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weakly continuous from 17 to 177,
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ON SOME FUNDAMENTAL »-(h ORDER FINITE DIFFERENCE
INEQUALITIES

BY

B.G. PACHPATTE

1. Introduction. In the theory of finite difference cjuations. discrete
analogues of Gronwall's inequality 17 and its variauts arc of fundamental
importance, since the bounds provided by these ine jualities are adequate in
many applications (sce. [37--[14]). However, some other recent develop-
ments in the theory of numerical solutions of #-th order differential and
mtegrodifferential equations have hecome of compelling interest in the
study of such models without reducing them to a svstem of » equations of
the first order. In such situations the bounds provided by the Gronwall
tvpe discrete inequalities are inadequate in applications. In this paper \1&'(:
present some new u-th order finite difference incqualities which can b
used in accelerating the growth of literature on various aspects of u-th
order finite difference equations of the more general type.

2. Main Results. Before giving the main results [in this section, we
first infroduce a fow of the hasic notions involved in our subsequent discus-
sion. Let N he a set of points ko-f-r(r=0, 1, 2,...), where k20 is a given

ko . ,
nteger. The expression ¥ f(s) represents a solution of the lincar difference
a=k,
cquation Ax{A}=f(k) for all AN under the initial condiEl‘on X (Jo) =0:‘
where A is the operator defined by Ax(n)=x(#+1)—x(n). The operators

Ky =1
S_r(fc) ey Ax(£) are defined in the usual way. It is supposed that 3 f(s)=0.

=k,
k_l - - . .
Ihe expression TT g{s) represents a solution of the linear difference cjuation
g=0 )
A1) —=g(k) (k) for all =N under the initial condition v(ke)== 1. It is
Ty

supposed that [1 g(s)=1.-
.’:l‘." . . - *
A new and useful n-th order finite difference inequality is embodied
tn the following theorem.,

Theorem 1. Let x(k), awi{kl..., ax(k), a(k), b(k), and c(].)) b real-
valucd nonnegative functions defined on N, for which the tnequality
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. Aﬂ)am+M4ﬂm+mm+m¥ﬁw+
i

~F§dﬂum+Aﬂw+u_ﬁEwm}
holds for all ke N. Then:
. Ax(R) < a(R)-+B(R)¥(0) 4 Ax(0) ... + Ax(0)]TT [2+B(s) +¢(s)1+
2 pe1 k1 -
+ X (o) T 124 80) + ) )

for all ke N,
Proof. Define

=1

m(k)=x(k)+ sx(k)+ ...+ Ax(k)+ z c{s)(x(s)+ ax(s)+... +Ax( s))
(3) o -1
m(0) = x(0) + Ax(0)+ ... + Ax(0);
then
(4)  am{k)=Ax(B) ...+ Ax(k)+ Ax(A)+o(k)(x
for all k= N. Using the facts that

() Ax(k) ..+ Ax(E))

(5) Ax(R) + - + & x(B) < mk),
and
(6) x(R) + Ax(R) + ... + Ax(E) < m(k),

from {3), and
Ax(k) < a(k)+bik) m(E).

from (1) in (4), we see that the inequality

(7) m(k + 1) <[2 + b(R) + o(E)Jm(k) + a(®)

k
is satisfied for all X €N. Multiplying both sides of (7) by I [2+b(k)+c(&)] ™
=0

and summing up both sides from 0 to k— 1, we obtain the estimate for m(k)
such that

-1 k-1

m(k) < [2(0) + 4x(0) - ...+ Ax(0)] IT [2 + b{s)+ ¢(s)] +

—|-k§ a(s) E“l f24-6() + ¢(8)].

=0 t=a+1

for all #eN. Now substituting this bound on (k) in (1). we obtain the
desired bound in (2).

N
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We next establish a nonlincar #-th order finite difference inequality
in the following theorcm.

Theorem 2. Let a(k). Axv(k),.... Ax(k), a(k), b(k), and c(k) be real-
valwed nonncgative functions defined on N [ and let H{w) be a positive, con-
finttons, monotonic, nondecreasing, subaddilive and submulti plicative function

Sfor w0, H{0)=0, and suppose furiizer that the tnequality

H—1

Ax(R) < a(k) + b(k) H( YOR) -+ Ax(R) 4 oo+ Ax(R) +

(8) nH—1
z x(s) + Ax(s)+. +m(ﬂ

holds for all keN. Then for all k= N,

H

Ax(R) < a(k) + b(k) H(ps(k) =

(9) -
- QO(k)Q—IIQ(; ?‘o(S)H P )+ Z ?’o(S) H(Qo(S) ]}
where
w)-nw)fawm|n.ﬂﬁw1§%z+dsm-

(10)

-+ E a(s) Z 2 4 ¢(8)],
(1) ()= ¥ 2+ ()]
(12) ro(k) b(k)i [24c(®)]
and

v (s 73 Ve >

(13) O(v) SH(S), 3 70 >0,

L o

Q-1 is the tnverse function of Q, and
No{keN 0%, rols) Hipl )]+ 5, 746) Higas) <om @)

Proof. Define m(k) as in 3) then we see that (4) is true for all ke N.

Using (5), (6) and the fact that Ax(le)<a k}+b(k) H(m(k)), from (8) in (4)
we sec that the inequality m(k4-1)<[2-c(k)] :;z(k)—}—[a(i»)—l—b(k) H(m(k))] is
satisficd for all k= N. Multiplying both sides of the above inequalily by
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l[u [2 c(&)] " and summing up both sides from 0 to A—1, we obtain
the estimate for m(k) such that
k-1
(14) m{k) < polk)4-¢olk) Y, 7e(s) H{m{’s}}),
3=
for all £&N, where po(k), ¢u(k), and ro(k) arc as defined in (10), (11), and
{12) respectively. Let
~ k1
{15} ulk) =Y, ro(s) H(m(s)), u{0)=0,
2=
then Su(k)=ro(k) H(m(k)) , which in view of (14) and the subadditive and J
submultiplicative propertics of H we see that the inequality
Aulk) < ro(k) H(po(R)) + rolk) Hgolk)) H((k))
is satisficd for all k€N and can be written as
k-
(16) w(k) < %] ols) Hipo () + ): ro(s) Higa ()) H(ss)).
=0 1
1
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Now fix ge N, then from (16) we have

(17) (k) g bzl ro(s) H{pa(s)} - z rols) H{go(s)) H{u(s)), 0gkgB.

1=0 8=1)
Define
(18) o(k) =5 rals)H(pols)) Jrz ro(s) H{go(s)) H{u(s) 3: ro($)H (pols),
then from {I18) and (17), we obtain
(19) Av(kR)g (k) H{ygo(R)) £ (u(R), U< kg B
From (13) and {(19) we h ave

vk 1}
ds Au(k)

20 -1 — Q(w ¥a [} .
@) Q1) — (k) = SH(S) < Sy € T8 Hla,

for 0gAh<B. Substituting successively k=0, 1,2,..., B—1 in {20). wc obtain

Ou()) — (0 < 3, 7efs) Higa(s)),

=0

which implies

(1) v(ms.m[sz(‘ig rls) 1 po(s)) ) % refs) Higals)]-

3= £

Since § &N, is arbitrary, henee [rom (21) we have

(22) #H{h) = Q ’(&l[kxl r‘.(.\')Hﬁo(S))) : kz-i ro(8) H{go(s)) ],

o0
for all k& No. The desired bound in (9) follows from (22). (17), (14} and {8).
A slightly diffevent version of Theorem 2 s established in the following
t];mu .
Theorem 3. Let x{k). Ax{k) ..... _\x (k), a(k), B(R). ok}, and H{u) he
as in Theovem 2, and suppose further thal the Tnegualit v

Bl

Ax(R) < alk) -+ b{k) (x{(R) + Ax(R) + . + dx(k) +
(23) -

+E c(sYH(x(s)+3x(s) + ... +3x(s)),

=

holds for all ke N. Then for ke Ny,
Ax(k) < alk) + b{k) ((p(k) + glbQ [o[z r(s)Hp(s»] +

=10}

(24) o
+ % () H(q(s))]],
where o ' B
AR = [6(0) + Ax(0) + ... + Ax(0)T T [2-+8(R) 1+
(25) k ) L
+ }; a(s) T {2+
(26) o0 = L2+ 56))
(27) r(k) = c(k) l‘j[D [2-+B{(£)3°1,

and Q, QY are as defined in Theorem 2, and
k=1 k1

N, == [ ke N QLY 7(s) H(p(s))] + Y, (%) H(g(s)) = Dom (Q”l)}.
=0 =0

The proof of this theorem follows by an argument similar to that
in the proof of Theorem 2 with suitable modlfu,dtlons We omit the details.

Our next result deals with the #-th order finite difference inequality
which basically involves the comparison principle.

Theorem 4. Let x{(k), Ax(h) ..., Ax(k), a(k), b(k), and c(k) be as in

Theovem 2 : let W(k, u) be positive, monolonic, nondecreasing in u, =10,
Jor each kt—\ and suppose further that the inequality
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0O

(28)  Ax(k) < (k) 4 b(fe)(.x(fc)-i—m(!c)-{-...A|..K»:-{ls) Y ) W, S.\'(s))),

L]

holds for all keN, then

(29) Ax(k) < alk) -+ B(R) (p(R) + g(k) REY),

for all ke N, wh Hlh AT, N X .
the solubion 5 ere p(k) and g(k) are as in Theorem 3, and R{k) is

(30)  SR(E)=r(k) Wk, a(R)+5U)[p(A)+q(k) R(E)), R(0) = 0

existing on N, in which v(k) is as defined in Theorem 3.
Proof. Define

L

(k) = x(&) -+ Ax(R) + .. 4 Bx() + % efs) (s, Ax(s)),

(31)
m(0) = x(0) + Ax(0) + ... + Ax(0);
then
(32) (k) = Ax(R) ..+ Ba(k) + Ax(k) - o(R)IF (k, Ax(k)) .

Using the facts that ax(k)+ -IETAlr(k)qn(k) from (31 .
xin - £ d ax{d)g
+b&(%) m(k), from (28)in (32). we sce that the inegluazli%; GRS

mlk + 1) < [2-H5(R) L m(R)+-[a(R)--c(R)W (£, a(k)+-b(k) m(k))]

is satisfied for all €N, which implies

k—1
(33) m(k) < pk)+q(k) ( T A($)W (s, afs) -+ b(s) m(s))],
where p(k) and ¢(&) arc as in Theorem 3. Define
k-1

1(k) = % (s} W{s, a(s) 4 b(s} m (s)), u(0) =0,
then du(k)=r(RA)W(k. a(k)+b(k) m(k)), which in view of (33) implies
(34) Aulk) < r(k) Wik, a(k) -+ b(k) [p(k) + g(k) u(h)]).
A suitable application of Theorem 1 given ir [3] to (34) and (30) yields
(35) u(k) < R(k), ke N,

where R(%) is the solution of (30) such that R{0)=%(0})=0. Now fr
{33) and (28) the desired bound in (29) fol'ig\ls. (0)=0. Fow from (33).

We note that the usefulness of the ine iti i in ’

S | qualities established in The
1—4 becomes apparent if we consider that a(0), Ax(0),..., A" x(O)ﬁ,OfITkI})S
b(k) and c(%) are known and x(k), Ax(4),..., A x{k) are unknown functions
Le. the imequalities established in the above theorems give us the bounds:

|
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in terms of the known functions which majorizes A x(k} and consequently
x(k) for all ke N.

In concluding this paper, we note that the finite difference inequalities
established in this paper can be used to study the boundedness, uniqueness,
continuous dependence and other problems of a class of #-th order
sum-difference equation of the form

n—1

Ax(k)= f(R)+F [k,x(fe), Ax(R) o & x(R),
(36)

EIG(k, s, x(s), Ax(s) ,..."S;(s)) .

=0
8x(0) = 2}, 0<r<n— 1,

under some suitable conditions on the functions involved in (36).
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