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e [= gz ] that is. the condition (1) of 6.4, Now. let 7 Bo- be
.: rr-(‘()mplcu'_conlinuous. homomorphism, with /2 an .l.\'l\’-(:oinplct‘v :ll‘:
‘Fﬁ::;‘1{'9,}‘13%}(/,.,.2'3'1/fh,m exist A=) and a morphism 7, : 5 —a(2), such
. Further on by 3.3, because 7 is at most countable space. there exists
a(7.) =ck(r) and a countinuous homomorphism /a0 B—=e!K,;) such ‘tl'b‘
I Pan) ey ] =105 1. For  this homomorphism we have ‘q- Iy . ]—r:(-u'
Lo} i) ] = g0 =1, thus the condition (if) of 6.4 i‘s).)stuzi;tf‘ica- L]/-‘"i.
ne%ll_\", let 7y :f», w i 26(Ka4) be two complete continuous homomc;rphi:;mc,
with B8 an LV R-complete algebra, SAtSIVINg [ Gaa |\ s W | R that i,
5 3T a0, L0 00 Pas) e 1. B}: 2.5 and 3.5. 0t hl‘()lilm\L':sxw.ow'(P;n)k
Jxn1=1a(pxn} ] kacy ). By 5.5, there exists «'(1) € A(2). with a(?\j < zz.'-(}'il
such that [e!pyn,0)) Lol pun ) thagy | which implics  {gap0,
../f?,;_,]z[q,(,.? mlikasy ] and we have (0. 2(2)) - (2. «'{2)). thus the cohn(litio
() of 6.4. is verified. This completes the prool of the theorem h
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GENERALTZED AFFINE CONNECTEONS ON BANACH MANIFOLDS
BY

MIHAL ANASTASIEL

The theory of nonlinear connections in the category of Banach vector
bundles has been developed by J. Vilms ([71. [8]). A class of nonlincar
conncctions. called Aomogencous connections. 1s of great importance in the
theory of Finsler connections { 3], [5)).

The purpose of this paper is the study of another class of nonlincar
connections, called generalized affine connections (g.a.c.. for short). The
term agrees with the one used in 4. p. 127] . In the first section some new
results regarding the nonlincar conncections are given. The second section
contains the definition of g.a.c. and some of their properties (associated
lincar connections. geodesics and others), The flat g.a.c. are studied in
the third section.

1. Nonlinear connections. lct 3/ be a paracompact manifold of
class C= (smooth), modeled by the Banach space M and let p: E—M be a
smooth vector bundle of fiber type a Banach space E. Denoteby ptTM - E
the pull-back by p of the tangent bundle = : 737 - M and by p !=(7p. 7).
where T4 is the tangent map to p and <: TE—E is the tangent hundle to
the manifold E. The map 79 : T'E-1TM gives to TE a second (diffcrent)
structure of vector bundle.

A smooth nonlincar conncction is a smooth splitting of the following
exact sequence

(1.1) 0o VE— TE2 4 1M ~0

of vector bundles over E. Here VE :=ker (p !}y=ker (TP) denotes the
vertical subbundle of TFE and / is the inclusion map.

The vertical subbundle IYE —E is canontcally 1somorphic to p7'E—F
{the pull-back of E by p}. Hence, there exists a canonical morphism (over £)
r: VE=FE of vector bundles, isomorphic on the fibres.

A splitting of the exact scquence (1.1). 1. ¢. a nonlincar connection is
given by a smooth morphism V' : 7E—I'E. such that Vei=id | 'E. or
equivalently, a smooth morphism W : p17W - T'E such that ploll' =

id} p2 7M. Morcover. we have 7oJ/ - HWop t=id | TL. This implies I =
=~ VE4-HE, where HE=ker V=imll'. Obviously. //E is isomorphic 1o

*} Comnunicated at 1he National Sympasium on Theory of Relativity, Aprit 2528,
1979, lasi, Romaia.



382 MIILAL ANASTASIEL 2

P TM as vector bundles. The morphism (over $) K: =rol : TE~E is
called the connection map and v=io¥, i=Wop | are called vertical and
horizontal projections, respectivelv. The morphism J=7ap ! of TE satisfics
Ji=0since p log-0, therefore J defines an almost tangent structure on E.
Obviously, JV(E)=0 and Im J=VE. The morphism y=2h—17, where
I is the identity on TE, satisfics

(1.2) Joy=], yoJ=~].

Converscly, a morphism v satisfying (1.2) determines a unique splitting
of the exact sequence (1.1), i.c a nonlinear connection on P E—M. Indeed,
let W' be any right splitting map of the sequence (1.1} (W exists if M admits
smooth partitions of unity). We put W=»aW" where 2/=TI+v. The morphism
¥ does not depend on 1/ and it is casy to check, using (1.2) , that p loi¥/ =
Idpiry. Therefore, we have the following definition of the nonlinear
connections, equivalently to that previously given.

Definition 1.1. A wnonlinear connection on PiE-M is a smooth
morphism y of TE (over id | ) salisfying (1.2).

The Definition 1.1 generalizes a definition of nonlinear connections on
finite dimensional manifolds given by J. Grifone [3]. As in finite
dimensional case (see[3]), one can proves the following.

Theorem 1.1. A smooth morphism v of TE 1s a nonlinear connection on
P E-Mifand only if it defines an almost product structure on F (yoy=1I)such
that for every uw e E, the eigenspace of v, (the vestriction of v lo pY(n)) which
corresponds to the eigenvalue —1 be V,E.

2, Generalized affine connections. Let F be a Banach space. The
map-» : FxF—F given by (u, v) »ut=v—u defines the so-called canonical
affine structure on F. Every vector bundle can be considered as an affine
bundle if one considers its fibers with the canonical affine structure.

Let F’ be another Banach space. A map ¢: F-F’ is said to be affine
if 2(s) == T'(1)4-#(0) for every ueF, where 7 : F~F' is a lincar map. If we
regard F and F’ as affinc spaces, the map ¢ is affincif and only if it is an
affine morphism.

Given two vector bundles E—M and E'~3’, a map /: E—FE’ which
preserves the fibers is said to be affinc if it is smooth and its restrictions
to fibers are affine. Of course, 4 can be considered as a morphism in the
category of affine bundles.

Definition 2.1. 4 wnonlinear conncction on p:E—>M will be called
generalized affine connection (briefly g.a.c.) if its connection map, denoted
above by K, 15 an affine map with respect to the structure of vector bundle of
TE given by 1Tp: TE-TM.

An examination of the local situation will be suitable to leed us to the
essentiel propertics of g.a.c. Let (U, o} be a local chart on M. We identify
U with @(U) and, restricting U if necessary, suppose that there exists a
bundle chart UXE=ZE |y. Then the tangent map gives a local chart
UXExXMxE=TE iy and the scquence (1.1} restricted to {/ becomes

(2.1) 0-UXE %0 XE-SUXEXMXE"HU XEXM—0,
where p (v, a, A, b)=(x,a,%),x€U,reM,q,b<E.
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The map T, is locally given by Ty(x, a. k. by=(x, &) _therefore !.!‘1() fi-
bers of bundle T, : TFE —TM are isomorphic to x XEXAXExzE2 J. Vilms
has proved (sce [7]) the following. _

Lemma. A morphism (over p} K : TE—E is the connection map of a
nonlinear connection on p : E M, if and only 1if it is locally given by

(2.2) K(x,a, 2 b)=(x, b+o{x,a)2), x=U,reM,qa, b<E,

wherew : UXE-L(M,E)} is smooth. For the above the nonlincar connec-
tion we shall prove. _ '

Lemma 2.1. A morphism (over p) K : TE—E 4s the connection map
of a g.a.c.if and only if it is locally given by

{2.3) K{x,a, ) by=(x, b+T(x) (a, N+A{x} 1),

where T: U—-L¥E,M:E) and 4: U—~L(M, E) arc smooth maps.

Proof. Let K be the connection map of a g.a.c.. By Definition 2.1.
the map (¥, a, A, b} —(x, b+w(x, a) 2) must be affinc on T'p-fibers. Consequen-
tly, themap (a, b) »b+o(x, a) » of EXAXE—E must be affine with respect
to both the variables. Being lincar, hence affine with respect to b, it remains
to be affinc with respect to a. This happens if and only if there cxists a
smooth map & : U—L(E, L(M,E})) such that w(x, a)=6’>(~x) (a)+o{x, 0).
We put A(x)=e{x, 0). Since L(E, L(M, E})=<L*E, M ; E), & determincs a
unique smooth map I': U-L¥E,M; E) such that &(x) (a) A=T(x) (a, A).
Therefore, (x, a) A=T(x) (a, N)+4{x) A and (2.3} follows from (2.2).

The maps I' and 4 will be called local components of the g.a.c..

Remarks. 1f the connection map of a nonlinear connection is linear on
Tp-fibers, the connection becomes a linear connection. A g.a.c. is linear
if and only if A vanishes on U. _ _

When o (%, a) is 1-homogeneous with respect to 4, or equivalently,
K is 1-homogeneous on I'p-fibers, the nonlinear connection is called homo-
geneous connection. The class of homogencous connections is used in the
theory of Finsler connections (see {3], [5]). In the definition of an homoge-
neous connections one needs a greater generality, namely the smoothness
of it must be assumed only on E—0, otherwise it becomes Lncar. Qur consi-
derations from the first section remain true in such a generality (with the
appropriate modifications), but it is not necessary for the theory of g.a.c.

Let (U, @) and (V,d) two local charts on M, such that UnV=gd.
We put f= oo . If ®:pNU)»UXE and ¥ :p7(V}~»F xE are bpndl_s
local charts, we denote by B: UnV —L(E,E) the map x—B(x) =Yo®
(x, —). In this notations the change of bundle local charts on E can be
writen as (x, a)—=+{f(#), B(x)a), a<E and the change of bundle local charts
on Tp:TE-TM induced by it, is given by (x,a, A, b)—s(‘f(’x)), B(x) a,
8f(x), 8B(x) (M) a+B(x) b), x, =M, a, b €E, wherc 0 means Fréchet dlf.fc-
rentiation. Let us denote by T and A the local components of g.a.c. with
respect to the local chart (V, ). Using (2.3} and the expressions of changes
of bundle local charts given above, we find the following transformation

rule for the local components of a g.a.c.
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PO B() a affx) 1) (fx)) df) = By U (. ) -
FB() A(x) - aB() (M) a. x=UnF . a. heE, e M.

For a= 0, the relation (2.4) becomes

(2.4)

(2.5) AN f(x) ne Blx) A(x)r. xelUnl 1M,
which, used in (2.4). leeds to
(2.6) T(fa) (B(x) a. f(x) 2)=B(x) () (a. 2) =D B(x) (1) a.

The relation (2.5) shows that .1 is the local part of a section. denoted
also by A, of the vector bundle L (7M. Ey= M (of fiber L(r.M. E).xeM),
The relation (2.6) is just the transformation rule of the local connector of
a Iincar connection on E. Therclore. T defines a linear connection on I,
which will be denoted also by I Converselv. a section .1 of the vector
bundle L (TM. E} - M and a lincar connection " on E deiermine a uni-
que ga.c. via their local parts. So. we have proved

Theorem 2.1. Lot p: F~M be a Banach vector bundle. There exists a
One-lo-one corvespondence between the sel of gua.c. on p: E~M and the pairs
([, 4), wheve T is a linear connection on PiE=M and A is a section of
L{(TM, Ey=M.

Let us denote by 26 (M) the set of smooth sections of P E-M and
let us put (M) =Fp (M), Now, let us regard p: E—M as an affine bundle,
Its fiber in v €M will be denoted by “E, and . identified with zero of E.
will be called the contact point of M with “E,. A map P: M —E given by
v= P, =2E, is by definition of class C*, il the map a : M1 defined by
y—oa,=xP, e, is of class C7.

Such a map P of class C* will be called a point field. \We denote by
P (M) the set of point ficlds of class C* and we put P(M) =D (M.

By Theorem 2.1 a g.a.c. is well determined by the pair {I'. ). But a
lincar connection defines a covariant differentiation i.c. a map V: B(M) «
* B (M) - (M) with the following propertics :

(2.7) VX, aa)=aV(X, a)+X(a) . a.

(2.8) VX, a4 b)=V{X, a)-}-V(X. D).

(2.9) V(eX4BY, a)==% (X, a)4+-BV(Y,a) X.Y eI}, a. b= (M),
and «. B =GF{M)—the module of real functions defined on A,

Using V and A we shall define an analogon of V for a g.a.c., namecly
DPONXP L (M)=P (M) given by
(2.10)  QD(P, Q)= V(X, )+ 4(X), where X=xF and a=x(.

Theorem 2.2. The mup D associaicd to « g.a.c. as above. has the foillo-
wing  propertics '

(2.11) DUP, aQ+BRY = aD(P, Q)+ BD( I, R)+ X (x) P+ X(3)
(2.12) D{a 481", Q)=aD( P () LBD(1”. ().

S—— |
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(2.13) D(x.()=0. lor a. PeGF(M). ad-P= | DaE@(M). O Re@ (M)

and X a1 where x is the contael point fidld.
Droof. To prove (2211 we remark that it s equivalent to

() xD{ P, aQF BR)=ax ) 1. (O) L8xD(17. Ry X (o) x1'4-X(8) 20, or
(«OFERYD(P, = QB8R = 20D Oy+-8RD(1. R)-1- X (=) ¥ 1'4-X(3) £0.

Now we can use (2.10) to obtain
(56) VX, o 88) + A (XY= 2V(X, @) d-2ed (X} BY(X. b))+ BA(X)}+X(2) a-+
+X(8) b where a=—x0, b=xR.

Since «+-B=1, ("} is true by virtue of (2.7) and (2.8). The proof of
(2.11) follows the pattern of the previous proof. The property (2.13) is
cquivalent to aD(x, Q)= x(Q, or QD{x. Q)=0. Using again (2.10) we c¢btain
V(0. a}4A(0)=0, which is obviously true. Conversely, given a map D:P (M) x
X P (M) —P (M) which satisfies (2.11)—(2.13) we can derive from it a
covariant differentiation V and a section of L{1AM, E)-2M, as follows:

(2.14) VX, a)=0D(P. 0)y—xD(P, ), A(X)=xD( P, 2),

where

X=xPh, a—?@.

But the covariant differentiation ¥ does not define I', such that in
our framework the map D does not determine a g.a.c. This happens when
the dimension of M. as well as of E is finite (sce 2]). It is also easy to prove,
using {2.14), the following

Theorem 2.3. A generalized affine connections on M is affine if and
only if D(P,x)=P for cvery Pep(M).

Weobtaina g.a.c.on M when E== A Every scetion ofl L{TM. 7TM) -
M is a tensor ficld of type (1,1). Therefore, we have:

Corollary 2.1. Let M be a Banach manifold. There cxists a one-to-one
correspondence between the set of g.a.c. on M and the sel of pairs consisting
of a lincar conucction on M and a tensor field of fype (1.1) on M.

The ga.c. “I' which corresponds to (U, 7), where 7 is the teasor of
Kroncecker, will be called affine connection.

Let I' be a goa.c. on the Banach manifold M and let be K: 77V -
— 1M its connection map. The map D defined above, Induces a covariant
differentiation v @ ZB(M ) x B (M) »H(M), which can be expressed as V(.Y
YV}=RKoTY(X). where 7Y is the tangent map to ¥ : M - 7M. Indeed, the
local parts of V and D are given by the right part of the equality

(2.15) Ve¥ =Y (N )41V, X,) -+ 4(X)

where X, Y, are the local parts of X and Y, respectively and I, and A
are the local componenis of g.a.e.

23 — Matemalicdi 206
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_Letec:(a,b)c R—M be a smooth curve on M and let 7¢: (a. b)) x R~
—71M be its tangent map. We denote by ¢ the vector field on ¢fa, b)c M
given by ¢(¢) —»<(2), where £ &(a, 8) and ¢(f)= Te(t, 1). In a local chart (U. )
with Une(a, b)), the (1) is given by ‘
(2.16) (8) = (eft). dey(t), (1)),

where ¢ =goc.
A curve ¢ will be called a geodesic of the g.a.c. I' if V;é=0. The local
component ¢, of a geodesic of T satisfies the following differential equation

(2.17) B%o(t)+ Tol00u(t), Dcy(t))+A(0c,(2))=0.

From the theory of differcntial equations, it follows the local existence
and the uniqueness of a geodesic with the initial conditions ¢ {fo}=coeM
and dc, (fo) (1)=u, =M. :

In the following, we shall prove that the well-known relationship
between geodesics and sprays holds within the general context. A vector
field S on TM, smooth on TM—0, issaid tobea spray on M if TwoS = id|p,,.
Let € be the canonical vector field on 7M defined locally by C(x, a)=
=(x,a,0,a), xeU,aesM.

Lemma 2.2. 4 vector field S on T'M, smooth on TM-0, 45 4 spray on

M sz ﬁ}zd only 1if JoS = C, where ] is the natural almost tangent struclure
on .

Proof. A vector field S on T'M can be writen locally as follows
S(x, a)=(x, a, Sx(x, a), S,(x, ), xeU, acM.

The condition 7woS =id Iﬂ’!"" implies Sy(x, a}=a, thercforc S(x, a)=
=(x, 4, a, S,(x, a)), where S, is smooth on U =« M-0. It follows casily JoS=C,
because J(x,a,b, ¢} =(x,a,0,8), xeU, a,b, c=M.

Conversely, given S as above, the condition JoS=C implies S,(x, a}=a,
hence TwmoS=id |-

Lemma 2.3. Let K be the connection map of a nonlinear conmection
o; M. There exists a unique spray on M such that KoS=0, called geodesic
§ ray'.

Proof. Locally, every spray S can be writen as follows :

S{x,a)=(x, a, a, S,(x, a)) .
" We obtain the geodesics spray if we take S(x. a) = — o{v,aya, x=U,
a=M.

) Tl.m geodesics of a nonlinear connection are the solutions of the follo-
wing differential equation.

{2.18) e (t)+wlc(t), de,(t)) de,(t)=0.
Theorem 2.4. A curve c: (a, B)—»M is a geodesic of a noniinear connec-

tion N if and only 1f there extsts an integral curve ¢:{a, b)»TM of the geodesic
spray S of N, such that moc=-c.

. Proof. The curve ¢ on TM is a integral curve of S if =S, therefore
in a local chart (U, ¢} we have de, (1) =S,(moc, ), Tc@(t)). Differentiating
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mec—¢, we obtain r.:(!) de (1), therefore o2 () S (e, (1)} de ()} = — wle {t).
Ao (1)) de(f). or 3 () L o (). de{t)) de )= 0, e cisa geodesic of VL Con-
versely, il eis a geodesic of N then the curve con 770 given by ¢(f) = ¢(f) is a
integral curve of the geodesie sprav of N and <oe - e,

Remarks. As a corollary of the Theorem 2.4 one obtains again the
local existence and uniqueness of a geodesic with given initial conditions.
The geodesic spray of a g.a.c. is locally given by *S_(voa) - (voaa.—{x)
(0. a)—A{x) a}. Using (2.18) one obtains again the equation (2.17) for the
geodesics of a g, Let us suppose that MW has finite dimension. Then a
curve ¢ can be write as follows: y' = v¥{¢) te (a, b). 7 — 1, 2., m— dim M
and the cquation (2.17) becomes

{2t daTdaf da
(2.19) 2 o, gy L
qe dt il dt
where I, arc the Christoffel svmbols of the linear connection associated to
the g.a.c. and A} are the components of a tensor of type (1.1) on M. The
solutions of the equation (2.19), called holomorphicaily planar curves have
been used to give some geometrical meanings in the geometry of complex
manifolds [6].

When M is the space-time manifold of the general theory of relativity,
the solutions of (2.19) arc the trajectories of a charged particle moving in
an clectromagnetic field [i].

3. Flat generalized affine connections. I.et VV:7TE-T'E be the
splitting map which defines a g.a.c.onp: E—-3. The map 7V can be viewed
as a I-form FE valued. On the other hand, the lincar connection [ defined
by 1', induces a lincar connection T, on VE - E.

Definition 3.1. T'he exterior differential d1V of the l-form 1 E-valued
V., accounted using the linear connection Ty on VE — E will be called the
curyature form of T

The local component of I7, denoted also by V: UxXE-L(M,E, E)
is V(x, a) (A B)=b+D(x) (a, )+A(x) %, x€U, resM, a,besE. Aler
a calculus rather long but not difficult, one obtains the following local
expression for the curvature of form I':

dV(x, a) (2, b)), (u,¢))= R(x) (2, w)4+3A(x) (1, u)—
3.1
S DA() (. )+T(x) (A() 1w )—T(x) (A A u),
xe U, s,ueM,a. b c=E, where R(x) is the local component of the
curvature tensor of I'.

From (3.1) it follows that dV vanishes when it is applicd to a vertical
veetor field (=0 or g =0), therefore dV is an horizontal 2-form i.c.

(3.2) dV(A, B)=dV (kA kB)

holds for every vector fields A, B on E. Using dF(A. B)="V4I'B —"Vyul'A
—V{A, B], where ¥V is the covariant differentiation associated to I'p and
{3.2), one obtains.

(3.3) dV(A.B) = V{kA, kB] (the structure cquation of I').

0

3
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Definition 3.2. 4 g.a.c. will be called flat if its horizontal distribution
i tnvolulive i.e. the bracket of two horizontal vector Sields is again a horizontal
vector field.

From the structure equation (3.3) it follows

Theorem 3.1. The goa.c. U is flat tfand ondy 4/ d 1"=0. Taking d1"—0
and #=0 in (3.1} one obtains

(3.4)  9alx) (2 w)—0A(x) (. 2+ T(x) (A(x) po 2)—P(x) (A(2) 2 ) =0
Taking again d¥V'=0 in (3.1) and using (3.4) one obtains
(3.3) Rix) (n, p)a=0

Conversely, if (3.4) and (3.5) hold, then dV=0, therclore we have proved
the following

Theorem 3.2, The g.a.c. T—(T", 4) is flat if and only if the curvature
tensor R of 1" vanishes identically and (3.4) holds.

When p=mn:TM-M, the conditions (3.4) is equivalent to the
vanishing of the following tensor of type (1.2) on M

(3.6) “T(N, V) Ve d(Y) = Vyd(X)—4 X, YT,

where \_} are vector fickds on 37, which will be called the torsion tensor
of g.a.c. I The Theorem 3.2 has the following

Corollary 3.2. 4 ga.c. I'(I', 1) on the manifold M 1s flal if and
only if R=0 and *1T =0.

When A =T {the Kronecker tensor), °7° becomes the well-known tor-
sion tensor of an a affine connection, therefore we have

Corollary 3.3 An affine connection on a Banach manifold M s flat
if and only if its curvature tensor and lorsion fensor are both identically zero.
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ON THE VRANCEANU’S NONHOLONOMIC CONNECTION
BY

STERE TANUS and JULIAN POPOVIC]

The first author of this Note has studied in [2], Schouten
and Vranceanu’s nonholonomic comnections in the context of the
theory of the almost product structures. In [3] the authors indicated a
construction of Vranccanu’s nonholonomic conncction by means of
a special connection. called V-connection, which is strongly connected
to the almost product structures. An intcresting study on some partial
connections compatible to a split of the tangent bundles in pairs of comple-
mentary subbundles was made by R. Caddeo in[1]

Let M be an n-dimenstonal differentiable manifold. We denote with
(F(M) the ring of differentiable functions of class C=, and (M) the Lie
algebra of the vector fields on M which is aGF(M)-module. In the following,
all geometrical objects appearing in the discussion will be supposed to be
of differentiability class C=. A field of endomorphisms J on the tangent
hundle TM is called an almost product structure if

(1) Jr=1,

where 115 the tdentity automorphism on TM.

It is known that J defines a split of the tangent bundle 773 in two
subbundles (or distributions) £ and ', such that we havea Whitney
sum TA =D@Dh.

If we denote with 77 and V7’ the projection operators -oresponding
to the two subbundles D) and D7 respectively, we have

J=V=V" VL=,

w
() Ve 7, V=V, V7=V V=0,

The two complementary subbundies can be characterized as follows,
D={XelTM: VN=X}, D'={XelM:V'X=X}.
We consider (F(3)-modules $(D) and (D) of the sections in the bundles

1> and D’. If a lincar connection V¢ on M is given, we can introduce the
following two operators :

(3) V(M) S(D) »3(D) ; (X, V)=V Y=V ViY ,



