xop=L*0,1; o(x}dx)x L¥0,1; p(x) da)
which is equivalent algebraically and topologically to X defined above.
Since 3 is maximal monotone it is only a simyle exercise to prove that the
operator

1
s 1.4y _.]_A(., 1)
A xdy @
':Brx::
1 dae |
—_— —'B’-s
ﬁdx+[3 {»9)

is maximal monotone too on X,;. The proof of Theerem | is now complete.
_ Remarks. 1°. Theorem 1 remains valid for systems of type (1.1)

with 2n equations, n=2, 3,... Other outstanding generalizations of Theorem
| correspond to the cases:

1} @isan w-maximal monotone operator (i-e. B+wl, w>01s maximal
monotone).

2) the time-dependent case, i.e. «y f, J and B depend of £ (see [2]).

We leave to the reader to formulate and prove these results.

2°. All the results related to the behavior on solutions stated in [11]
remain true for (1.1), (1.2), (1I.3) subject to (H.}, (H:) and (H).
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AN INTEGRODIFFERENTIAL EQUATION WITH A DISCONTINUOUS
NONLINEARITY

BY

SERGIU AIZICOVICI

I. Let Q be a bounded domain in RY with smooth boundary T'.
Leta:{0,0)=K, f: RoR, h:QxR-Rand uy: Q=R be given functions.
In this paper we will be concerned with the existence of solutions to the
Initial houndary value problem

we{f, v) |- Sa(t §) (= Agels. x)-Ffuls, 2))) ds=h(¢, 1), 120, v =0,
() !

wlt, xy=0 120, x=b,
u(0, ¥} =ux), x=Q.

This problem has recently been considered by the author (11, under the
key asswmption that f(u) is continuous and has the same sign as u. In the
present paper we only assume that

(F—1) feLim(R),
(IF'—2) cssosup f(#)< ess inf fi2).

—m i< —s, fy<l<+
for some s, 20.

Our approach rests heavily on the technique of [ 1L It also involves
some arguments previously used by Kiffe [4Yand Ra uch |5 in the
stl}dy_ of dlscqntmuous sca}ar Volterra integral equations and discontinuous
elliptic equations, respectively.

- 2. Suppose that f: R— R satisfies {F—1). Then. foranv ¢ =0 and g = R,
onc can define, as in {59 :

Sfes)=ess inf f(1),

Vi—¢|=e

f{s)=css sup f{1),
and i

Fis)=lim £(s).

£ -0+

1 (s)=tim £(s).

We are now in position to precise what we mean by a solution of (P).



