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AN INTEGRODIFFERENTIAL EQUATION WITH A DISCONTINUOUS
NONLINEARITY

BY

SERGIU AIZICOVICI

I. Let Q be a bounded domain in RY with smooth boundary I°.
Leta:|0,00)>R, f: R= Ry b :Qx K~ R and u,: QR be given functions.
In this paper we will be concerned with the existence of solutions 1o the
inttlal houndary value problem

et v) |- Sa(t $) (= Age{s. x)-1-fuls, x))) ds=h(t, 1), 120, v =0,
(I) !

u(t, v)y=0 120, xel,
u(0, v)=wux), x=Q.

This problem has recently been considered by the author (11, under the
key asswmption that f(u) is continuous and has the same sign as u. In the
present paper we only assume that

(F—1) feLE (R),
(I"'—2) essosup fE)< ess inf f2).

ool —g, Hl<+ o
for some s, 20.

Our approach rests heavily on the technique of [ 1L It also involves
some arguments previously used by Kiffe [4Yand Ra uch 51 in the
stl.rdy_ of discontinuous scalar Volterra integral equations and discontinuous
elliptic equations, respectively.

. 2. Suppose that f: R — R satisfies {F—1). Then. foranv e >0 and s = R,
onc can define, as in {59 :

Sf(s)=ess inf f(2),

VE—¢|<e

j_'._,(s)—-css sup f{¢),
and P

£ (s)=lim £(s).

£ 20F

£ (s)=tim £(s),

We are now in position to precise what we mean by a solution of (P).
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Definition. A function u(t, x), 120; x <Q is said to be a solution fo
the problem (P) (where [ is locally bounded), if

(1) usC([0,00); L{Q))nLi ([0.00); HANQ)),

@) welin(0.0); LAQ)INLLLIO, o) ; HAQ)+LHQ)),
(8) uy, <L ([0p0); HH(Q)4-LYQ)),

(4) theve exists we L) ({05 00); L¥Q)) such that

flu(t, x))<wlt, x)<flu(t, x)), a-e. on (0,0)xQ,

(5) e, x}+ S a{t—s) (— Au(sy x)+wls, 1)) ds=h{f, x),t20, x =Q,

0
(6) u(t, x)=0, on [0,0)xT,
(7) (0, x)=uq(z), x Q.
To stale our basic result we need the following assumptions-:
(8) a=sW([0,00): R); a(0)>0,
(9) heWii([0, ) ; LHQ)),
(10) us =HYQ)n L=(Q).

Theoremi. Let the conditions (8)—(10), (F—1) and (F—2) be satisfied
Then problem (P) has at least one solution. _ ) )

Resmark. As a=1 satisfies (8)) the theorem alSo applies to the nonlinear
wave equation

g — Au-f(u) =2y, on (0, 0) xQ,

with appropriate initial and boundary conditions. For a related result
see [57. o

3. To prove the theorem , we employ a simple approximation scheme.
In what follows we assume without loss of generality that

(11) ess sup f(¢)<0<ess inf f(t)s
i i ow

gy,

Let p(¢) be a C= function with support contained in (—1,1) satisfying

e{t)20 andS p(t)di=1. Set p,(t)=np(nt), n==1,2,..., and define

— o

(12) Slt)= ealt—s) fls)ds.

o

"'-'F
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Clearly, f, is continuous for cach ». Morcover, by (F—1) and (11) there
exIst positive numbers S, and u so that for all »

(13) (i) ta(f)=0, if |2 >S5,
(i1} [ A(8) (<p, if 12 |<S.

Then, in view of {6, Lemma 2.2] one can find a s juence of continuous
functions f,,,: R-R, k=12, ..., such that
(1) I_fn‘ k::".:'_fn, k(_l\') Iscﬂ’ k| .‘l'—')’ !3 V-‘.- 3'ER»
(14) for some ¢,, ,>0.
.(.i‘i)f,,, « tends to f,(k—oo), uniformly on bounded sets,
(lll) x_fn! k(x);o if .. A I.."SD'

Using the functions f,, , we will approximate (P) by a scquenc f
regularized problemis. As in [17] we set Pp (P) by quence o

Ve HIQ), H=LYQ), V'=H(Q).

Obviously,

VeHc V'
with dense and compact injections. The norms in I and H will be denoted
vy 11"1. rand |. |, respectively. We also use (,) to indicate the scalar product
i .

Introduce the linear operators 4 : V —=V' and dn: H-H by

An=—2au, usV: Ayu=Au, ueD(du)={usV; AucH},
One has
A n=09u{d=subdifferential), oun(t)= {_} f#ll®, wsV

+o0y ueH> V.
Also define the Yosida approximation 4, of A, by

Apmb(I—J2), Jom (1 ;CAH)'I.

where, as usually I denotes the identity on H. Recall that 4, is Lipschitz
and (&ee [27) -

; . i .
(15)  Ay=00s pu(@)=qa(fsu}+ Iz‘l;ﬂtlz—mf{-}E | 6—v }”-i—cpﬂ(v)} , ueH.
2% veH |2

Finallys let

(Phopw) (x)=fo, (u(x)), ueH, xeQ,

and remark (cf, (14) (1)) Fui4 is everywhere defined and Lipschitz on H,
Consider now the following approximating problem (in H)
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¢

- (i) k(i)-{-Sa(ﬁ—s) (A1 Fo ) ity 1 (s) ds=h(f), t20. ('=d[dr)

(”‘) iy, A(O) =g

Sipce Ag+F,, ris Lipschitz, (16) has a unique solution u,.  =Wi2 ([0.c0); H).
4. In this section we establish a number of energy estimates on the

solutions #, p. The method is similar to that of [1] and we only sketch it,
First define G, ;: H- 1 by

(17 Guu{t)= Sg,., dw(xNdy, neH ; g, (t)= Sf,,‘ o{s)ds, teR.
Q 0

1t i's casily seen that u—Gy ¢ o is Tréchet differentiable on H and
i .
(]8) (”;;.k(z)l -Fu, f:“u.k(t)): Zit(fn, k(un. k (t))r a.C. on (0’ 00)
Suppose next that # is fixed. From (10), (13), (14) (ii), (iii) and (17)s we

then deduce the cxistence of finite constants € >0 and vy = Ry independent
of n, such that

(19) | Go. & (100) } SC
and
(20) Gu (e}Z 7

for all k=~N(») and all € H. Here N{(n) denotés a positive integer depen-
ding on . _ “ .

et Te(0,00) be arbitrary. Multiply (16) (i) by v,,,‘k(t)=(Ak+Iv,,:_k)
ita, (¢) and integrate the result over (0,7, 0<é<T" Emploving (15}, (16) (ii),
{(18) and {2, Lemma 3.3] yields

"?k(”n, J.'(-t))'""?k(ue)_}"cn. i’(”n‘ .t(‘t))_"Gn, k('”ﬂ) 4

CD e a9 v als)ds= {a(s), o ) a5, 0t T

where # designates the convolutior. . '
Combining (8)—(10), (15) and (19)—(21), we arrive at {recall = is
temporarily fixed)

¢ 2
(22)  {(aron s(5), 0 s{8) ds<Cot Ca may | (o stmrasl, 110 T,
il
] se 0
f or sufficiently large . From this point onward we denote by €y, C4,..., efc.

vatious finife positive constants independent of 4.
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Calling on (8) and [3» Proposition (4)], (22) implics
t

(i) Svmk@ym <Cs
(23) ' , ugig !
t
(i1} %S(a*vn, W{8), wn k(5D a’si <C,-
]
From ( 16) (i) and (23) (i), it now follows
(24) | u8)] <Con (10, T,
Consequently '
(25) | Jittn, () 1< Cs, Ot T
By (19)— (21} and (23) we have
(26) ou{ttas 1 (2))<Cy, 1[0, T,
and (see (13) and the definition of gu)
(27) [ Jxttn 2 (8) < Cov £(0, 1.

Remark. The above estimates hold for large £. In other words there
is N(n) such that if 2>N{n) then (23)—(27) are satisfied.

We finally differentiate (16) (i) in A5 multiply the resultant equation
by u, () and integrate over (0. 7). After some calculations invelving
($)—(10) and (23) (ih (29) we get

T
Su-',,, ¢t ¢ (£), 1, (1)) A1 Ca,
0n
or equivalently
(2'8) an i3 (”n. 3 ({': 1)) My, & (zs ,\) dtdx< Oy, Q"—"(U, ])/\!.l

Q

Invoking (14) (i), (iii), (28) yields (for sufficiently large k)

{29) S Su, k(g &) oty x| dEdx<C,.

o

5. On account of {24)—(27) and (29} passage to the limit in (16) now
procedes easily. Tn what follows we use various subsegucnces, for which
we do not Lother changing notation.

We first let A—oco with » fixed. From (25), (27} and the
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Ascoli theorem it follows that

(1) Jaaen, x> ua(k—oc), strongly in C([0, T7; H),
(il) Jitty, =1, weakly-star in L= (0, T ; V).

In view of (15}, (26) and (30) (i}, onc also has

(30)

(31) ty x>, strongly in C{[0, T]; H}.
This and (24) lead to

(32) Uy, k= ty, weakly-star in L«<(0, 7 ; H).
By (31) we may assume that

(33) s 1 (£, X) > 11, (4, 1) a0, on Q.
Calling on (14) (ii)s this gives

(34) fur 1 (s ) fo (2)e a€. 0 .

Taking into account (i2), (14) (ii), (29) and (34) we can apply Theorem
1.1 of [6], thereby obtaining

(35)  Fau(ttn i) >falun), strongly in LYQ)=L*(0, T ; L' (Q})).
Finally remark that (30) (ii} implies

{36) Axttn, x— Atty, weakly-star in L=(0, T°; V').

Letting koo in (16) then gives (use (23) (i},(31)s {32), (35), (36))
6 0+ {alt—s) (A5l ds=3l). r=[0, T,
() 1n(0) =1e

The next step is to pass to the limit in (37) as #—co. Note that (24),
(27) in conjunction with (30) (ii) and (32) lead to

{ttg ; n=1,2,.0}1s bounded in L=(0, 7" ; V)
{u' n; n=152,..} is bounded in L=(0, T ; H).
From (38) it follows

(37)

(38)

(® #y—1ey Strongly in C([0, T']; H),
(39) (i1}  #,—n, weakly-star in L=(0, T ; V});
(i)  #,—»u,~=u', weakly-star in L=(0, T; H).
By (39)(ii} one has
(40) Auy—Au, weakly star in L= (0, T ; V').
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It remains to establish the convergence of f(1,). Using (29), {33),
(34) and Fatou’s lemma we get
(41) S | t4nfultin) | d2d x<C,.
)
Combining (12), (41) and the simple estimate

| fo (s) 1<% | sfals) | 4 1S}1£mlf,.(s) I, Ym0,

one can readily show that (cf. [5]) for each ¢>0 thercisa 3{¢)>0so that if
o < @ with meas (w) <83 then S | feltén).] < €} ¥a. This implies (by the Dunford-

Pettis ceiterion) that
(42) fn(“g)-"[&’s Weakly n Ll(Q).

From (37),(39), (40), (42) and the arbitrariness of T; assertions (1)~(3)
and (5)—(7) of our thebrem now follow easily. To complete the proof we
need only verify (4). To this end we use an argument of [5].

By (39) (i) we may assume that u,—#%, a.e. on Q.

Fix 5 >0. Invoking the theorcms of Luzin and Egorov we can choose
a subset g<Q such that méas (g)<w, w =L (Q\g) and w,—u, uniformly
on Q\¢. Therefore, for any ¢>0 there is 1, 2/¢ such that for n>#,

b taa(E)—2(E) | <~;~, VE<Q\g-

Them, if ]u,,(i)—sj<-1-(n>n,, EeQ\g) we have |u(f)—s|<e and
n
hence (cf. (12))

(43) SENLfultalE))<f{(1(E)), E QNG n>te
Let hel« (QN\g) with £>0, a.e. Multiply (43) by 2{E) and integrate
over Q\¢. Then; let n—co to obtain (see (42)).
(44) [ Atut)) m(e) de< fuw(®) 1) dis (Futwcz) 1 (2) 2.
@0 AN UAN

The dominated convergence theorem allows us to take ¢—0 in (44). As
k>0 was arbitrary, we conclude that

(45) FEN<w(E)<f(u(E)), d.e. on QN\g

Recall that meas (g) <x, with vy as small as we like. Then (45) clearly implies
{4) and the proof is closed.
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Remark. The following properties of — & have plaved an essential
role in the prool: —A is cvelically maximal monotone, coercive ang
weakly continuous from 17 to 17,
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ON SOME FUNDAMENTAL #-1i ORDER FINITE DIFFERENCE
INEQUALITIES

BY
B.G. PACHPATTE

1. Introduction. In the theory of finite difference cjuations. discrete
analogues of Gronwall's inequality (17 and its variants arc of fundamental
importance, since the bounds provided by these ine jualities arc adequate in
many applications (sce, [31—|147). However, some other recent develop-
ments in the theory of numerical solutions of u-th order differential and
mtegrodifferential equations have hecome of compelling interest in the
study of such models without reducing them to a system of » equations of
the first order. In such situations the bounds provided by the Gronwall
tvpe discrete inequalitics are inadequate in applications. In this papler \]vt:
present some new #-th order finite difference incqualities which C({m s
used in accelerating the growth of literature on various aspects of u-th
order finite difference equations of the more general type.

2. Main Resulis. Before giving the main results in this section, we
lirst introduce a few of the hasic notions involved in our subsequent discus-
sion. Let N be a set of points ko--r(r=0, 1, 2,...), where k>0 is a glven

k—1 . .
integer. The expression Y, /{s) represents a solution of the linear difference
a=k,

cquation Ax(A)e f(k) for all ke under the initial condition v(k&) =0"
where A is the operator defined by Ax{n)=x(#-+1)—x(n). The operators

ko1
Ax(k) e, Ax(R) are defined in the usual way. It is supposed thatﬂ.zkI fls)=0.

k-1 .
) 5 . T . M v By e 1 SOICC el Ukt
e expression [T g(s) represents a solution of the linear difference ejuation
gm()

5

vk 1) =g(k) x(k) for all keN under the initial condition x(kg)= 1. It is
gt

L
supposed that IT gs) = 1.
sk, ) i . )
A new and useful n-th order finite difference inequality is embodiced
in the following theorem.

Theorem 1. Lei x(k), Av(k)...., A.\I(ﬂ'), (I(A?),. k), ({);,([ c(k) [)g real-
valcd nonnegative functions defived on N, for which the tnequality



