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0. Introduction. In 1975 Kiiti Morita showed. |1, that the
notion of skape map of topological spaces can be described using also the
AN R-system approch. To cach topological space he associates a -1~
system, that is & homotopical Inverse svstem of CI-complexes (or of AN R-
spaces. (81). In 1977, M. R. Bunjatov defined .31 the basic concepts
of the homotopy theory of continuous homomorphisms of closure algebras,

in this note we define the AN R-algebras. which arc special C-algebras
that abstract and generalize the ANR-spaces and then we prove o K.
Morita  type theorem for o-co mplete closure algebras (Theorem 6.5). Thig
theorem is used in (97 to give an introduction in the shape theory of closyre
algebras,

The needed notations and the results on closure algebras, are these
of the paper |5 of Roman Sikorski

L. ANR-algebras. Dcnote by -8B the category of the s-complete
closure algebras and the a-complete continuous homomorphisms and Jet
FB be the subcategory of -8B of the complete closure algebras with the
complete continuous homomorphisms.

L1. Definition. | Boolean ideal Jof a closure algebra A is called a clo-
sure ideal if for every x € ] s closure T is also in 7.

2.1. Definition. A wmorphism h: BoA in the category B is called 4
homeomorphism in preimage. if there exist a closure complete ideal S of the
closure algebra B and « conlinuons complele map k:A—~] (iek preserves

all suprema and all infima and kay< kla), for cvery a € 4) such that -

(1Y A(Jy=-A. (i) ko(hf])=1,. (h]])ok=1,. (1) c=v [ is a closed elp-
ment of the cosure algebra B. An wieal J which salisfies the above conditions
w5 denoted by ATV A).

Let X be an arbitrary topological space. Denote o{ X} the closure
algebra of all subsets of X, :

3.3. Proposition. Lel /2 XY be a continons map of topological spa-
ces and et h=o(f): o(Y)=o(X) be the continuons homomor phism of closure
wlgebras induced by f. Then. [ is a homeomorphism of X on a closed subset
of Y Uff keis a homeomorphism in Prevmage.

Proof. Let f: X Y,2 Y be a homeomorphism. with Y, a closed sub-
set of Y. Then Jf=q(Y.) is a closurce complete tdeal of the field o(Y) and

2 — Maremadicii 206



370 1. POP 2

toget(h;r with the map k=o(f*): o(X}—o(Y,) satisfy 2.1 with respect to
h=a(f).
{fonvc}'sel_)ﬁ, if h=a(f) is a homcomorphism in preimage, then, the set
¢= I o(X)} of the space YV is closed and the map g :¢c—X, given by
gy)=h{{x}}=f"Y(y) is well-defined and continuous. Morcover, g is the
inverse of the map /1 X —¢, such that, this last map is a homeomorphism,

4.1. Let 4 be a closure algebra and Ict a €4. Denote by 4, the prin-
cipal ideal gencrated by «, that is A;={redfx<a}={redfxpa=x},

3.1. Definition. If a, bed, then, a map f: A,—A,, with fla)=15 is
called continnous if, for everyclement x = A, we have b f(x) < flx pa). One
can prove easily the following lemma :

6.1. Lemma. Le! A be a closure algebra and et ¢ be a closed element in A
and o an open neighborkood of ¢, i.e. an open element tn A such that c< o,
Let j: Ao A, be the map defined by jix)=xNc. Then, the following asser-
tions hold

(1) A, is a closure complete ideal of A,

(i) Ao is a complete ideal of A and if y €Ay, then Int y=A4,,

(i) 7 7s a continuous and complete map.

7.1. Definition. Let A be a closure algebra and let ¢ be a closed element
of A. We say that ¢ 1s an absolute neighborhood retract in A, if theve exist an
open neighborhood o of ¢ and a complete homomorphism r': A.—~A,, such

that
(1) ¥'(c)=o0,
(ii) »' 25 continuous,
(iii) jor'=1,,.

Ifo=1(i.e.the unity element of A), then ¢ is called an absolute retract of A,

8.1. Proposition. A closed subset X, of a topological space X is an
absolute (neighborhood) retract in X iff X, is an absolute (neighborhood) re-
tract in the closure algebra o(X).

Proof. Let X, be a cosed subsct of X and let O be an open neighbor-
hood of X, in X, such that X, is a retract of O by the retraction » : 0 - X,.
This retraction induces the continuous homomorphism 7' =a(r) : a{X) -
—6(0). For X,, O €4(X), we have o(X)=4Ay, and a(0)=4, and are veri-
fied the conditions of 7.1. ,

Conversely, the conditions of 7.1 involve that the map 7' defines a
continuous map » : 0 =X, such that r/Xo= 1y, (if y€0 then y€ OAr(Xy)
= ?”(Xuan)=?”(Xo)).

9.1. We recall from [5] that a closure algebra A is called a C-algebra if
A admits a C-basis, i.e. a countable sequence {r,} of open elements of 4
such that cvery open clement g €4 is the sum «f all elements 7, such that
a=g. The notion of C-algebra is a gencralization of that of separable me-
trizable space in the sense that a topological space X is separable metri-
zable space iff the ficld o(X) is a C-algebra.

10.1. Definition. A complete C-algebra (C-field) A is called an ANR-
algebra (AN R-field) 1f for cvery complete C-algebra (C-field) B and every
homeomorphism in preimage, h: B—A, the closed element c=h;t (A) is an

-
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absolute neighborhood retract in B. If A is only o-complete C-algebra, we say
o-ANR-algebra {a-AN R-field).

111, Theorem. :I topological space X is an AN R-space for the class of
separable metrizable spaces iff o{X) is an ANR-field.

Proof. Supposc that o{X) is an ANR-ficld. It follows that o{X) is
a C-algebra and therefore [S, Theorem 10.17, X is a metrizable scparable
spacc. Then. et ¥ be another metrizable separable space and let /: X =Y
be a homeomorphism on a closed subsct f/(X) of Y. By 3.1 the induced map
s(f): o(Y)—o(X} is a continuous homomorphism in preimage. Since o(.X) is
an AN R-field and because oY) is a C-field. it follows [5, Theorem 10.1]
that ¢= v /7? (a{X)) is an absolute neighborhood retract in o (Y). By 8.1
this implics that f(.X) is a closed subset of Y and it is an absolute neighbor-
hood retract in Y.

Conversely, supposc that X is an ANR for the class of separable
metrizable spaces. It follows that o{X) is a C-field. Now, let B be an arbi-
trary complete C-field and let % : B —0(X) be a homcomorphism in preimage.
From [5] there cxist a metrizable scparable space ¥ and a subfield B’ of
the field o(Y) such that. defining for an element b € B” its closurc } as the
intersection of all Borel sets of ¥ which contain 4, one obtaines a C-field
isomorphic to 5. We define /: XY by f{x)=~k({x}), where & is the map of
2.1. Then, fis well-defined and it is continuous. Moreover, f is a home. mor-
phismon the closed image f(X).Since X in an AN R with respect to the class
of separable metrizable spaces, it follows that f(X) is an absolute neighbor-
hood retract in Y. This implies, by 8.1,that ¢= vy f{X) = k71(o(X)) is an
absolute neighborhood retract in o{Y). But, since 77! (o(X)) is an ideal of
B, it follows that ¢ is an absolute neighborhood retract in 5. Thus, o(X) is
an AN R-field.

2. The Bunjatov spectrum representation theorem and some related
results

1.2. For an object A of the category §@, denote by £(A) the set of
all partitions of unity of the closure algebra A, with the following partial
order : If 2, u=Z(A4), then A<y iff for every x =y there exists y € such
that x<y (that is A<piff ¢ is a refinement of 2). Since the sets » and p
are disjoint, the relation < implies a map p% ‘p— .

Let O(A} be the set of open clements of the closure algebra A and
let A€ Z(4). We consider the class O4={GC A v G so(d)}. This is the
class of the open sets of scmec topology of A. If A, . € £(A4) and if A< p, then,
by considering on p the topology O4 and on 2 the topology O4, the map p%,
defined above. is continuous. In fact, let be G €04, that is G= fve ryye
€0(4)} . We have (%) " (G)={x=p/3 y G, x<y} . But, v{(p4) G)= VG,
since the incquality v (p{) YG)< . G is obvious and, if y&€(G, then y ==

(Va)ay=va. Hence v (p5) (G)=O{A) and (p%){G)<u, such that
TER ze (a4 )" 1w
(PX)NG) 0. Morcover, the system {(x, 0F), pthpezwn IS an inverse
spectrum of topological spaces.

2.2. A topological space X is the inverse limit of the inverse spectrum
of topological spaces {(A, OF%'), ptl,  erouy. For a disjoint covering A
of the space X, wehave k< X and the projection pX=p,: X -1 is de-
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fined by py(x) = 2, iff xe 7, By applying the functor o to the inve rse
spectrum {(2, 0F¥). p¥l - we obtain a direct spectrum of closure alge-
bras {a(2). gi=0(p4)} and the maps ¢, = a(p,) : o(i) »a(X) are defined by
¢(N) --LéJJNj. for Ne= [N}, =a(i).

From 2.2 we obiain ;

3.2. The ficld o(X) is the direct limit of the direet spectrum
{a{}.}.q;};__ueg(,,.(_\-,, of closure algebras. Proposition 3.2 can be generalized
for an arbitrary closure algebra, namely :

4.2. Bunjatov’s Theorem, {4. Theorem 1]. o closure algebra - is the
direct Ilimit of the divect spectrum 16(2). g2 = ol bhuesia. 1 the cate-
dorv §&B.

52. If A isonly a o-complete closure algebra, we denote by Z.(4) the
set of all at most countable partitions of unity of 1. For a reZ A4} we
can consider 04 and this is also a topology on 2. All the other results of this
section rumain true when we replace a complete closure algebra with a
o-complete closure algebra and  the set X(4) with the set X (A). But the
proofs in this casc are more complicated. Thus, we can state :

6.2. Theorem. Let A be a o-complete closure algebra and let S (A} be
the set of all at most countable partitions of unity of A. Then, A is the direct
limit of direct spectrum {o(0). gh=0o(p)h.wex . in lhe category o-§1B.

Proof. We define the maps ¢ 1 o(2) >4 by @(V)=V N, for N & o(2).
h=Z.(4). We prove that ¢, is a s-complete continuous homomorphism of
closure algebras. If NV, N, €a(d). then ¢ (N Na)e= v (NUN) = (v Ny
(VN =g, (Ni}vgn (Neo)o If Neo(d), we have g(€, N)=v @, N, but
(VN) v (V@N) = yr =1, and therefore v@ N = (yN) (if re 4,
then 1’ is the complement of x), that is ¢, (€, N)=(g(N))". Tt is casy to see
that g, is a-complete. Then | if G &04, ¢,(G)= v G is an open clement in A,
and, by [5, Theorem 5.27. it follows that ¢, is continuous.

Now we have the commutative diagram

7

TOR) e f

=

I3

4
7
T {u)

for every 3, peZ(d). with 2a<u. In fact, if Nea(n). then g,(g2 (V)=
VR (NY= v (p¥) YN)= y N, as we saw at the beginning of this scction.
Therefore ¢, (gh{N)) = g, (N).
Now, let B be an arbitrary o- complete closure algebra and let 9,
o(A) > B be a a- complete continnous homomorphism, for evervy a s E (1),
such that the diagram
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o r}.) *.‘l

for nopeX (()n < o be commutative

For an clement a<4. lot 7, be the partition of unitv »,s= {a, ¢’} where
@’ is the complement of «. Obviously A, = X.(A) and Jet be 2, =, I'hen,
wedefine o0 =B by g(w) = 3,(«). First we prove that the diagram

B ==

are commutative. for cvery L e X (d4). For this, let N =o(2). Then. we have
PN Y ANY] < %osince if ve x and xeN, x gy N, while if vS N. then
r<{y V) because x=(x Ay )y {xA{v N)}. Thus we have the commu-
tative diagram :

5 (1}

. \
I3 1

da P
’Prr. / :.1" -

-0' (}\n)

where a= v N and ¢h= ¢} . Hence we obtain PNy = 2(v N) = s(a)=
= 2a{d) = 2. G (@)=, ga(V N} =5, ().

Now, wu prove that o is a s-complete continuous homomorphism,
H oa besd then h, = {favb, @' A bl and plav by=1u9,,(ay ). If we set
han=ha \ 2y A by, then we have k. b, v < and therefore o(a) v 2(8)=
=gala} V 200} =25, 4 (@) v 2, 48, (0) =1y, (02 (@) V g2, (B)) = 9n (@ (a v B)) =
=2wv{ay b)=9{ay b). Analogously. it follows that (v uy) =V 3(ay), for

(x)

[§1]
(x) a set at most countable, by using the following partition of unity

( 7 hay) A(hva,) . which belongs to X(.1). Further on. if ae A, then A, —
(%) (2}

={a’,a} =%, and therefore 9(a’)=9,"(a") = p.(a’) = (9.{a)) = 2(a)’. Hence,
7 is a g-homomorphism. It is also continuous since if a = A is an open
element. then p{e) =2,(¢) is an open element in B, because 2, is conti-
nuous and the clement @ ts open in %, and thercfore in of3,). The unigue-
ness of the homomorphisi 9 follows because if & is another homomorphism



374 1. POP 6

with the same propertics as ¢, and if a= 4, then g, (a) = ¢, (¢), that is
¥ (a)=oqq(a)=q(a). This completes the proof of the theorem.
The following theorem has an analogous proof as 6.2.

7.2. Theorem. Let A be a o-complete C-algebra with a C-basis {r.} . Let
Zx(A) be the set of all partitions of unity of 4 of the form (Ar) Ady,, for
{ri} a subset of {r,}. Then A=Nm a(}), in the calegory o-§B.

?.EE.‘.{Al

8.2. Remark. In the casc of Bunjatov’s Theorem, 4.2, the uni-
versal property of A with respect to the spectrum {o(X), ¢ = o(P%) sn ez
admits a different proof than that of 6.2. Preciscly, in this case there exists
%o the finest partition of unity of 4 and let 7 : 4 - a(k) be the map defined
by jla)= {xe hfxAa s 0} . It is casy to sce that 5(v a,)=\Jj{a.). Then,
fla’)=j(a)’; in fact. if for x=Xe we have xAa’'#0, it follows xAa=0,
otherwise if it would exist xo =20 such that xeA a0 and 1, A a’#0, then
the sct {a/x€2o, a# 20} U{xvAa, xoAa'} involube a partition of unity of 4
and so a rcfinement of %, ; thus j(a’)={x € hfx A a’£0}={x She/x N a=0}=
=4(a)’. Hence, j is a complete monomorphism. It is also continuous, because,
if @ is an open element in 4, then, by the equality v j{a)=a, it follows that
j{a) is an open element in %o and thercfore in o(Ao). Now, if ¢, : 6(A)—=B,
arc completely by continuous homomorphisms, such that o,o0gk=uwp,, fora,
p<Z(4), then we can define ¢: 4 =B by p=g,, of').

9.2. Remark. In the case of Bunjatov’s Theorem, 4.2, it also
results that g¢,, : 6(ho) =4 is a complet continuous epimorphism.

We give an application to 8.2, namely :

10.2. Theorem. If A is an AN R-algebra and ko 1s the finest partition
of unity of A, then o{h) s an ANR-field.

Proof. Let {r,} be a C-basis in A. If j: 4 >a{k) is the continuous
monomorphism of 8.2, then, we can consider the countable set {R,= j(r,)}
in o(}) which is a C-basis. Then, if 4: B—a(%) is a homeomorphism in
preimage, ¢, ok : B —+A isa homcecmorphism in preimage and v {g;,05);1(A) =
=V ;Y a(ho)).

3. Homotopic homomorphisms in the category §@B. 1.3. If h: A-B
is a morphism in the category §B and if A= X(4), then h(3)< Z(B) and
moreover the map 2, =(k/2)"*: &(2) - » is well defined. If we consider
on 2(2) and on X the topologics OF,, and Of respcctivelly, then, the map
/i, 1s continuous with respect to these topologics. In fact, if G =04, then
Y G)=RG). We have v I3V G)= v A{G)=hv G). But, since v G is an open
element in 4 and % is a continuous homomorphism, it follows [5, Theorem
53.2], that 2( v G) is an open element in B, that is A7YG) €08,

Now, we recall from M. R. Bunjatov, [3]:

1) I have no information on the proof given by M. R. Bunjatov for 4.2.
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2.3. Definition. [3. Definition 1]. Two morphisms o, by A =B, in the
category 8@ are homotopic if for any . € £(A), there exists p € Z( B} satisfying
the conditions :

(i) vo—-ko(l){y_ and v, = fl;().)-<y.,

(i1) . (oo B 1= [hipo p¥ L wohere [f] denotes the homotopy class
of the continuous map f of topological spaces.

. The homotopy relation of morphisms, in the category 4B, is an
equivalence relation and it is compatible with the composition of morphisms.
If the morphisms 4, ,, in the category §@, arc homotopic, one denotes
(ho]==[h)] or hom 1.

. 8.3 Proposition. Let fo,f,: X =Y be two continuous maps of topolo-
gical spaces and let hy=o(f,) : o{Y)—o(X), i=1,2, be the induced honomor-
Plisms of closure algegras. Then, the maps fo, fr are homotopic iff the conti-
nuous homomorphisms ko, by are Iromotopic. ‘

Proof. First, we suppose that [%,]= [/,] from 2.3. We take for the closure

algebra o(Y), A=Z(c V), with r={{y}/ye¥} Then, thc set » can be
ldentified with ¥ and the topology 05" with the topology of Y, such that
we have (A, R¥)=Y, a topological isomorphism. Then, ho(2)=/71(3)=
Hx}/x =X} and k(0)=/71(0)={{x}/x =X}. By the condition (i) of 2.3, it
follows necessarily u=ho(2)=#,(2). Morcover (p,03®) =X. Using the
notations of 2.3 for our case, we have hoopt =hoy=fo and kyopt = hy=f..
These equalities and the condition (ii) of 2.3 imply {fo]=[f1].
... Conversely, suppose [f,] = [fi]. Let A e Z{a(Y)), with A= {M,}es-
Ihen, vo= ho{p) = {frHM )}ies and vy By(A) = { f7Y(M)}ser. Let =
={N,} v.resxss Where Nyu=fol(M)nfrYM,). We have p=X(a(X)) and
the condition (i) of 2.3 is obviously satisfied. We consider the diagram

i ]g.
vl 5.
"Lf Vi ‘;)v
w "’i’ v]\
fi
X Y
i=0, 1, where : for x e X, w,(x)=f7}(M ) iff x =f71(M); for yeY, v(y)=M
iff y<€M, and, for xeX, w(v)=N, iff xeN,’ 'Izhe above diagram i;
commutative and all morphisms of this are continuous. We have the following
equalities : Imoptflo w=uf,. Let H:X x1-Y be a homotopy of the maps fo, f1 !
X =Y. Then, vo His a homotopy of the maps vfo, 2f;: X -3, thatis a homo-
topy between the continuous maps hegopfew and hpop,0ow. Now, we
observe that, if N, €y, then the restrictions hooptt o w[N,;. and hyy, o

o p8,ow/Ny; arc constant maps. In fact, if «x, x" €N,p, then w(x)=w(x')=
=N, and therefore (kyoptio w)(x) = (hpo phow)(x), i =1,2. Then, we
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can suppose (if necessary, we take instead of N, a finer partition. for cxam-
ple {{x}/x XY that. for any N -&u, we have el (e () —oH (1. . Yx.x'e
=N visl In this wav, we define a continvous map 47 ux =7 by
HAN o t)=vH(x 1), Tor a point v&N .. The map H’is a homotopy hetween
the maps /0 p2 and Ayo p - This completes the proof of the pfnposition.

4.3. Theorem. Lol N be a lopological space having the komotopy vpe
of an ANR-space. for the cluss of scparable metrizable spaces. Then, the
field o(X) has the homotopy type of an AN R-ficld.

. Proof. Let X he homotopy cquivalent with the space ¥ owhich is an-
ANR. for the class of separable metrizable spaces. Then. by 3.3 the
fields o(XX) and (Y) are homotopy equivalent. But. by 11.1. a(Y) is an
AN R-ficld. '

530 ha, By A =B oare two morphisins in the category o §38. we
say that these morphisms are a-homotopic (or ¥, -homotopic) if the condi-
tons of 2.3 are verified when we replace X () by S00) and  X{5) Ly E (1),

2 6.3 Kemark. Two complete homomorphisms which  are homotopic,
obviously are e-homotopic.

1. HB-systems. 1.4. For a subcategory € of the category Top. we
denote BE the corresponding  subcategory to € in the homotopy category
of topological spaces. Also. for a subcategory @' of the category 54 (0-§78)
denote by €' the corresponding subcategory in the hamotopy category
of complete ¢ osure algebras {respectively of o-complete closure algebras).

2.4. Definition. a) A direcled projective svstem X={X,, [p,y1. [} in «a
subcategory J6@ of the category 6 Top is called a 26 -topological svstem.

b) A dirceted  inductive system A= {4, [q,.. J} in a subcategory
X&' of the category 8B (or Hoo—TB) is called « @'~ Boolean svslem.

Using some previous results, we obtain :

3.4. Proposition. I/ X =(X, [p;-]. [} is a2 Top-topological svstem,
then o(X) = {a(X;). [a(p;)]. J] is well defined and ™ is a HEFB- Boolean
sysfen,

4.4. Definition. K. Morita . [1]. Lot H€ be a subcalegory of the cate
gory 6 Top and let X={(X,, [p,;;]. [} be a 6 Top-topological svsiem. We
say tha! X is K@ - associated with a topological space X, if there are con-
tinuous maps p,: X — X, for j= [ such that the following conditions are
satisfied :

(1) ] Lpr1=10)) if G

(1) For any continuous map f: X —Q wilh (@ an object in €. there
exisé j= [ and a continuous map f;: XN, —Q sucl that [ f ~ f \p, .

(i) For j=J and for two continnons maps f,.¢,:X,-Q. with () an
object in F€ such that [f,](p,)=1g,1[p;]. there cxists '€ ] with §<7' such
that [f,]1ps =181 [ps).

54. By K. Morita’s Theorem [I, Theorem [.3 and |2, Theerem
131, for anyv topelogical space X there onists an % N R-topological
svstem, AN acsociated with LY.

6.4. Definition. Let BE" be a subcalegory of the catceory 8B and
A= 1g;p ]t be a B8 B-Boolcan svstem. We sav thal A s H€' asso-
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clated with w complete closure algebra oA, if there are complele conlinnous
homontor phisms ;2 A, A for j€ [0 such that the following conditions are
1'(‘)'1:['1'(’((‘ .

() bl =l i J= 7"

(i) For any complete confinunous fomomorphism b o B—_t with B wi
object in Q. there exist j= ] and a complete continuous hononorphism
by Bodg such that (g1 Th 1= h

(iit) For je [ and for lwo complete  continwous homomorphisms hy,
kit B=dAj with B an object in 6€°. such that \g; [h]1=Tq;1 [k, . there cxists
jre ] wilh j<jt such that (g1 T =10q,0 1 kL

7.4. If we replace in Definition 6.4 the completness with e-completness
and the homotopy by s-homotopy. we obtain a corresponding  definition
for a homotopical svstem associated with a e-complete closure algebra.

5. The main result. [.5. Denote by (F the category ol g-complete
closure fields and by 6-C the category of s-complete C-algebras.

2.5, Theorem. [t - be a a-complete closure algebra. Then. the Ha-(F
Bootean system  la(n), gt X{A)} is Ho-C-assoctated with  the closure
wlgebra .

Proof. At first, by 6.2, we remark that the considered system is a
& o (F Boolcan systim. Then. by the same Theorem 6.2, there are a-com-
plete continuous homomorphisms g, @ a{%)~ .1, such that g,eq; g for
every 2, ue€X (o), when 2<w. Now. let h: B~ be a g-complete con-
tinuous homomorphism, with 5 a ¢ C-algebra. Let {r,} be a C-basis for 5.
Then. i »'eX (B). A(rn}eX 1) and. morcover. there exist 2o :e:‘ {IH!_I?.’)

TR

and  7ee X (A). Thus. we can consider the following homomorphism
,'{:\:.'-.‘J
/,

f - . . ) . .
a(1) = al (1)) = a(ra). for every 2" = Xo(B) amnd 2= o imphes the commu-
tativity of the diagram

o)
lAr
§ w

o (')

By 7.2, there exists a g-complete continuous homomorphism 7, @ 5 — (),
such that hyog, = @i e h. ¥2' e S, (B). Then. we obtain ¢;,0 /s, oy}, =
G0 gi % = gppe = hog;. . Vi'& Ey(B). This implics g0 by, =/, thus
the condition (it} of 6.4. is verified.
Now. let /. k2 B=a(2). neX. (1), be two s-homomorphisms such
that Lg,oh; = g0k, (here the corresponding morphisms are o-homotopic),
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By 2.3 and 5.3, the homotopy equivalence @10 I~ q ok, means that f
any A €X(B) there exists " & Z,(4) such that a0 (@ )non o Pc'z‘;.'(ka(r))]?——r
= [{&)s 0 (%.)xlo:a Py onl-

It is casy to sce that there exists a  partition of unity p”’e Z(a(2))
such that /(2 )<, (M) <p’ and o (p”)=p'(if is necessary one replace
#' by a finer partition). Then, we have the commutative diagram :

(3 In00y
g (hx (A)) a(A')

w
24 m00n

—;‘

{ ‘7u'*:'u'

L e

and an analogous diagram for k,.

We obtain [(B),.0 (g Bl i ooy (@] = LB o (), 085 (B (V) g, ., 0,
which implies [(kx);\-"}"}f:(?\'):(k.\)xc’p%;(m']’ L.e. {#,]=[k], and obviously
then it follows [g,0%,]=[g,0k,], i.e. the condition (iii) of 6.4.

_3.5. Remark. For the Boolean system of 2.5 the condition (iii) of
6.4 is satisfied in the stronger form: [g,0k]=[g,0k,] implies [m]=[&1
4.5. Denote by sANR the category of the separable AN R-spaces, by

AN R-B the category of the AN R-algebras and by ANR-(£ the category,
of the ANR -fields.

5.5 Theorem. Let X be a topological space af most countable. Then,
there exists a F- ANR .(F-Boolean system which is 26-ANR-B associated
with the closure field o(X).

Proof. By K. Morita’s Theorem [I, Theorem 1.3], there exists a
#-AN R-topological system which is #-ANR—associated with the space
X. This system (K., [poa], of} is obtained by considering the set @ fa edf}
of all locally finite normal open coverings of X, taking for K, the nerve of
Uy and pu,., : K, — K, being the induced map by the refinement relation
U <Uy. 1f X is at most countable, then every K, has a set at most counta-
ble of simplexes. But, by this, the polyhedron K, is a separable space
{7, Theorem 1.10.11, p. 48]. Thus, if X is at most countable, the system
1Ky, [Pas ot} is a H-sANR-system. By 3.4 we can consider the XF-
Boolean system {6(K,), [a(pax)].of} and, by 4.3, this is a X-ANR-<F-Boolean
system.

Now, if p, : XK, satisfy the condition (i) of 4.4, then, by 3.3,
o(p,) : o(K,)>a(X) satisly the condition (i) of 6.4. Let h:B-g(X) be a
continuous homomorphism, with B an AN R-complete algebra. Let , be
the finest partition of unity of B and let ¢, : a(de) > B be the continuous
epimorphism of 9.2. We consider the continuous homomorphism kog,, :
: o(ko) »o(X). By the result due to R. Sikorski [6, Theorem 1.1 and 5,
Theorem 5.11, there exists a continuous map £, :X -k, inducind kog,,
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that is o(f,)=hog,,. By 10.2 and 11.1, 7 is an AN R-space for the ¢
of soparalﬁc metrizabld spaces. By condition (ii) of 4.4 and by 3.4, there
exist «p €cf and a continuous map f,.: K,y = ho.such that [£,] =[fe] [Pa]:

By 3.3. we obtain [o(/)]=o{p.)] [0(f.)], that is [hog,,]=[a(pa)] [o(/a)]

A R ¥ a (f4a) [{ h‘ .
We consider the continuous homomorphism B—o{h) —— o ), Where

j is defined in 8.2. If we denote J,, = (f,)o/, then '[G(Pa).oo'(fan)"]} =
==[hog, of |= [h]. because gof= 1. Thus, the condition (i) of 6.4. s
satisfied. Finally, let k. %, : B—oo{#,}. be two continuous homomorphism
satisfying [o(p,)] (A, ]=[0(ps)] [ks]- We consider hoq,. kiog, (ko) = o(K,)
and let f,, g,0 K, ~ho such that o(f,) =/,0¢,, and o(g,} =k, Let us consider
the following maps f,0fq, £.°p,: X —ko. For thesc maps, we have [o{fa0pa) ]=
= [c(pm)c(fa)]= [G(Pu)j[haogl- | = [G(Pa)][haj[q?o]: [G(j)g).][ka].[(_]?\o]= [U(é’a"P?)J
and by 3.3, it results [f,op,|=[g.00.]. By the condition (i11) of 4.4, there
exists « =of, with a<«’ (that is 2, <@ ) such that [f,]1{Paxi=[8a][Pas]-
Using again 3.3, we can \;rri}‘e [O'(P]M,E[c(fu)]= [g(pm,z][rc;(glf:t) ]\’\ﬁ%mll’ljl?plifi

Y )= [0(Paw} i Re |[g5.]- By composing at rig g (ool
c[;lj)(tjz)ﬁ?l)'[;( pa[:{; ]][I:al] ﬁ{i(pit,)_ [[Z:], which accomplishes the proof of the
theorem. '

Now wce can prove the main result: .

6.5. Theorem. For anv o-complete closure algebra A, there exists a
H-AN R-CF-Boolean system which is -AN I\’—@-assocz'az_fetf with A.

Proof. By 2.5, the % o-(F-Boolean system {s (2}, {gu]. Z(A})} is #o-C-
associated with A. Then, because cvery heX (A4) is a topc:loglcal space
at most countable, by 5.3, there exists, fqr any such 2, a -AN R-(ﬁ-Booif—;n-
system {o(Kups), 6(Papn.cn) -of(A)} which 1s - ANR-(B - assoclated w?th
the closure field o{3). Now we consider the set of={(» «(M)/A=Xc (1),
a(r) ct(r)} (recall that by of(x) we denote the set of all loc_ally fm:tfe r;orrpal
open coverings of the space (k, Of)). On the set of we consider the following
partial order: if (i, a()) (i, 2'(u)) Scf, then we set (A, a(n)) <{w, o'{u))
if a< g and (%) He())< o’'(n), where g : u—»n is the cotinuous map

fined in the scction 2. _ _
%Lsir?ge%.jnand 5.5 we can prove that of, with this partial order, 1s 2 dlrectfed
set. In fact, let (A «3)). (. «'(p)) €cf. We consider ).A;.\L‘E%.:(fq'), or
which we have 2<x w and p<iA . Then (pAA#) 72 (=(2)). (;b‘i'l‘\“‘) _1(“ (p)) =
ot pp). there exists a(hA ¢) = A(AA ). such that (A5 ,Sa(l)) =<
< (L w) and (P Ha(w) <« (AA p). For the pair (A a”(A )
we have (A, «(3)) < (AAw. 2 (A Au) and (u, or.'(.u.))’<(7&/\ w, &’ (AA ). Now,
we consider the following Boolean system {o{Kap), [qap\,_x,m,],uof_}l, wheE:
(gaon ] 15 defined, for (0, (1)) <(s, &'(u)) thus * we denote (p) (=) =
= a"{u) and, by 2.5 and 3.5, there exists an unique morp ism
[faw w1 o{Bai) = ol Kz":u-() such thﬁ[}c(;bn"(m%][ﬁ(l).ﬂgsa] 3_—5[5(5’521] [g(spa(lt}%l](;

en we put Toain, o 1=[aly ey} L fatiy e J- ¥y vday I . oty '
gvl's?em tll?lus [ébtaix(:éd i[s ap # - AN R-(F - Boolean system. Now we prove
that this system is & - AN R-B-associated with :1. First we define

Pzt A

i} 6(Kapy)— = < by the composition a{Kum) = o)~ 4. By some usual

Egall‘éulu(s, uI:l,zler 6.2 :u}ul 5.5 we oll))tain for (2,2(2))< (w2 ()} the relation{ga ()
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W i /R ll‘lztt is. the condition (1) of 6.4, Now. let h: Bo be
@ s-complete continuous homomorphism, with 5 an AN R-complete al-
gebrao By 2.5, there exist 2 X (1) and a morphism /%, : B~6(2). such
that [g;] [y 1= 4], '

Further on by 3.5, because 7 is at most countable space. there exists
x(r) Sc(x) and a continuous homomorphism /.0 B—6/K,.) such ‘that
L 5{ Px M) ran P 1. For this homomorphism we have ‘.'qu\]'.'/z,,;,]——."q-]
O P} e} = Lqu] L, =L thus the condition (i) of 6.4 is satisfied LIT’i:
nally, ket fus). ka0 B —o(R,0) be two complete continuons holnomorplﬁx';m\'
with B an AN R-complete algebra, satisfving [g.60] e, 1= .fq:,;‘,][fc,,;,'l.th;it i
vih Lo (P ol L o o) fens, By 2.5 and 3500 Tollows ‘,'"c(p,o_‘)?l
taon]={a(pan) 1kasy 3. By 5.5. there exists «'(2) € A(2). with m(?\)- < &'(2)
such that [ pap)vo)) O P win)  Thagy ], which Implics (¢ 520, ]
feais 1= [ainwn 1Ry ). and we have (. x(7)) <(h 2'(2)). thus the condition
(1) of 6.4. is verified. This completes the proof of the theorem.
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GENERALTZED AFFINE CONNECTIONS ON BANACH MANIFOLDS
BY

MIHAL ANASTASIEL

The theory of nonlinear connections in the category of Banach vector
bundles has been develo ped by J. Vilms ([71.(8]). A class of nonlincar
conncctions. called homogencots connections. is of great importance in the
theory of Finsler connections ( 3], [51}.

The purpose of this paper is the study of another class of nonlinear
connections, called generalized affine connections (g.a.c.. for short). The
term agrees with the one used in 4. p. 1271 . In the first section some new
results regarding the nonlincar conncctions are given. The second section
contains the definition of g.a.c. and some of their properties (associated
lincar connections, geodesics and others). The flat ga.c. arc studied in
the third section.

1. Nonlinear connections. lct 3 be a paracompact manifold of
class C (smooth), modeled by the Banach space M and let p: E—3M bea
smooth vector bundle of fiber type a Banach space E. Denoteby p*7TH »E
the pull-back by p of the tangent bundle = : TM —M and by p 1=(7p. 7).
where T'p is the tangent map to p and =: TE—F is the tangent bundle to
the manifold E. The map 7p: TE~ 1M gives to TE a second {different)
structure of vector bundle. .

A smooth nonlincar connection is a smooth splitting of the following
exact sequence

(1.1) 0= VE—= TE-Sp 1M =0

of vector bundles over E. Here VE :=ker (p!)=ker (ThH) denotes the
vertical subbundle of TE and ¢ is the inclusion map.

The vertical subbundle I'E - F is canonicallv isomorphic to p'E—F
(the pull-back of F by p}. Hence, there exists a canonical morphism (over £)
r : VE=E of vector bundles, isomorphic on the fibres.

A splitting of the exact sequence (1.1). i e.a nonlincar co_nnec@i(‘)u is
given by a smooth morphism I 7TE—IE. such that Vei=id [ I'E. or
equivalently, 2 smooth morphism W : p2 M STE such that p loll’ =

id| 24 M. Moreover, we have 7ol +Woap l=id | TL. This implies TE—
=VFE4+HE., where HE=ker Ve=imll"., Obviouslv. /{F is isomorphic lo

*} Commusicated at the National Symposiwn on Theory of Relatisity, April 2528
1979, lasi Romama,



