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Definition 3.2. 4 g.a.c. will be called flal if its horizontal distribution
i tnvolulive i.e. the bracket of two horizontal vector Sields is again o horizontal
vector field.

From the structure equation (3.3) it follows

Theorem 3.1. The ga.c. ' is flut if and onlvaf d17=0. Taking 41" =0
and @0 in (3.1} one obtains

(3.4)  24(x) (1 0} —0A(x) (1. 2) 4 1(x) (A(x) 2 2)—P(x) (A(2) 2, w)—0
Taking again d¥'=0 in (3.1) and using (3.4) onc obtains
{3.5) Rix) (O, p)a=0

Conversely, if (3.4) and (3.5) hold, then 4V =0, therelore we have proved
the following

Theorem 3.2, The g.a.c. P—(T", 4) is Hat if and only if the curvature
tensor R of 1" vanishes identicallv and (3.4) holds.

When p=mn:TM-M, the conditions (3.4) is cquivalent to the
vanishing of the following tensor of type (1.2) on M

(3.6) “T(X,Y)=Ved(Y)=Vd(X)—d X, Y],

where X,}’ are vector ficlds on A7, which will be called the torsion tensor
of g.a.c. I'" The Theorem 3.2 has the following

Corollary 3.2. 4 ga.c. I'=(1', 4) on the manifold M s flal if and
only if R=0 and *T =0.

When A =17 (the Kronecker tensor), 7 hecomes the well-known tor-
sion tensor of an a affinc connection, therefore we have

Corollary 3.3 An affine connection on a Banach manifold M 1s flat
if and only if its curvature tensor and torsion fensor are both identically zero.
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ON THE VRANCEANU’'S NONHOLONOMIC CONNECTION
BY

STERE TANUS and IUGLIAN POPOVIC]

The first author of this Note has studied in [2], Schouten
and Vranceanu’s nonholonomic connections in the context of the
theory of the almost product structures. In {37 the authors indicated a
construction of Vranccanu’s nonholonomic conucction by means of
a special connection. called Ve-connection, which is strongly connected
to the almost product structures. An interesting study on some partial
connections compatible to a split of the tangent bundles in pairs of comple-
mentary subbundles was made by R, Caddeo in [1]

Let M be an n-dimenstonal differentiable manifold. We denote with
(F(M) the ring of differentiable functions of class C=, and (M) the Lic
algebra of the vector fields on M which is a GF(M)-module. In the following,
all geometrical objects appearing in the discussion will be supposed to be
of differentiability class C=. A field of endomorphisms J on the tangent
hundle TM s called an almost product structure if

(n 1=,

where 115 the tdentity automorphism on 1M .

It is known that J defines a split of the tangent bundle 773 in two
subbundles (or distributions) ) and 1%, such that we have a Whitney
sum TM=D@D'"

If we denote with 17 and V' the projection operators -oresponding
to the two subbundles D and D7 respectively, we have

J=V—=V, VLle=I,

2
() I"::I" I/.,,_,=I/-,’ ]/'-I I.-:V 1),

The two complementary subbundles can be characterized as follows,
D={XelTM: VN=X}, D'={XelM:I"X=X}.

We consider (F(M)-modules $(D) and &(D7) of the sections in the bundles
12 and D’ If a lincar conncetion V¢ on M is given, we can introduce the
following two operators :

(3) V(M) < 3(D) »3(D) ; (X, V)=V V=V ViY ,
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(3 V D BM) < S(D )= S1D) (N, Y} Vey = vy

Let Voand V7 e the restrictions of V oand V7 at SO} S} and 2D
<S(DY). respectively. Then Schouten’s convection associated (o ¥°
15 the connection VV0oon A, piven by the formula

(4) VEY =V, IY--V517Y, X, Ye@m(M).

while Vranceanu's connection associated to VO is the connection
V?# given by s

(5) VEY=Viy 'Y Vi Y4 11X Y -1 X, 'Y |0 X Y (M),
Let €(A1) be the space of the lincar connections on M. The formulas {4)

and (5) define the operators p: @M —@(M), v AV V! and L@~ o
~@(M), VO~ p(V*)= Vi having the following propertics

Pr=pe B ppepp=p.

As p and p arc projectors, it results that a lincar connection ¥ on 1/ belongs
to the image of p (or to the image of p), if and only if ¥° is invariant with
respect to p {or with respect to p). ~

The invariant connections with respect to the operator f are charac-
terized by the following.

Proposition 1. 4 lincar connection V' in M is invariant with respect
to p if and only if there exists two connections ¥ and V' on the vector bundles
D and D’ respectively, so that (4) 1s satisfied ; V and V' are wiriguely deler-
mined by the conneclion: V! -
~ Remark. The connection V1! is the sum of the conncctions V  and
V' corresponding to Whitncey's sum 7TM=D@Jl).

In order to characterize the invariant connections with respect to
the operator p, we first introduce the following definition:

Definition 2. A#n operator

(6) V:S(Dyx$(D)-8(D), X, Y - v, Y,

which is (F (M)-linear with respect to the argument X and a (F(M)-derivation
with respect to Y, is called V-connection.

The notion of V’'-connection is defined analogously-.

We remark that in (5) the operator V is a F-connection and V' is a
V’-connection. Now we define the Zorsion of V by the formula

(7 TNX,Y)=v; Y-V, X—T(X,¥), X, Yes(D)

It is immediate that 7 is (F(M)-lincar in both the arguments. Ana-
logously the torsion 777 is intreduced for a F'-connection. The V-connection
V is ssmmciric if =0 : anal gously for X', _

Propositien 3. A linear connection V2 on M is Dnvariant with respect lo
P if and ondy if there exists u V-connection V and a V'-conncction V', s0 that
(5) is satisfied ; V and V' areuniquely determisied by the invariant connection V°.

ON THE VRANCEANU’'S NONHOLONOMIC CONNECTION ki

Kenark. From propositions | and 3. it results that Schouten’s
connection leads to the well-known notion of linear connection (of K o sz u 1)
on vector bundles, while Vranceanu’s connection leads to a new
concept, that of F-connection. We remark that the subbundles D and D’
are parallel to respectively v* and Ve

If the connection V¢ is symmetric, Vranccanu's conncction
V2 s generally not symmetric because we have

(8) THX, Y)=V(T(1X, FY) (T, 17'Y))—
— X, PIY¥I—-TFXY, FYT,
where 7% and 77 arc the torsions associated to ¥° and V? respectively.
We have the following result
Proposition 4. Let V* be « symmetric connection on M. Then Vran-

ceani’s connection V* is symmetric if and only if I} and D’ are integrable
subbundlies.

Now we have the formulas,
FIYX, Vy=T(X,Y),
(9) VIrHX, Y)=T(X"Y"),
TYX, X)) =0,
From these we obtain,

Proposition 5. Vranceanw’s comnection V* is svmmetric if and only
if % and V' are symmelric.

Now we can generalize the fundamental theorem of the pscudorieman-
nien geometry as follows :

Theorem 6. Let ¢ be a pseudoriemannian metric on the subbundle
D, Then there exists a V-connection V, uniquely determined, which is symme-
tric, so that g 1s covartant constant with respect to ¥, that is we have

X, Yes(D),
Xy eg(Dy,

a) VeV — ¥ X=V(X,Y), X, Y, Ze 8(D),
b) Ng(Y, Z)=g(V Y, Z)+g(Y, VviZ).

I'roof. The connection V is given by the formula
(10) 26(VxY, 2)=Ng(Y, 2)+ Ye(Z, X)—Zg(X, Y)+

+e(X, VY, Z) +e(Z, VIX, YD —elY, ViZ, X))

It is easily seen that V given by (10) satisfics the properties of a V-connec-
tion, which is uniguc and satisfies @) and b). )

Now we introduce a curvature operator K for a F-connection V, by
{11 NMX, Y)Z=VyVZ—=VyVyZ~Viz 12—V VX Y] Z]

where XY, Z =8(D). It is immediate that R is GF (M )-linear in each argument.
Remark. In {3] the notion of I'-connection and the curvature operator
are introduced in an cquivalent way supposing that X €% (M) in (6) and
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X, Y (M) in (1) and asking for the invariance of V oand #

to VI J =1 (ic. ¥'=0), then V. 7.8 are reduced, to

notions of lincar connection, torsion and curvature tensors.
Proposition 7. The following identity of Bianchitype for a V-conncetion

Vs salisfied :

{12) PRIN. V) Z=pI(X, 1Ty, 2] 4 PV (1Y, )

Where 40 means circular permutation for {he arguments X, ¥V and 2.
A detailed  study of  the I-connection will e attempted  inoa follo-
wing paper.,

with respect
the  usual
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LA GEOMETRIE DIFFERENTIELLE DES COMPLEXES DE QUADRIQUES
DANS L’ESPACE EQUIAFFINE 1,
FAR

DAVID RIMENR

0. Considérations générales. En continuant c élurs:i’ssunl nos pl‘}'(ft':lu_‘-
pations des Notes [4]—T10], nous allons étudicer, ‘(luns V'éspace ’cqmmf.tm 1
trois dimensions .. Jos variéiés A trois paramétres. engendrées par uiLe
quadriquc (réclle ou vide, hréductible ou dc_généréc.) Cct_tu cjttidc n_}('h;llu
donc 17 tvpes de variéiés, selon la (:IaESth(:&.tlon dcs‘quadrlquea dans 4, <,
Vu que chacune des variétés dépcn(]l de trois paramcetres, nous‘ les n_qn‘.unlo]u.
complexes de guadrigques, en analogic avee les _cm‘nple:{cs d(,_—_dI‘Ollt.)h . :

Ncus utiliserons plus fréquemment los indices =, £=03; ¢.j. k=
=1,2.3; m=0,2,3. de méme que la convention d'Einstein des indices
muuhl.,t-s diverses considérations générales faites sur le§ complexes de qua(‘ln:
ques dans 25 [9], peuvent étre adaptées fElt'll(‘lll}(]lt. A 1.10t‘rr-‘etu(llc, cnl iurrzs
plagant l¢ groupe projectif G, par ke group-:‘ cquu}[f‘mt‘ (rf.’,: cst -r((ol“(-d_()
{Ba, Vet {4, Ut par {0 ; 4, respectivement fM, Iy et en faisant : wy=0,
o= o', avec les motivations données dans AL — S

En notant par K respectivement 7 les rangs des (FenE qua; ld q e
Heway alad-L2b; a0 o{x9)2, h=ua ;x'a?, nous désignons (‘cs}(o‘nép(;;\a.sq};a_
I'(3; (K. r) Ay} ou, plus bricvément ,V(R 1), vu que l(. 1101;1 ;1"( ;Stgixtos
métres principaux de la variété et espace .1, sont les mémes pou

s variétés icl constdérées. .
i()?um% maniere analogue a celle de [9]. pour chaque mupl": (R r’) f;\L
nous ¢tudions unc scule variété que nous noterons (R .') l‘c‘tu{‘!c d‘ dl;)lL?
vatiétés o, (N.r). p=2.3,... étfmt réservé  pour um‘: ‘mtllf, i"Ot?.ri-l?Su;
¢haque complexe. nous allons detcrm}n(:r le systeme \Lom]l))'ult, ¢ 1”-1\(,51«1;1;1;1:
et le repére Frenet, a Taide de la méthode du repere mo \[ e de S !
de méme nous allons donner des interprétations géométriques aux ¢lémen

tt repére Frenct. .

d }: Complexes de quadriques a centre u_nigue ou a drmfe:dc‘: clt,ant;es.
ou & plan de centres, Par définition, nous cousldemns.cmnm;l_-'.n_pt.‘l?’531(1 ’?ir( Jt
zéro. les reperes K—{M, 1], par rapport auxquels la quadnque générig
1 I'équation normale

(L) O (¥den =0,
oft g, — | ot gy ond les valems donndes par e tablegu



